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Abstract
Several interaction processes can be identified during floe ice - sloping structure
interactions. However, fierce processes around the waterline are the most conspicuous
phenomena. These violent processes feature ice fracturing and the potential rotation of
subsequent ice blocks. This thesis focuses primarily on the fracture of ice floes. The
exact failure pattern of an ice floe is complicated by the actual ice conditions in which
the sloping structure is positioned. Regarding the ice condition, we do not predefine it
as a ‘level ice’ or a ‘broken ice’ field. Instead, considering an ice field composed of ice
floes of varying sizes is a more realistic approach. Studying the interaction between an
ice floe and a sloping structure (i.e., floe ice - sloping structure interactions) can yield
more general results because an ice floe has a spatial scale that typically ranges from 10
m to 10 km. The ice floe can be large enough to be regarded as level ice or can be small
enough to be treated as a member of a broken ice field.
Currently, Arctic exploration and exploitation are expanding into a relatively ‘open’ ice
condition, within which, a knowledge gap exists regarding the fracture of a finite size
ice floe in the context of ice-structure interactions. To advance our understanding, this
thesis studied the following observed failure modes of a finite size ice floe within such
an ‘open’ ice condition:
1) In-plane splitting failure;
2) Out-of-plane flexural failure; and
3) Competition between different failure modes in the context of ice - sloping
structure interactions.
This thesis addresses influential factors, such as an ice floe’s size, geometry,
confinement, and ice-structure contact properties. In a decoupled manner, these
different failure modes were studied primarily using the concept of fracture mechanics.
The major contributions of this study are the following:
1) Analytical solutions for each failure mode were proposed for ice floes of varying
sizes, which range over a large spatial scale (i.e., from approximately 1 m to 10
km); and
2) Each analytical solution within the established analytical framework was
rigorously verified, either by numerical simulations, existing idealised analytical
results, experimental measurements, or all of the above.
Theoretically, through derivations, implementations and validations of all these
analytical solutions, many interesting results were obtained, such as the following:
1) The validity of using Linear Elastic Fracture Mechanics (LEFM) to study an ice
floe’s splitting failure on an engineering scale was confirmed;
2) An ice floe’s confinement has a much more profound effect on increasing the
force required to split an ice floe in comparison with the influence of floe
geometry;
3) Three out-of-plane flexural failure scenarios were further conservatively
identified and analytically studied; and
4) A floe size requirement (i.e., a square floe’s size 3/427(ice thickness)L  ) was
suggested for the radial-crack-initiation-controlled fracture of an ice floe.
Abstract
ii
From a practical point of view, with all these analytical solutions of failure modes at our
disposal, we are thus able to construct a failure map that relates an ice floe’s dominant
failure mode to its geometry, relevant contact and material properties. In addition, these
analytical formulae can be effectively incorporated with multi-body dynamic simulators
to assess the performance of Arctic offshore structures in ice over large temporal and
spatial scales.
In addition, as opposed to relatively ‘open’ ice conditions, we have also studied ice -
sloping structure interaction in ‘tight’ ice conditions. One extreme interaction scenario
within these ice conditions is when a large amount of ice rubble accumulates in front of
a sloping structure. This scenario has long been recognised as one of the controlling
design conditions and has previously been under thorough investigation.
In this thesis, a novel approach that combines both physical model tests (i.e., measured
by tactile sensors and load cells) and a theoretical model was employed to study ice
load’s spatial and temporal variations on a sloping structure under the influence of
rubble accumulation. The following results were found:
1) The presence of rubble accumulation increases the global ice resistance;
2) The maximum value of ice resistance occurs in a location below the waterline,
which signifies the importance of the ice rotating process and rubble
accumulation effect; and
3) The developed theoretical model, which was validated by both physical model
tests and existing theoretical models, can serve as a preliminary tool to study ice
load’s temporal and spatial distribution under the influence of rubble
accumulation.
As an extension, we also explored a seemingly promising numerical method’s (i.e., the
Cohesive Element Method (CEM)) applicability in studying ice - sloping structure
interactions under the influence of rubble accumulation. Preliminary results demonstrate
that there is still a substantial knowledge/computational gap in using this numerical
method to simulate ice and sloping structure interactions in a three-dimensional setting.
The primary deliverable contributions of this thesis to the scientific and engineering
community are the proposed analytical solutions and the framework for different failure
modes under two different ice conditions. Such analytical treatment prepared us to
simulate loads related to floe ice - sloping structure interactions, which are important for
Arctic exploration and exploitation on large temporal and spatial scales.
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Notations
A crack length as shown in Fig. 3.5a;
L size of an ice floe, e.g., if it is a rectangular ice floe, the size is its
length; if it is a circular ice floe, the size is its diameter;
 normalised crack length, i.e., /A L  ;
0 initial normalised crack length;
i consecutive normalised crack lengths, which was used to study
radial crack propagation in Sections 3.1.2.1, 1,2,3, ... ...i  ;
 crack size increment, which was used to study crack propagation
in Section 3.1.2.1;
cr critical normalised crack length at which the maximum ice
splitting load is expected;
B width of a rectangular ice floe;
 normalised width of a rectangular ice floe, i.e., /B L  ;
xb body force induced by the inertia of an impacting ice floe;
3
212(1 )
EhD  
flexural rigidity of a plate;
'E 'E E for plane stress conditions, and 2' / (1 )E E   for plane
strain conditions (where E is Young’s modulus and  is the
Poisson’s ratio);
( )YF A ice splitting load of an ice floe with crack length A ;
, ,0Z radialF force required to initiate a radial crack;
, ,1( )Z radialF  force required to propagate a crack of a normalised length
/A L  ;
_Z direct_rotationF vertical force component leading to direct rotation of a small ice
floe;
_ / _z radial circumferential crackingF vertical force component leading to either radial or
circumferential cracking of a finite size ice floe;
_Z wedge_bendingF vertical force component leading to circumferential crack
formation within a semi-infinite ice floe;
BF force required to break the incoming level ice;
RF force required to rotate the already broken ice block;
srbF static load induced by the rubble accumulation;
PHF ice pushing force induced by the friction between the
accumulated rubble and the incoming intact level ice;
totalHF total horizontal ice loads measured by physical model #2 or
calculated by the developed theoretical model on the sloping
surface;
FmG a new fracture energy input for the cohesive elements with the
bulk elements’ dissipation;
FG fracture energy of sea ice;
g gravitational acceleration;
h ice floe thickness;
Notations
x
( ,0)H  weight function for the considered cracked body with a pair of
force components acting at the crack mouth, as shown in Fig.
3.5a and c;
k foundation modulus. For the fluid base, wk g ;
i ice density;
w fluid density;
K normalised foundation modulus;
ICK fracture toughness of sea ice;
mL bulk elements’ size;
A characteristic length of a floating ice floe under flexural
deformation;
m number of wedge beams formed during the failure of a semi-
infinite ice floe;
n ratio between the length of an ice floe to its characteristic length,
i.e., /n L A ;
ext ( )p X confinement on the boundary of an ice floe;
zq pressure obtained by evenly applying the vertical contact force
within the corresponding contact area;
R radius of the contact loading area, which is assumed as being a
half circle;
( , ,0)U A X function defined by Eq. (3.6);
cu critical half Crack Opening Displacement (COD);
( )W ,  normalised deflection of an ice floe at point ( ),  ;
0 ( )W  normalised deflection of a cracked ice floe at point ( 0, 0   );
( )totalw ,  deflection of an ice floe at point ( ),  ;
floodw maximum deflection under the condition of flooding on top of an
ice floe;
U energy density of the bulk material to be dissipated during
fracturing;
 angle between a crack path and the Y axis, as shown in Fig. 3.4;
f flexural strength of the ice [Pa];
0 ( , )M n R Mises stress at point ( 0, 0   );
* *and  location where an equivalent point load (i.e., equivalent to the
distributed pressure zq within the contact area) is acting (see
details in Appendix 2);
4 4 4
4
4 2 2 4( ) 2   
        
biharmonic operator in the new coordinate system , ,
and z ;
( )x Dirac delta function. Its unit is the inverse of its argument.
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Abbreviations
2D Two-Dimensional
3D Three-Dimensional
BCs Boundary Conditions
CEM Cohesive Element Method
COD Crack Opening Displacement
CZM Cohesive Zone Method
DEM Discrete Element Method
FEM Finite Element Method
FPZ Fracture Process Zone
GPU Graphic Processing Unit
HSVA Hamburg Ship Model Basin
IB Icebreaker
LC Load Cell
LEFM Linear Elastic Fracture Mechanics
MATLAB Matrix Laboratory
MIZ Marginal Ice Zone
NTNU Norwegian University of Science and Technology
OATRC Oden Arctic Technology Research Cruise
ODE Ordinary Differential Equation
PDE Partial Differential Equation
RITAS Rubble Ice Transport around Arctic offshore Structures
SAMCoT Sustainable Arctic Marine and Coastal Technology
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Chapter 1 Introduction
1.1 Background and motivations
Due to the presence of rich natural resources in the Arctic (see Fig. 1.1a) and also the
strategically important location of the Arctic (e.g., the Northern Sea Route shown in
Fig. 1.1b), there has been a continuing interest in the study of ice loads on various types
of man-made structures, which would be located within or transiting through Arctic
waters.
Fig. 1.1 a) a) Arctic oil and gas reserves and the 2010 Norwegian-Russian border agreement, which opened up
the Barents Sea to oil companies (after (Schiermeier, 2012)); b) an overview of the reduced shipping distance through
the Northern Sea Route (adapted from Wikipedia on the topic “Northern Sea Route”).
In the context of ice - sloping structure interactions (i.e., a high loading rate), ice is
generally considered to be a brittle material, strong in compression but relatively weak
in tension. Therefore, sloping structures are the preferred geometric form to break
incoming ice in a dominant bending failure mode (ISO/FDIS/19906, 2010). This thesis
primarily focuses on ice loads on sloping structures (e.g., fixed or floating sloping
structures and icebreakers).
A sloping structure deployed in Arctic waters may be exposed to a variety of ice
features, which range from level ice, broken ice, rafted ice, ice ridges to icebergs.
Depending on the encounter frequency, ‘discrete events’ (e.g., impact with ice ridges or
icebergs) can be identified. Discrete events typically represent the design condition for
Arctic structures (ISO/FDIS/19906, 2010). However, the work in the present thesis does
not focus on these extreme events. Instead, this thesis focuses on a much more
frequently encountered ice feature, i.e., an ice floe. An ice floe can be large enough to
be considered as level ice or can be small enough to be treated as a member of a broken
ice field. From an engineering application point of view, the interaction between a
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sloping structure and an ice floe represents the most common ice - sloping structure
interaction scenario. Understanding the failure pattern, failure processes and failure
loads1 of a single ice floe with varying sizes is of practical importance.
From a theoretical point of view, ice mechanics were studied and applied at different
scales. As noted by Dempsey (2000), scales include the geophysical scale (e.g., the
Arctic Basin), the floe scale (approximately 10 m ~ 10 km) and structural scales
(approximately 10~100 m). Traditional ice-structure interaction studies have primarily
been focused on the structural scale, whereas the incoming ice feature has often been
idealised as a so-called ‘level ice’ condition, i.e., the study on the fracture of an ice floe
is typically concentrated locally around the perimeter of the sloping structure that is in
contact with virgin ice. Though challenging, there has always been a desire to bridge
different scales together. Thanks to the advancement in computational power
(particularly the advent and application of the Graphic Processing Unit (GPU)
accelerated and physically based multi-body dynamic simulator in ice engineering
(Konno, 2009; Konno and Mizuki, 2006; Konno et al., 2013; Konno et al., 2011;
Lubbad and Løset, 2011; Metrikin et al., 2013; Metrikin and Løset, 2013; Yulmetov et
al., 2014)), it seems to the author that the gap between the structural scale and floe scale
can eventually be bridged. A numerical simulator that can cover both the structural and
floe scales will undoubtedly better serve the current complicated field of Arctic offshore
engineering research and development. For example, ice management is considered a
promising technology for Arctic explorations. However, an ice management operation
covers large temporal (i.e., several hours) and spatial (several kilometres) scales
compared with those on the traditional structural scale. As a parallel development of the
mentioned numerical simulator (Lubbad and Løset, 2011), this thesis is dedicated to the
study of interactions between a sloping structure and an ice floe of varying sizes.
1.2 Observations
Observations made in the field/ice tank of a sloping structure interacting with an ice floe
suggest that there are at least two important mechanisms that contribute to the total ice
loads on a structure. These are the ice breaking process (i.e., by bending or splitting
failure modes, as shown in Fig. 1.2a) and the subsequent rubble transportation process
(see Fig. 1.2b). Between these two processes, this thesis primarily studies the ice
breaking processes in different failure modes, which is generally termed as the ‘fracture
of an ice floe’ in this study.
Apart from bending and splitting failure modes (see Fig. 1.2) during the fracturing of an
ice floe, a closer look at the waterline indicates that newly broken ice blocks (typically
wedge-shaped) need to be further rotated downwards, as shown in Fig. 1.3. This process
is the so-called ice rotating process, for which there is an important, complex
phenomenon called the ‘ventilation and backfill effect’, as illustrated in Fig. 1.3. This
process can greatly influence the overall ice resistance (Lu et al., 2012b) and will be
briefly covered in Appendix 4.
1 A failure load is the force required to fail an ice feature in a certain failure mode.
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Fig. 1.2 Interaction processes between a sloping structure and an ice floe: a) an aerial photograph that illustrates
the major processes that occur around the waterline: b) model test that illustrates underwater rubble transportation
along the hull of an icebreaker (Valanto, 2001a).
Fig. 1.3 The ice rotating process together with the ‘ventilation and backfill effect’ while icebreaker (IB) Oden
advances within a large ice floe.
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Fig. 1.4 Waterline processes during a sloping structure interacting with a large ice floe.
To summarise, as shown in Fig. 1.4, this thesis focuses on studying the fracture of an
ice floe (by splitting or bending failures mode) and the rotation of ice blocks around the
waterline.
1.3 Research context
The current research is primarily funded by the Research Council of Norway through
the Research Centre SAMCoT, WP4-Floating structures in ice. Apart from conducting
fundamental and applied researches, another concrete and important goal of SAMCoT-
WP4 is to develop a numerical simulator that can simulate ice - sloping structure
interactions that cover large temporal and spatial scales. The ideas and research
methodologies are a continuation of previous work by Lubbad and Løset (2011). Upon
the previously built foundation, three different though complementary studies were
undertaken in parallel by different PhD students under SAMCoT. The ultimate goal of
these fundamental studies is to construct the numerical simulator to ensure safe and
economical exploration of the grand Arctic (see the satellite image in Fig. 1.5a).
Fig. 1.5a shows a satellite image that illustrates the spatial scale of a typical ice
management operation. Different aspects of this problem were investigated by three
different PhD candidates: MSc. Renat Yulmetov, who implemented the ice field and
floe drift model with a GPU-accelerated and physically based modelling of multi-body
dynamic simulator; the author of this thesis, who is in charge of studying the ice
breaking and ice rotating process; and MSc. Andrei Tsarau, who focuses on the
subsequent rubble transportation processes with an emphasis on the hydrodynamic
effects.
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Fig. 1.5 Illustration of the research context and the overall multi-scale problem (note that the satellite image is
provided by Statoil).
Within this context, the mission of this thesis is to study the fracture of ice floes and
rotating of ice blocks by developing relevant analytical and numerical models.
1.4 Overall research questions
Based on the above descriptions, the following three mechanisms are considered in this
thesis:
 Splitting failure of an ice floe;
 Bending failure of an ice floe;
 Ice floe rotation.
Based on these three observed mechanisms, the overall research questions of this thesis
are the following:
 In what type of conditions does an ice floe fail by splitting, bending or simply
rotating?
The ice loads experienced by a certain type of sloping structure is believed to be largely
influenced by its pertinent failure mode. Therefore, it is critical to capture the salient
failure modes of an ice floe. The dominant failure modes are influenced by structural
properties (e.g., geometrical form and contact properties), interaction process (e.g.,
interaction speed), and characteristics of the ice features (particularly the size of the
considered ice floe). Under this research question, this thesis quantified the influences
of these different factors on the considered failure modes.
 Given an ice floe’s dominant failure modes (i.e., splitting, bending or rotation),
how can their corresponding failure load be analytically and numerically
calculated?
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This research question couples with the previous question. To determine which failure
mode dominates in certain situations (e.g., contact properties, floe size and floe
confinement), it is necessary to calculate the required force to induce different potential
failure modes. Such a required force, according to Newton’s third law, is the ice load
that is exerted on the pertinent sloping structure.
Calculations of ice loads from different failure modes may arrive at different level of
accuracies and complexities. Because the current research serves the development of a
numerical simulator capable of conducting large spatial and temporal simulations,
analytical solutions are preferred throughout the development. However, because
analytical solutions are generally limited to idealised assumptions, numerical treatments
were also sought in this thesis, as presented in Appendix 5.
 How would other processes (e.g., rubble accumulation) influence the ice
breaking and rotating processes?
The current research studies the breaking of an ice floe and rotating of ice blocks.
However, other mechanisms are equally important, e.g., rubble accumulations are often
observed in a tight ice condition, while a sloping structure interacts with a large ice floe.
We have therefore further studied the influences of ice rubble accumulation during level
ice - wide sloping structure interactions, in which scenario, ice rubble clearing is
minimal.
1.5 Research design
The research conducted in this thesis went through three different stages. Each stage
was indispensable to the finalisation of the thesis. The first stage was primarily planned
by the author’s supervisors, i.e., Professor Sveinung Løset, Associate Professor Raed
Lubbad and Professor Knut Høyland. The last two stages were primarily designed by
the author under the guidance of those supervisors.
1.5.1 Defining the research problems
The thesis began with a blank page dated four years ago. In designing the research, the
first challenge was to identify the research questions. The research questions briefly
presented in Sections 1.2 and 1.4 were identified primarily through observations made
during field expeditions. Professor Sveinung Løset and Associate Professor Raed
Lubbad offered the author these valuable opportunities. In addition, industrial needs
served as a driving impetus behind all the research questions. Furthermore, the research
questions had to be of scientific value to advance the state-of-the-art knowledge. The
incubation process of these research questions is illustrated in Fig. 1.6.
1.5.2 Conducting literature review
The literature review is a process of infiltrating and dismantling the observed problems,
which helped the author to further refine the research questions and benefit from
previously established theories and knowledge. Through the literature review, the
observed overall problem, i.e., breaking of an ice floe and rotating of ice blocks around
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the waterline, was further separated into three sub-problems, as shown in Fig. 1.7. The
relevant terminologies will be introduced in Chapter 2.
Fig. 1.6 Stage 1: Identifying the research problems.
1.5.3 Overall research methods
The final goal of this thesis is to deliver relevant and applicable methods, theories and
models that can be readily used in ice loads calculations/estimations in pertinent ice
conditions. While designing the research, three different approaches were adopted for
each of the refined research question, which are methods based on experiments,
numerical methods and analytical methods. The rationale here is that each research
problem should be solved analytically, and each method should be validated by at least
an additional method (see the number of darts on each target in Fig. 1.8). By doing so,
mutual corroboration can be obtained for the developed methods. Furthermore,
attacking the same problem using different approaches can shed light on the physical
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processes from different perspectives and thus, enable an in-depth understanding to be
obtained.
Fig. 1.7 Stage 2: Infiltrating into and dismantling of the original research question through relevant literature
reviews.
Fig. 1.8 Stage 3: Attacking the refined research problems with different research methods.
1.5.3.1 Experiments
The major experimental results reported in this thesis are based on the research project,
Rubble Ice Transport around Arctic offshore Structures (RITAS). Through Professor
Knut Høyland’s coordination, the author participated in this research campaign in April,
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2012 in Hamburg Ship Model Basin (HSVA), Germany. The measurements were used
to validate the developed theoretical model to study the influence of rubble
accumulation.
To study the splitting failure of an ice floe, the valuable experimental results by
Dempsey et al., (1999a) were used for validation purposes.
Large amounts of valuable data were also collected during the research cruises
mentioned in Fig. 1.6. However, these data were not explored in this thesis. Further
exploitations of these data are to be conducted in follow-up studies.
1.5.3.2 Analytical studies
Readily applicable models are one of primary deliverables of the current thesis.
Therefore, for each research question, analytical solutions were pursued (see Fig. 1.8).
These different methods will be introduced in Chapter 3 and the relevant Appendices.
1.5.3.3 Numerical studies
Developed analytical models cannot always be validated by experimental
measurements. Therefore, numerical models were also used to further substantiate the
developed analytical methods. In this thesis, the primary numerical approach adopted is
based on the versatile Finite Element Method (FEM).
1.6 List of Publications and author’s contribution
The thesis comprises the author’s major publications. Several additional publications
are also listed here, though they are not included in this doctoral thesis.
1.6.1 Major publications
Paper 1:
Lu, W., Lubbad, R. and Løset, S., (Accepted on November 12th, 2014). In-plane fracture
of an ice floe: a theoretical study on the splitting failure mode. Cold Regions Science
and Technology. DOI: 10.1016/j.coldregions.2014.11.007.
Paper 2:
Lu, W., Lubbad, R. and Løset, S., (submitted in July, 2014). Out-of-plane failure of an
ice floe: radial-crack-initiation-controlled fracture. Cold Regions Science and
Technology.
Paper 3:
Lu, W., Lubbad, R. and Løset, S., (Submitted in September, 2014). Fracture of an ice
floe: Local out-of-plane flexural failures versus Global in-plane splitting failure. Cold
Regions Science and Technology.
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Paper 4:
Lu, W., Lubbad, R., Høyland, K. and Løset, S., 2014. Physical model and theoretical
model study of level ice and wide sloping structure interactions. Cold Regions Science
and Technology, 101: 40-72.
Paper 5:
Lu, W., Lubbad, R. and Løset, S., 2014. Simulating ice - sloping structure interactions
with the cohesive element method. Journal of Offshore Mechanics and Arctic
Engineering, 136(3): 031501.
Paper 6:
Lu, W., Serré, N., Høyland, K.V. and Evers, K.-U., 2013. Rubble Ice transport on
Arctic Offshore Structures (RITAS), part IV Tactile sensor measurement of the level ice
loads on inclined plate, Proceedings of the 22nd International Conference Port and
Ocean Engineering under Arctic Conditions, Espoo, Finland.
1.6.2 Additional publications
The following additional publications were published during the doctoral study of the
author. These publications have supporting roles in the major publications and are
valuable for understanding the entire research picture. However, to be focused and
concise in reporting the research work in this thesis, these research results are not
included.
Interested readers are encouraged to consult these additional publications to obtain a
complete picture of the relevant research conducted by the author during the period
from July 2010 to August 2014.
Paper 1:
Lu, W., Høyland, K., Serré, N. and Evers, K.-U., 2014. Ice Load Measurement by
Tactile Sensor in Model Scale Test in Relation to Rubble Ice Transport on Arctic
Offshore Structures (RITAS). In: Hydralab (Editor), Proceedings of the HYDRALAB
IV Joint User Meeting, Lisbon.
Paper 2:
Lu, W., Løset, S. and Lubbad, R., 2012. Simulating ice - sloping structure interactions
with the cohesive element method, ASME 2012 31st International Conference on Ocean,
Offshore and Arctic Engineering. American Society of Mechanical Engineers, Rio de
Janeiro, Brazil, pp. 519-528.
Paper 3:
Metrikin, I., Lu, W., R., L., Løset, S. and Kashafutdinov, M., 2012. Numerical
simulation of a floater in a broken-ice field: Part 1: Model description, Proceedings of
the ASME 2012 31th International Conference on Ocean, Offshore and Arctic
Engineering, Rio de Janeiro, Brazil.
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Serré, N., Lu, W., Høyland, K.V., Bonnemaire, B., Borge, J. and Evers, K.-U., 2013.
Rubble Ice Transport on Arctic Offshore Structures (RITAS), part II: 2D scale-model
study of the level ice action, Proceedings of the 22nd International Conference on Port
and Ocean Engineering under Arctic Conditions, Espoo, Finland.
Paper 5:
Serré, N., Høyland, K.V., Lu, W., Bonnemaire, B. and Evers, K.-U., 2014. Rubble Ice
Transport on Arctic Offshore Structures (RITAS), Scale Model Investigation of Level
Ice Action. In: Hydralab (Editor), Proceedings of the HYDRALAB IV Joint User
Meeting, Lisbon.
Paper 6:
Lu, W., Lubbad, R., Serré, N. and Løset, S., 2013. A theoretical model investigation of
ice and wide sloping structure interactions, Proceedings of the 22nd International
Conference on Port and Ocean Engineering under Arctic Conditions, Espoo, Finland.
Paper 7:
Lu, W., Løset, S. and Lubbad, R., 2012. Ventilation and backfill effect during ice-
structure interactions. In: Li and Lu (Editors), The 21st IAHR International Symposium
on Ice, Dalian, China, pp. 826-841.
Paper 8:
Lu, W., Lubbad, R., Løset, S. and Høyland, K.V., 2012. Cohesive zone method based
simulations of ice wedge bending: a comparative study of element erosion, CEM, DEM
and XFEM. In: Li and Lu (Editors), The 21st IAHR International Symposium on Ice,
Dalian, China, pp. 920-938.
1.6.3 Authors’ contributions and declaration of authorship
For all the major publications, the author was the first author who performed the
pertinent derivations, calculations and verifications. The author also wrote the
manuscripts of all the major publications.
For all the major publications, the co-author Lubbad helped the author in organising
different ideas and also in supplying new ideas. Lubbad also reviewed each manuscript
with constructive criticisms and suggestions. Because papers 2 and 3 are extensions of
Lubbad’s previous research work (Lubbad and Løset, 2011), he also supplied the author
with relevant calculation scripts (i.e., MATLAB code for relevant analytical solutions
(Nevel, 1961; Nevel, 1965)).
For all the major publications, the co-author Løset charted the overall research direction.
In addition, Løset is also responsible for creating a unique study environment for the
author, for example, inviting well-known professors to tutor the author, sending the
author to field expeditions, and bringing in industrial inputs. Furthermore, Løset was
actively involved in all the major discussions of each paper’s research. He also greatly
contributed to the proofreading of each manuscript.
Chapter 1 Introduction
12
For the major publication of Paper 4, the co-author Høyland is responsible for initiating
and inviting the author to conduct relevant tests at HSVA, Hamburg, Germany. Høyland
contributed greatly to performing the tests together with the author.
For other publications, if the author is the first author, all calculations and verifications
were conducted by the author; and the full manuscript was also written by the author.
However, if the author is not the first author, then only a supportive role was played in
these publications, e.g., only part of the paper was conducted by the author.
1.7 Thesis Structure
This thesis is written in a ‘mini-monograph’ fashion, i.e., important research
methodologies and most of the interesting research results are presented from Chapter 1
to Chapter 5. These chapters as a whole can stand alone. Readers can gain a systematic
understanding of the important studies reported in this thesis by reading the first five
chapters only. Earnest and thorough readers are directed to specified papers listed in the
Appendices for detailed information, e.g., detailed derivations, literature reviews, and
additional reasoning behind assumptions.
The overall structure of the thesis is as follows.
Chapter 1 presents an overview of the research context and the overall research
questions based on field observations, industrial needs and the pursuit to advance our
knowledge. Afterwards, Chapter 2 discusses the state-of-the-art knowledge within
relevant research topics. In addition, these detailed literature reviews break down the
observed overall research questions into detailed, physically based research questions.
Thereafter, Chapter 3 presents the major methods that were used to answer each of the
refined research questions. Key resultant formulae are given with detailed derivations in
the relevant Appendices. Based on these methodologies and assumptions, Chapter 4
presents the major research results in a selective manner. Lastly, this mini-monograph
ends with a conclusion in Chapter 5, in which all the refined questions raised in Chapter
2 are addressed.
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Chapter 2 State-of-the-art and refined research
questions
The overall research questions that were defined in Chapter 1 were primarily based on
field/lab observations and engineering application needs. To make any further
theoretical advancement in these questions, it is of great importance to fit them into
their corresponding physical and theoretical frameworks such that we attempt to stand
on previous giants’ shoulders. This chapter is therefore dedicated to literature reviews
and to further refining pertinent research questions based on former researchers’ work.
2.1 Basics regarding ice - sloping structure interactions
In this section, we briefly outline basic knowledge regarding ice - sloping structure
interactions. Readers who are familiar with this can proceed directly to Section 2.2.
Following already established terminologies, this thesis is concerned with two types of
ice features, i.e., level ice and broken ice. Definitions of these two ice features are given
in ISO/FDIS/19906 (2010) as follows:
Level ice:
Level ice is a region of ice with relatively uniform thickness; also called sheet ice
(ISO/FDIS/19906, 2010, p. 6).
Broken ice:
Broken ice is loose ice, which consists of small floes that are broken up as a result of
natural processes or active or passive intervention (ISO/FDIS/19906, 2010, p. 2).
One ambiguity can be found in the definition of these two terminologies, i.e., how large
must a region be to be considered level ice? Or how small must floes be to be viewed as
broken ice? As mentioned previously, the Arctic is typically composed of ice floes of
varying sizes. Some ice floes can be extremely large (e.g., on the order of kilometres)
and can be regarded as level ice; and some other floes can be so small (e.g., on the order
of metres) that can be treated as a member of a broken ice field. However, there is a gap
in defining the boundary of these two ice features. Nevertheless, numerous excellent
studies have been conducted under these two highly idealised ice conditions, which are
briefly presented in this section.
First, this thesis presents the interaction between level ice and sloping structures.
Compared with a broken ice field, interactions with level ice have been under extensive
study for different types of sloping structures (i.e., Arctic offshore structures or ice-
going ships) in history.
2.1.1 Level ice - ship interactions
Regarding level ice - ship interactions, previous researchers, e.g.,(Kämäräinen, 2007;
Kotras et al., 1983; Lindqvist, 1989; Naegle, 1980), have identified at least three major
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interaction phases and several ice load components that can be studied separately. For
example, the level ice - ship interaction processes were depicted by Kotras (1983), as
shown in Fig. 2.1. Fig. 2.1a, b and c denote the so-called ice breaking phase, in which
crushing failure of ice occurs at the initial contact followed by bending (or flexural)
failure of the intact ice sheet into wedge-shaped broken ice blocks. Fig. 2.1c and d
denote the ice rotating process involving the ‘ventilation’ effect (i.e., no water flooding
on top of the rotating ice piece, which creates huge pressure differences above and
below the rotating ice blocks). As a new interaction circle begins, the last plot in Fig.
2.1e implicitly illustrates that ice rubbles sliding along the ship hull signifies the rubble
transportation process.
Along with this depiction, Valanto (2001b) quantified the comparative contribution of
different force components, as shown in Fig. 2.2, using primarily this author’s
numerical simulations together with experimental measurements. These force
components are either self-explained or their meanings can be consulted in the original
literature. It should be noted that the results plotted in Fig. 2.2 are primarily for level ice
- ship interactions, which reside in a high-speed interaction regime. For fixed or floating
Arctic offshore structures, the relative speed between the incoming ice and the sloping
structure is expected to be rather slow in the range around the ice drifting speed. To
familiarise the reader of the ice drifting speed, Table 1 cites several recent
measurements conducted by MSc. Renat Yulmetov (see in Fig. 1.5).
Table 1 Recent ice floe drifting speed measurements
Ice floe drift speed Location Mean [m/s] Maximum [m/s]
(Yulmetov et al., 2013a) Greenland Sea 0.1 1.13
(Yulmetov et al., 2013b) north-western Barents Sea 0.38 1.5
With these ice drifting speed numbers in mind, the shaded area in Fig. 2.2 is
approximately the interested region for level ice and fixed or floating offshore structure
interactions. Within the shaded area, several force components identified by Valanto
(2001) are expected to be absent or insignificant (e.g., ice floe slamming at the end of an
ice rotating phase). In this thesis, we highlight the potential largest three force
components. i.e., the ice loads due to the ice-breaking phase (i.e., labelled as ‘dynamic
bending and acceleration’ in Fig. 2.2), the ice loads due to the ice rotating phase (i.e.,
labelled as ‘ice floe rotation’ in Fig. 2.2), and the rubble transportation phase (i.e.,
labelled as ‘ice sliding phase’ in Fig. 2.2).
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Fig. 2.1 Level ice and ship interaction processes (after Kotras (1983)).
Fig. 2.2 Comparative contributions of different load components versus interaction speed (after Valanto (2001)).
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2.1.2 Level ice - sloping offshore structure interactions
In terms of level ice interacting with a sloping offshore structure, ISO/FDIS/19906
(2010) illustrates this ‘complicated process’ in Fig. 2.3 with an example of an upward
sloping conical structure. A vast literature source exists that proposes various
calculation methods for all of these force components (detailed literature review can be
further explored in Appendix 4).
As an analogy to the level ice - ship interaction research introduced in Section 2.1.1, the
plots can also be categorised into the ice breaking phase shown in Fig. 2.3a, ice rotating
phase shown in Fig. 2.3b, and rubble transportation phase shown in Fig. 2.3c, d and e.
At this point, one might wonder why we generalised both the level ice - ship interaction
and the level ice - sloping offshore structure interaction processes into these three
different phases. It is simply because that unique physical process occurs within these
three different phases. From a mechanical point of view, for the ice breaking phase, the
major physical process is fracturing of the incoming ice. Ice material can be treated as
purely elastic; for the ice rotating phase, depending on the interaction speed, rather
fierce fluid-structure interaction scenarios occur (an ice piece can either be treated as an
elastic body or a rigid body depending its actual size); for the rubble transportation
process, it is primarily a multi-body interaction system, and each single ice rubble can
be treated as a rigid body; or the entire rubble volume could even be ideally
approximated as a continuum (e.g., (Serré, 2011; Serré and Liferov, 2010)).
Among these three different phases, this thesis covers the first two phases, which were
introduced in Chapter 1. Special focus has been put on studying the fracturing of an ice
floe.
Fig. 2.3 The complicated interaction process between level ice and an upward sloping structure summarised in
ISO/FDIS/19906 (2010) (after Fig. A.8-9 of ISO/FDIS/19906 (2010)).
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2.1.3 Broken ice - structure interactions
Broken ice - structure interactions are not as well studied compared with that in the
level ice condition. One reason is that apart from material properties, there are more
parameters involved in describing a broken ice field, e.g., floe size, geometry, ice
concentration, ice thickness and ice pressure. For level ice, apart from material
properties, ice thickness is generally sufficient for ice loads calculations. Another reason
is that a broken ice field typically leads to lower ice loads compared with those in a
level ice condition. However, level ice is just a theoretical simplification; the actual
Arctic generally consists of discontinuous features, such as ice ridges, leads or ice floes
of varying sizes, which form a broken ice field. A typical broken ice field in nature can
be found in the Marginal Ice Zone (MIZ), which stretches approximately 100 km from
the ice edge (Weeks, 2010), where ice floes are primarily broken off by gravity waves
(see Fig. 2.4).
Fig. 2.4 Marginal Ice Zone during the KV-Svalbard Research Cruise, March, 2012 in the Northern Barents Sea:
a) a sharp transition between open water and MIZ with short waves and small ice floes (less than 1 m); b) MIZ with
long waves and large ice floes (approximately 100 m across).
Studying broken ice - structure interactions are of significant practical values. First, a
great portion of a structure’s service time is within broken ice fields (e.g., see Fig. 2.5a).
It is beneficial to gain an understanding about a structure’s most frequent loading
condition.
Second, nowadays, the concept of floating Arctic offshore structures has become
extremely attractive as opposed to traditional fixed Arctic offshore structures2. This
interest is driven by the desire to perform Arctic exploration and exploitation in deeper
Arctic waters (i.e., deeper than 100 m (Hamilton, 2011; Riska and Coche, 2013)) and
also, the various flexibilities floating structures offer (e.g., disconnection in the face of
extreme ice features). However, due to the limitation of mooring lines and dynamic
positioning (DP) systems, a floating system is typically supported with ice management
operations (Palmer and Croasdale, 2013), e.g., the floating structure, Kulluk, in the
Canadian Beaufort Sea (see Fig. 2.5b). The goal of an ice management operation is to
create a relatively ‘open’ ice condition that consists of small ice floes with low
2 e.g., Molikpaq (a fixed caisson type structure) in Beaufort Sea was operating in a water depth of 21~45
m.
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concentration. Therefore, ice loads calculations within a broken ice field become
increasingly important.
Fig. 2.5 Examples of broken ice - structure interactions a) Oden transiting in Fram Strait in August, 2012; b) Ice
management operation generating a broken ice field for the protected vessel, i.e., Kulluk (after (Wright, 1999)).
However, ice loads calculations for a sloping structure within a broken ice field are still
in its preliminary stage and are considered only for highly idealised scenarios. One of
the most simple approaches is to idealise a broken ice field as level ice according to the
equivalent ice thickness concept (Keinonen, 1996). Then, all the previously developed
methods for level ice conditions can be applied by modifying the thickness information.
However, as cited by Riska and Coche (2013), a separate study has shown that this
concept only gives a better result for ship transit calculations (though a higher transit
speed can be predicted) than for ice loads estimations.
Another highly idealised approach assumes that there are no ice floe fractures that occur
during the interaction. i.e., the assumed broken ice field is composed of ‘non-breakable
floes’. The terminology, ‘non-breakable floes’, was first explicitly introduced by
Lubbad and Løset (2011) and represents ice floes that are small enough that no further
ice breaking occurs. These small non-breakable floes can be produced naturally due to
environmental driving forces (e.g., small disk-shaped floes in a marginal ice zone, as
shown in Fig. 2.4a), can be produced by an aggressive ice management operation, or
most commonly, they can be ice rubbles broken off from the initial intact ice floe.
Significantly different approaches have been used to treat these non-breakable floes.
One approach treats the ensemble of these non-breakable floes as a continuum, and
relevant material models are applied to describe the overall behaviour of these floes,
e.g., small ice floes produced by aggressive ice management has been treated by
Croasdale et al. (2009) as a continuum (i.e., a stationary wedge) that interacts with the
neighbouring ice environment and structure. A broken ice field has been numerically
described as a continuum with a varying thickness with a Eulerian-Lagrangian
formulation by Sayed and co-authors (Sayed and Barker, 2011; Sayed et al., 2014;
Sayed et al., 2012; Sayed et al., 1995). The other approach treats each single ice floe
distinctively based on theories of multi-body systems, e.g., Discrete Element Method
(DEM) has been used to simulate the rubble accumulation process (Paavilainen et al.,
2010; Paavilainen et al., 2006; Paavilainen et al., 2011) and to simulate structures’
operation in a broken ice field (Hansen and Løset, 1999a; Hansen and Løset, 1999b;
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Løset, 1994a; Løset, 1994b; Richard and Mckenna, 2013). Additionally, a physical
engine - based, multi-body dynamic simulator (Lubbad and Løset, 2011) has been used
to capture the rubble transportation phase, as illustrated in Fig. 1.2b.
In summary, within the context of ice-structure interactions, fracture of finite size ice
floes has not been directly treated in open literature.
2.2 Fracturing of ice floes during floe ice - sloping structure
interactions
In terms of fracturing of an ice floe, from the perspective of ‘ice - sloping structure
interactions’, previous studies have implicitly assumed two extreme scenarios, i.e., a
sloping structure interacting with breakable floes and non-breakable floes (introduced in
Section 2.1.3). These two extreme scenarios were assumed to be the basic building
blocks for the often assumed ice conditions.
2.2.1 Breakable floes idealised as level ice
“Breakable floes” are floes that can be further broken down by the sloping structure.
The pertinent floe is generally assumed as level ice that suffers from minimal boundary
effects. Under this assumption, an ice floe continuously fails in the bending failure
mode. The flexural failure of level ice has been extensively studied in history with
various analytical and numerical methods and also with a series of experiments.
Based on observations, the ultimate flexural failure of level ice is featured by producing
wedge-shaped broken ice blocks, which has fostered the development of solutions to
wedge plates/beams on an elastic foundation. For example, Nevel’s (1958; 1961)
analytical solution regarding an infinite wedge beam on an elastic foundation was
widely applied in calculating the ice breaking load for level ice - sloping structure (i.e.,
ships and offshore structures) interactions (Kotras et al., 1983; Lubbad and Løset, 2011;
Milano, 1972; Nevel, 1992). Sawamura et al. (2008; 2010) numerically tabulated the
results of an infinite ice wedge’s flexural failure, which were used for level ice - ship
interaction simulations. Empirical formulae (e.g., Kashtelian's work) used to estimate an
ice wedge’s flexural failure were used by Su et al. (2010) and Liu et al. (2010) to
construct numerical tools to study level ice - ship interactions.
However, to reproduce the fracturing process of an ice floe, complicated material
models have been implemented and solved with various numerical methods, e.g., the
cohesive zone method (CZM) in combination with the finite element method (FEM),
which has been used to simulate the fracture of level ice interacting with a sloping
structure in 2D (Kolari et al., 2009; Paavilainen et al., 2009) and 3D (Konuk et al.,
2009; Lu et al., 2012a).
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2.2.2 Implementations of ice - sloping structure interactions
Ice loads calculations for the previously outlined ice - sloping structure interactions can
be developed to reach different levels of complexities and accuracies. Three categorises
can be identified:
 A purely analytical approach: e.g., analytical solutions for level ice and sloping
structure interactions (Croasdale and Cammaert, 1994; Lindqvist, 1989; Ralston,
1977; Ralston, 1980) and broken ice field interaction with offshore structures
(Croasdale et al., 2009). These analytical solutions typically involve a large
number of assumptions, though are effectively suitable for generating a sizeable
result pool for probabilistic analysis for the design stage;
 A purely numerical approach: earnest ice material modelling based on the finite
element method (FEM) that accounts for the fracturing of ice floes and the
discrete element method (DEM), which accounts for the rubble transportation
process (further literature exploration will be presented in Appendix 4);
 A hybrid approach with both analytical and numerical implementations, e.g., the
numerical simulators developed by Liu et al. (2010) and Su et al. (2010) used
empirical formulae to calculate the ice breaking and rubble transportation
phases, where a numerical approach was adopted to detect contact between the
ship hull with an intact ice sheet.
Under the umbrella of the hybrid approach, we focus on the physical engine - based,
multi-body dynamic simulator, which is the major service target of the studies
conducted in this thesis. The physical engine - based, multi-body dynamic simulator
combines the advantages of both the analytical and numerical approaches. Analytically,
fractures of ice floes are predicted and calculated by Nevel’s (1961) solutions with
reasonable assumptions (see the local wedge bending failure in Fig. 2.6). Numerically,
the subsequent rubble transportation is simulated with the physical engine - based multi-
body dynamic simulator. Compared with the traditional analytical approach (e.g.,
(Croasdale and Cammaert, 1994) and (Ralston, 1980)), though it is not as efficient, it
can offer ice load histories instead of just a single design ice load. Compared with
detailed numerical simulations based on FEM and/or DEM, though it cannot yield local
ice pressure distributions around the structure and cannot reflect a more flexible ice
failure patterns, it is computationally effective due to its analytical nature in treating the
fracture of ice floes. Such computational effectiveness enables us to simulate an ice -
sloping structure interaction event on unprecedented temporal and spatial scales. The
screenshot in Fig. 2.6 of the simulation (Lubbad and Løset, 2011) exemplifies the
spatial scale this simulator is capable of.
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Fig. 2.6 Physical engine - based simulation of a conceptual ice management operation by KV-Svalbard (by
courtesy of SMSC).
2.3 Fracture of ice floes: knowledge gaps
Standing on the foredeck of an icebreaker sailing in the Arctic, one can easily be
amazed by the rather large-scale, violent scenes and scary noises from fracturing ice
floes. People (researchers and engineers) often talked about ‘fractures of ice’. However,
in regard to most engineering applications with the presence of ice fracturing process
(e.g., ice - sloping structure interactions), researchers/engineers seldom use the
knowledge of fracture mechanics. In common practice (e.g., (API_RP2, 1995;
ISO/FDIS/19906, 2010)), different failure modes are assigned to the ice feature;
thereafter, corresponding material strength based theories are used to calculate the
ultimate failure of the considered ice feature, i.e., cracks are not considered directly. To
a certain extent, this makes sense because ice is a rather brittle material in the context of
ice - sloping structure interactions. In addition, these strength theory based calculations
are mainly targeting failure modes that occur locally around the structure (i.e., within
the structural scale of 10~100 m). Within such a local scale, those predefined failure
modes are mostly controlled by crack initiation, e.g., formation of circumferential
cracks in local bending failure mode.
However, one ambition of this thesis is attempting to link the fracture of ice floes from
the structural scale to the floe scale (approximately 10 m ~ 10 km) to support the
development of the aforementioned numerical simulator. In Section 2.2, we presented
the state-of-the-art regarding the fracture of an ice floe from the perspective of ‘ice -
sloping structure interactions’. One can immediately see that the fracture of an ice floe
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has been treated with fairly simplified analytical/empirical methods by several
researchers using the hybrid approach, i.e., the local bending failures of level ice were
typically assumed to be the dominant failure mode. This assumption might be true for
the so-called level ice condition. However, ‘level ice’ is a theoretical simplification
rather than representing the actual Arctic ice conditions. Arctic sea ice is generally
composed of discontinuous features such as ice ridges, leads and ice floes of various
sizes (see the satellite image in Fig. 1.5a), which form a broken ice field. Certain ice
floes can be idealised as level ice, whereas other floes’ failure modes are significantly
affected by the boundaries due to their limited sizes. Furthermore, most of the recent
Arctic offshore structures are designed with the support of ice management, i.e., these
structures are most likely working in a broken ice field (e.g., Fig. 2.6) in which a
breakable ice floe is of a finite size. There is no readily available method to calculate
fracture of an ice floe of finite size.
Lubbad and Løset’s (2011) implementation (see Fig. 2.7) is suitable for a large ice floe,
which can be idealised as level ice. However, as the encountered ice floe’s size is
reduced, e.g., in an ice management operation, as shown in Fig. 2.7, the dominant
failure modes of an ice floe of a finite size are largely influenced by its free boundaries.
As has already been introduced in Section 1.2, the splitting failure mode has been
frequently observed when an icebreaker interacts with an ice floe that is of limited size.
Moreover, we need to know the influences of the free boundaries on the local bending
failure of a finite-sized ice floe, i.e., what is the size requirement for an ice floe that can
be treated as level ice such that Nevel’s (1958; 1961) analytical solution becomes valid.
Fig. 2.7 Observed failure patterns of an ice floe with decreasing floe size (e.g., in an ice management operation).
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In summary, there is a knowledge gap regarding the quantification of the border
between a breakable and non-breakable floe. Moreover, within the breakable floe
regime, how the floe boundaries influence the possible failure patterns, i.e., splitting and
bending failure mode, is unknown. These knowledge gaps will be dealt with using
approaches based on fracture mechanics. Different cracks’ initiation and propagation
are studied to yield a more convincing quantified border among different failure modes.
2.4 Fractures of ice floes: refined research questions
To quantify the border between a breakable and non-breakable floe and also the borders
among different possible failure modes for breakable floes of varying sizes, all of these
different scenarios must be identified and studied. This thesis adopted a decoupled
manner to identify and study all these different scenarios separately. Based on the
developed theoretical frameworks, the competitions and borders among all these
scenarios can therefore be quantified.
2.4.1 In-plane fracture of an ice floe: splitting failure mode
According to field experience, the splitting failure mode has been frequently observed
while a sloping structure (i.e., an icebreaker) interacts with a finite size ice floe with
little confinement. This failure mode has also been observed and studied by different
methods in history (a thorough literature review is presented in Appendix 1). However,
these studies were not specially targeting the application of ‘ice - sloping structure
interactions’. In the current thesis, splitting failure of an ice floe is defined as a Mode I
in-plane fracture of an ice floe by a pair of laterally opposing force components that are
induced by the contact between the sloping structure and the ice floe (see Fig. 2.8).
Fig. 2.8 Splitting failure: a mode I in-plane fracture of an ice floe while interacting with a sloping structure.
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Based on previous studies, basic fracture mechanics theories and also intuitive
observations, it is presumed that the size of an ice floe, its confinement, and the contact
properties (e.g., contact geometry that leads to that pair of laterally opposing force
components) are key elements that determine the occurrence of the splitting failure
mode. Thereafter, the refined research questions are as follows:
1) Among all the previously developed theoretical approaches, what are their
respective advantages and disadvantages while being applied to the current ‘floe
ice - sloping structure interaction’ scenario?
2) What is the maximum load required to propagate a splitting crack through the
entire body of an ice floe?
3) What is the influence of ice floe size and confinement in reference to Question
#2?
4) Are we able to establish an analytical framework that can be conveniently
implemented in the development of future numerical simulators?
2.4.2 Out-of-plane flexural failure of an ice floe
For a sloping structure, apart from the splitting failure mode, the local bending failure of
an ice floe has long been considered a dominant failure mode. However, in treating this
type of failure mode, the traditional idealisation of the two building blocks, 1) the local
bending failure of breakable ‘level ice’ and 2) non-breakable floes as presented in
Section 2.2, are questionable when applied to ice floes of finite size.
In history, the bending failure of an ice floe of varying size can benefit from the rich
literature regarding the ‘bearing capacity of an ice floe’. In essence, both scenarios can
be perceived as an out-of-plane flexural failure of a thin plate on a Winkler-type elastic
foundation. Based on a thorough literature review regarding the bearing capacity of an
ice floe presented in Appendices 2 and 3, we identified three different out-of-plane
flexural failure scenarios of an ice floe depending on its physical size, which are plotted
in Fig. 2.9. To be more general herein, we cease to use the terminology of ‘bending
failure mode’. Instead, we shift to a more general jargon: out-of-plane flexural-type
failure of an ice floe in the context of ‘ice - sloping structure interactions’.
Fig. 2.9 Out-of-plane flexural failure scenarios of an ice floe of varying size.
It is well accepted in the research community that the flexural failure of an infinite thin
plate on a Winkler-type elastic foundation involves the initiation of radial cracks and
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subsequent circumferential crack formations. The same observation has also been made
for level ice - sloping structure interactions. This scenario is illustrated in Fig. 2.9c,
where the considered level ice is assumed as a semi-infinite ice floe. However, as the
size of the ice floe reduces further, the free boundaries of an ice floe begin to influence
the overall failure pattern. According to the bearing capacity tests conducted by Sodhi
(1997), it was found that only radial cracks formed for a finite size ice floe with free
boundaries. This scenario is illustrated in Fig. 2.9b. Lastly, it can be well imagined that
a fairly small ice floe can simply be rotated without any material failure, as shown in
Fig. 2.9a. Though no fracture is involved in this scenario, it is still treated as a type of
‘out-of-plane flexural failures’ because its occurrence often leads to a reduced vertical
contact force ZF .
Based on the identified three scenarios, the refined research questions surface as
follows:
1) For a finite size ice floe, how do we quantify radial crack initiation and
propagation separately?
2) Based on the quantification on Question #1, from an engineering application
point of view, are we able to justify if the failure of a finite size ice floe is
controlled by radial crack initiation or controlled by propagation?
3) Are we able to propose readily applicable analytical formulas for the three
failure scenarios in Fig. 2.9?
4) What are the size borders among different failure scenarios in Fig. 2.9? e.g., how
large should an ice floe be to be treated as level ice (i.e., a semi-infinite ice
floe)?
2.4.3 Competition of different failure modes
In a relatively open ice field, i.e., a broken ice field with low ice concentration, there
appears to be a competing mechanism between in-plane splitting failure and out-of-
plane flexural failure. Both Fig. 1.2a and Fig. 2.8 illustrate this, i.e., the presence of the
splitting failure mode alleviates the continuous local bending failure mode, and the
structure can travel within the ‘lead’ created by the splitting crack.
These two failure modes are studied separately with varying floe sizes and contact
properties. For application purposes, it is crucial to capture the dominant failure modes
during the interaction to obtain a reasonable calculation of the ice load. To determine
which failure mode dominates at certain conditions, such a competing mechanism must
be quantified. With all the refined research questions in Sections 2.4.1 and 2.4.2
answered, we can therefore create a failure map that identifies the dominant failure
mode with the given information (e.g., floes size, ice thickness, ice pressure, and contact
properties).
2.5 Influences of rubble accumulation
Research questions raised in Section 2.4 focused primarily on the fracture of an ice floe.
The main application of the study is a broken ice field composed of ice floes of varying
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sizes. The competing mechanism mentioned in Section 2.4.3 is expected to occur only
in a relatively open ice condition. However, in addition to this, it is also interesting and
practically important to consider relatively ‘tight’ ice conditions, e.g., a large ice floe
and a pressurised ice field. As the confinement over an ice floe’s boundary increases,
splitting failure is suppressed and continuous local bending failure begins to dominate.
The continuous local bending failure process generates a large amount of ice rubbles. In
Section 2.1, the importance of rubble transportation in contributing to the global ice
resistance was highlighted. Depending on the amount of ice rubbles and also the
geometry of the sloping structure (e.g., wide or narrow sloping structure), the generated
ice rubbles can either be effectively cleared or accumulated around the sloping
structure. This thesis considers an extreme scenario: rubble accumulation without
clearing. This topic has been pursued throughout history by experiments (Timco, 1991),
numerical methods (Paavilainen and Tuhkuri, 2013; Paavilainen et al., 2010;
Paavilainen et al., 2011) and analytical methods (Croasdale and Cammaert, 1994;
Frederking and Timco, 1985; Ralston, 1980).
Fig. 2.10 2D model illustrating the ice - sloping structure interaction under the influences of rubble accumulation:
a) theoretical model; b) physical model test.
In the current thesis, we developed a theoretical model composed of a series of
analytical solutions to reconstruct different ice force components’ temporal and spatial
variations under the influence of rubble accumulation (see Fig. 2.10). The following
refined questions will be addressed:
1) What and how much is rubble accumulation’s effects on ice breaking and the
rotating phase, respectively?
2) What are the spatial and temporal distributions of different force components on
a sloping structure?
In addition, this thesis also explored the applicability of a numerical approach, the
Cohesive Element Method (CEM), in simulating ice - sloping structure interactions with
the presence of rubble accumulation (see Fig. 2.11). This method is promising in a sense
that the fracture and fragmentation of ice can be simulated following the Cohesive Zone
Method (CZM). However, the greatest challenge of this method is its convergence
issue. This thesis evaluated the effectiveness of different numerical remedies that can be
introduced to CEM-based simulations.
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Fig. 2.11 Fracturing and rubble accumulation during ice - sloping structure interactions.
2.6 Detailed research contents and structure
The refined research questions raised in the previous sections were addressed in a
systematic manner, as shown in Fig. 2.12.
During the floe ice - sloping structure interactions, this thesis studied two different
failure modes: ‘in-plane splitting failure (detailed study is presented in Appendix 1)’
and ‘out-of-plane flexural failure’. The out-of-plane flexural failure mode depends
largely on the floe size. Three different scenarios were identified in Section 2.4.2 (a
more detailed literature review is presented in Appendix 2). All three scenarios were
studied and are described in Appendix 2 and Appendix 3.
After constructing the theoretical/numerical tools to evaluate different failure modes,
this thesis quantified the competition between the in-plane and out-of-plane failure
modes of an ice floe. A detailed study of this is presented in Appendix 3.
After studying the fracture of an ice floe with major application in a relatively open ice
condition, the second part of the thesis shifts to a more severe ice condition, i.e., a
‘tight’ ice condition with dominant local bending failure and rubble accumulation. This
condition is studied through a combination of a theoretical model analysis and physical
model tests in Appendix 4. In addition, a numerical investigation towards a seemingly
promising numerical method, i.e., the cohesive element method (CEM), was further
explored in Appendix 5 to identify the influence of rubble accumulation during floe ice
- sloping structure interactions.
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Fig. 2.12 Detailed research content and research structures.
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This thesis addresses primarily the fracture of an ice floe during its interaction with a
sloping structure. Chapter 2 refined the initial research questions and sketched out the
overall research structure. Those refined research questions were addressed individually
by different methods. This chapter presents the key methods and fundamental
assumptions that were used to determine the answers to each of the refined research
questions.
3.1 Holistic model for the fracture of an ice floe
As a sloping structure (e.g., an icebreaker) impacts with an ice floe, as shown in Fig.
3.1(1) to (2), complicated stress field forms within the contact area. However, from a
global perspective, three different contact force components can be isolated along with
the global coordinate system (see Fig. 3.1(3)). These are a vertical force component ZF ,
which leads to a potential out-of-plane flexural failure, a pair of horizontal loads YF ,
which lead to a potential in-plane splitting failure, and another in-plane force
component XF , which increases the compression within the ice floe. In reality, the
actual failure patterns and failure loads are jointly affected by all these global force
components and also the local stress field. As a simplification, this thesis decoupled all
of these global force components and studied them separately.
Fig. 3.1 Simplified global contact force and an ice floe’s subsequent failures.
This thesis focuses on the force components ZF and YF , which are considered the direct
source for the dominant out-of-plane failure and in-plane failure separately. Their
respective analytical solutions are pursued in this thesis; and highlights are also given to
their potential competitions, as shown in Fig. 3.1(4).
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Fig. 3.2 Dominant local out-of-plane flexural failure.
If a sloping structure is interacting with a relatively large ice floe (e.g., level ice), an ice
floe’s lateral boundary confinement is significant or if the contact between the structure
and the ice floe leads to a fairly large vertical force component, then the ice floe’s
dominant failure mode is expected to be a local out-of-plane flexural-type failure, as
shown in Fig. 3.2. On the contrary, for a relatively small ice floe, a floe with limited/no
lateral confinement or the contact property induces a large horizontal splitting load pair,
the ice floe’s dominant failure mode is expected to be a splitting failure mode, as shown
in Fig. 3.3.
Fig. 3.3 Dominant global in-plane splitting failure.
This thesis is interested in studying the competition between these two dominant failure
modes at the initial floe ice - sloping structure contact (see Fig. 3.1(4)), i.e., we are
attempting to analytically and quantitatively answer the question: for which situation do
the different failure modes occur? Because a decoupled approach was used, we will
separately study these different failure modes with different methods and assumptions,
which are presented in the following sections.
3.1.1 In-plane splitting failure mode: methods and assumptions
This section presents the methods and assumptions that were used to study the in-plane
splitting failure of an ice floe (see Fig. 3.3). In the contact zone, besides the force
component YF , all the other force components in Fig. 3.1(3) are neglected. The
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theoretical model is thus reduced to the plots shown in Fig. 3.4 with the defined global
coordinate system. In addition, two basic floe geometries (i.e., rectangular and circular
ice floes, as shown in Fig. 3.4) are exemplified to demonstrate the calculation methods.
Fig. 3.4 Idealised theoretical model to study splitting failure of an ice floe with two basic geometries.
In reality, ice floes can be of arbitrary geometric shapes. The actual contact between a
sloping structure and an ice floe further complicates this problem, and there are a
number of relevant ice material parameters (e.g., temperature and brine volume) that
influences the splitting process. Before presenting the detailed methods that were used,
the following general assumptions were made:
 A static approach was adopted to analyse the splitting failure of an ice floe, i.e.,
the potential dynamic effect (e.g., stress wave propagation) within the ice floe is
neglected;
 Two different approaches (i.e., plastic limit theory - based analysis and an
approach based on fracture mechanics, see Fig. 3.5) were adopted to calculate
the ice splitting load i.e., YF . These two approaches were assumed to be
applicable for different scenarios, which will be introduced;
 The worst scenario, i.e., a head-on collision, is assumed following previous
studies (Bhat, 1988). Therefore, the floe ice - sloping structure contact can be
simplified to a certain extent, e.g., only a pair of equally opposite force
components YF is considered in this contact scenario.
In addition, several specific assumptions are made for different methods, which will be
subsequently presented.
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Fig. 3.5 Two approaches to calculate the ice splitting load YF .
3.1.1.1 Approach based on fracture mechanics
The approach based on fracture mechanics (see left side of Fig. 3.5) is the primary
method that was studied in this thesis. Notably, the weight function method (Bueckner,
1970; Rice, 1972) can effectively calculate the Stress Intensity Factor (SIF) under
different symmetric loadings on an elastic body and is therefore an ideal tool to study
the influence of confinement on the boundaries of an ice floe. Additionally, it is
beneficial to study the potential cohesive stress’s contribution to the overall SIF. The
principle of the weight function method brings additional assumptions that are
necessary for our pursuit of analytical solutions in this section.
 In addition to the previous head-on collision assumption, the ice floe under
consideration is assumed to be a symmetric body over the crack;
 It is further assumed that within such a symmetric body, the crack propagates in
a self-similar manner;
 It was also assumed that the splitting crack propagates in a stable manner with
varying crack lengths. This is questionable in the context of ice-structure
interactions, i.e., a crack tends to propagate within ice in an uncontrolled manner
partly due to the uncontrolled contact force between the structure and ice floe.
However, by this assumption, we are able to construct the relationship between a
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critical splitting load YF versus a given crack length, which enables us to
determine the maximum load that is required to propagate a crack through an ice
floe.
Before the study, it was unclear if Linear Elastic Fracture Mechanics (LEFM) is
applicable for the current engineering application. Therefore, two different fracture
mechanics-based methods were adopted: 1) LEFM (see Fig. 3.5a and b) and 2) the
Cohesive Zone Method (CZM, a type of nonlinear fracture mechanics method, see Fig.
3.5c). These two methods shall be referred to as ‘LEFM + weight function method’ and
‘CZM + weight function method’ for brevity.
It is worth noting that the applicability of Linear Elastic Fracture Mechanics (LEFM)
demands a Small-Scale Yielding (SSY) condition at the crack tip (see Fig. 3.5b).
Mulmule and Dempsey (2000) proposed a size requirement (see Eq. (3.1)) for applying
LEFM. Such a size requirement shall again be studied by the Cohesive Zone Method
(CZM) as follows.
12 chL l (3.1)
where chl is a characteristic length according to the CZM and is defined in Eq. (3.2).
2
'F
ch
f
G E
l  (3.2)
in which,
'E 'E E for plane stress conditions, and 2' / (1 )E E   for plane strain conditions
(where E is Young’s modulus and  is the Poisson’s ratio) [Pa]; and
f is the flexural strength of the ice [Pa].
For the CZM, based on the ‘viscoelastic fictitious crack model’ developed and applied
in previous studies (Dempsey et al., 1999a; Mulmule and Dempsey, 1998; Mulmule and
Dempsey, 1999; Mulmule and Dempsey, 2000), a simplified version is implemented in
the current study with the following additional assumptions:
 It is further assumed that the bulk material behaves elastically (i.e., no creeping
effect within the bulk material);
 In addition, though a bilinear ‘Traction and Separation Law (TSL)’ has been
derived in previous studies based on field tests (Dempsey et al., 1999a;
Dempsey et al., 1999b), a linear TSL is further assumed in this study. Such a
simplification enables us to reduce the initial CZM-based analysis into an
effective eigenvalue analysis (please refer to Appendix 1 for detailed derivations
and formulations).
Eventually, the following formulae were derived to calculate the ice splitting load YF :
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Method #1: LEFM + weight function method:
( ) 1
( ,0)
Y
IC
F
HhK L

 (3.3)
in which,
( )YF  is the ice splitting load with a normalised crack length /A L  ;
A is the crack length, as shown in Fig. 3.5a;
h is the ice floe thickness;
ICK is the fracture toughness of sea ice;
( ,0)H  is a weight function for the cracked body with the splitting load acting at the
crack mouth, as shown in Fig. 3.5a and c.
Eq. (3.3) explicitly illustrates that the ice splitting load ( )YF  is scaled with the square
root of the floe size L , i.e., ( )YF L  . In terms of the influence of the confinement,
assuming an ice floe is under the influence of symmetric confinement along its
boundaries, the ice splitting load can be calculate using Eq. (3.4).
ext0
( ) ( , ) d( ) 1 [1 ]
( ,0)
A
Y
ICIC
p X H A X XF
H KhK L

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 (3.4)
As shown in Eq. (3.4), there is an additional term ext0 ( ) ( , ) d /
A
ICp X H A X X K , which
represents an additional stress intensity factor introduced by the confinement ext ( )p X
(note that a positive value represents compression). This terms must be overcome by
increasing the ice splitting load ( )YF  .
Method #2: CZM + weight function method:
coh
coh
( ) d
( ) ( ' )
( ) ( , ,0)d
A
B
Y c A
B
X X
F A u E h
X U A X X


  (3.5)
in which,
( )YF A is the ice splitting load of an ice floe with crack length A ;
cu is the critical half Crack Opening Displacement (COD);
( , ,0)U A X is a function defined by Eq. (3.6).
max( , )
( , , ) ( , ) ( , )d
A
X S
U A X S H a X H a S a  (3.6)
Eq. (3.5) is not written in a normalised form as that in Eq. (3.4) because it has a
nonlinear size effect influenced by the cohesive stress distribution coh ( )X , which is the
eigenvector of ( , ,0)U A X ; it can be obtained by solving an eigenvalue problem (detailed
derivation and formulations can be found in Appendix 1).
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3.1.1.2 Analysis based on plastic limit theory
As a complementary approach to obtain analytical solutions to the ice floe’s splitting
failure, the plastic limit theory (Chen and Han, 1988) was also implemented for the
current engineering application. This method is primarily used for two different cases
because analytical solutions become difficult for the method based on fracture
mechanics: 1) when the ice floe is too small and becomes comparable to the size of the
cohesive zone (see Case 1 on the right side of Fig. 3.5), then the plastic limit analysis
can serve as a simplified alternative to approximate the ice splitting load YF ; 2) for
irregular ice floe geometries or if the interaction speed is insignificant3, the plastic limit
analysis can serve as a convenient alternative to extract the upper limit of YF for
engineering application purposes.
While implementing the plastic limit theories, the already established anisotropic
parabolic yield function (Ralston, 1981; Reinicke and Ralston, 1977) can be used.
Because this method is a complementary tool, detailed formulations are not presented
herein. Following the interaction scenario, as illustrated in Fig. 3.4, relevant derivations
and formulae were developed in Appendix 1 together with explicit formulae to calculate
the relevant material constants.
3.1.2 Out-of-plane flexural failure: methods and assumptions
After studying the splitting failure mode, this section focuses on the out-of-plane
flexural failure of an ice floe as depicted in Fig. 3.2. Under the predominant vertical
force ZF shown in Fig. 3.2, Fig. 2.9 illustrate that three different scenarios can be
expected for a nearly square-shaped ice floe.
Among these three different failure modes, the major focus is on the second scenario,
i.e., out-of-plane flexural failure of a finite size ice floe, simply because it has rarely
been studied. According to the study of the bearing capacity of an infinite and semi-
infinite ice floe, it is well accepted by the research community that the force in the
vertical direction (i.e., Z  direction) required to initiate radial cracks is much less than
that for the formation of circumferential cracks. Furthermore, Sodhi’s (1997) test shed
light on such a rarely studied failure scenario: radial cracking of an ice floe with free
edges. Therefore, it is of theoretical interest to identify the floe size, smaller than which,
an ice floe fails by forming only radial cracks. There is a practical interest for such a
failure mode. In an ice management operation, the question regarding the target floe
size to be produced downstream where the protected vessel/structure is located often
arises. The study on the size requirement for radial cracking-type failure would give a
mechanically preferred answer to this practical question.
3 Unfortunately, we are unable to quantify what is ‘insignificant’ under this context. It is well accepted
that a uniaxial compression strain rate below 310 leads to ductile behaviour of ice material (e.g., (Duval
and Schulson, 2009) ). However, this strain rate is difficult to be related to the interaction speed between a
structure and an ice floe, which is primarily because the presence of non-simultaneous contact
(Sanderson, 1988). This case is only presented here for theoretical completeness purposes.
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Radial cracking of an ice floe was explored in a two-step approach. First, this thesis
studied the radial crack initiation and propagation within a square-shaped ice floe.
Based on the study, this thesis constructed the theoretical framework to identify the so-
called ‘radial-crack-initiation-controlled fracture of an ice floe’ and its pertinent size
requirement (presented in Section 3.1.2.1; details in Appendix 2). Second, the obtained
results regarding the square-shaped ice floe are further extended to finite size
rectangular ice floes with arbitrary width-to-length ratios; and analytical solutions are
pursued for this type of failure mode, i.e., out-of-plane flexural failure of a finite size ice
floe (presented in Section 3.1.2.2; details in Appendix 3).
3.1.2.1 Theoretical and numerical study of radial crack initiation and
propagation within a square ice floe
In both cases, the considered ice floe is assumed to be a thin plate on a Winkler-type
elastic foundation. Similar theoretical models were used to study radial crack initiation
and propagation in Fig. 3.6a and b, respectively.
Fig. 3.6 Two theoretical models used to study: a) radial initiation and b) radial crack propagation.
Fig. 3.6a represents the radial crack initiation problem, where the crack initiation froce
, ,0Z radialF is assumed to be evenly applied within the half circular area as pressure zq . The
radial crack propagation problem illustrated in Fig. 3.6b is essentially the same model as
in Fig. 3.6a, except that a pre-existing crack is introduced to study the required force
, ,1( )Z radialF  to propagate a crack with varying lengths A . In addition, the following
assumptions were made for the current theoretical study:
 The thin plate theory was assumed to be valid herein. According to the
estimation of a floating ice floe’s characteristic length4 A by Gold (1971) and
also the thin plate theory requirement (Ventsel and Krauthammer, 2001), the
current study is approximately suitable for ice floes with thicknesses less than
3.32 m;
 The considered ice floe is composed of homogeneous isotropic linear elastic ice
material. Further discussions regarding such ‘bold’ assumptions are presented in
4 Detailed formulation is presented in Eq. (3.10)
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Appendix 2. However, for the current application, such a ‘bold’ assumption is
reasonable for anisotropic columnar ice material;
 It is further assumed that the principle of superposition can be applied to the
current problem;
 Any dynamic effect from the ice floe or from the fluid foundation is neglected. It
is cautioned here that this assumption can be rather crude at high interaction
speed as the hydrodynamic effect becomes important (Dempsey and Zhao, 1993;
Lu et al., 2012b; Lubbad et al., 2008);
 In addition, only the flexural-type failure is considered in this study. Other types
of out-of-plane failures, i.e., shear plug (ISO/FDIS/19906, 2010, p. 251), are not
considered.
For the radial crack propagation study, several additional assumptions were made:
 It is assumed that LEFM is applicable to the current problem;
 The minimum length of the pre-existing crack is assumed to be 0 /R L  (see
Fig. 3.7b and c);
 Similar to the assumption made in Section 3.1.1.1, a stable radial crack
propagation scenario is assumed. Though this is generally not the case for ice
material (DeFranco and Dempsey, 1994), this assumption enables us to extract
the maximum force required to sustain a radial crack at given length.
Additionally, the radial crack is assumed to propagate in a self-similar manner.
Based on the above assumptions and the selected mathematical model shown in Fig.
3.6, the controlling Partial Differential Equations (PDE) of a plate bending problem can
be formulated. Notably, in both problems, a normalisation procedure is implemented to
simplify the following numerical models and to obtain universal results. The original
PDE is normalised over the physical length L of the ice floe. Before the normalisation
procedure, Fig. 3.6a illustrates the original size of the ice floe ( L L ) and the loading
area (i.e., half circular area with radius R ) in an ,x ,y and z coordinate system. Fig.
3.6b exemplifies the post-normalisation problem with the new coordinates, / ,x L 
/ ,y L  and z .
After the normalisation procedure, the control PDE of the two problems were
formulated into non-dimensional form in Eq. (3.7).
4
* *( ) ( ) ( ) ( )W , KW ,              (3.7)
in which,
* *and  are the location where an equivalent point load (i.e.,
equivalent to the distributed pressure zq within the contact
area) is acting (see details in Appendix 2);
4 4 4
4
4 2 2 4( ) 2   
        
is the biharmonic operator in the new coordinate system ,
, and z ;
( )x is the Dirac delta function. Its unit is the inverse of its
argument.
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Particularly, a normalised deflection ( )W ,  and a normalised foundation modulus K
are defined in Eqs. (3.8) and (3.9), respectively.
2
( )
( ) total
Z
w , D
W ,
F L
    (3.8)
4kLK
D
 (3.9)
in which,
( )totalw ,  is the deflection of an ice floe at point ( ),  ;
3
212(1 )
EhD  
is the flexural rigidity of a plate;
There are two length scales within Eq. (3.7). One is the physical length of the ice floe
L , and the other is the characteristic length A as defined in Eq. (3.10). These two length
scales were incorporated into the normalised foundation modulus K . Here, it is
convenient to define a coefficient number n in Eq. (3.11), which denotes the ratio of
floe size and characteristic length.
4
D
k
A (3.10)
in which,
k is the foundation modulus. For the fluid base, wk g , with w and g being the
fluid density and gravitational acceleration, respectively.
4Ln K A (3.11)
Solutions of Eq. (3.7) were studied numerically with FEM simulations by assigning
different boundary conditions. Two different numerical set-ups are illustrated in Fig.
3.7, among which, Fig. 3.7a was used to study radial crack initiation; and Fig. 3.7b and
c were used to study radial crack propagations. Symmetric boundary conditions (i.e., the
yellow line) were implemented to improve computational efficiency. Additionally,
fairly dense meshes were implemented in the loading area and the location of the crack
tip. Fig. 3.7 demonstrates the biased mesh pattern.
The numerical set-up was implemented with Python script and calculated by ABAQUS
6.13/STANDARD solver. For the radial crack initiation problem shown in Fig. 3.7a, the
major variable is the normalised foundation modulus K , which reflects the physical size
of an ice floe. For the radial crack propagation problem, an additional variable must be
studied, i.e., the relative radial crack length i . Fig. 3.7b and c demonstrate two
simulations with the crack length changing from 1 to 2 with an exaggerated
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increment of  . The actual crack length varies from 0  to 0.8  (i.e., 80% of the
floe size) with a small crack increment. Using an energy approach (Irwin, 1956), the
corresponding radial crack propagation load ,radial,1( )ZF  can be numerically calculated
(see a detailed formulation in Appendix 2).
Fig. 3.7 Two different numerical set-ups to study: a) radial crack initiation; and b) and c) radial crack propagation
with varying crack lengths.
Before calculating the results of the radial crack initiation load , ,0Z radialF and propagation
load ,radial,1( )ZF  , relevant benchmark tests were conducted to verify the validity of the
numerical set-ups in Fig. 3.7. Using the knowledge of calculating , ,0Z radialF and
,radial,1( )ZF  , we were able to distinguish radial-crack-initiation-controlled fracture of ice
floes of varying sizes. Relevant benchmark test and the analysis results will be
presented in Chapter 4.
3.1.2.2 Analytical solutions of out-of-plane failures of a rectangular ice
floe
Numerical studies conducted in Section 3.1.2.1 enable us to identify square-shaped ice
floes whose failure is largely influenced by its boundaries. Radial-crack-initiation-
controlled fracture is one of such type (see Fig. 2.9b). The crack can ‘feel’ the free
boundaries and propagate through the entire body of an ice floe before any
circumferential crack forms. As an extension of the numerical studies in Section 3.1.2.1,
this section strives to obtain analytical solutions to calculate the failure load of arbitrary
rectangular ice floes, whose failure is significantly influenced by their free boundaries.
Based on the study in Section 3.1.2.1, it is found that (to be presented in Chapter 4) for
a square-shaped ice floe whose physical size 2L  A , its failure is controlled by radial
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crack initiation. In this section, this finding for a square-shaped ice floe is extended to a
rectangular ice floe with arbitrary width-to-length ratios, i.e., wide and long ice floes
shown in Fig. 3.8b and c. In both scenarios, either the width or the length of the
considered floe is less than 2A and their respective failure is highly influenced by their
free boundaries. Wide ice floes with lengths less than 2A and long ice floes with widths
less than 2A are assumed to fail at radial crack initiations and circumferential crack
initiations, respectively. Analytical solution towards the out-of-plane flexural failure of
a finite size ice floe (i.e., with either length or width less than 2A ) are pursued in this
section.
Fig. 3.8 Out-of-plane failure of a finite size rectangular ice floe: a) size requirement for radial-crack-initiation
controlled fracture of a square-shaped ice floe; b) radial cracking of a wide ice floe; and c) circumferential cracking
of a long ice floe.
A recently published methodology (Li et al., 2013) was used in the current study to
determine the failure scenarios of a rectangular ice floe in Fig. 3.8. The same theoretical
model shown in Fig. 3.6a, i.e., a thin plate on a Winkler-type elastic foundation, was
assumed, though with a different coordinate system, as shown in Fig. 3.9. In addition,
for simplicity, this study considers a concentrated load ZF acting at a location
0 0,x x y y  . The same normalisation procedure as described in Section 3.1.2.1 was
implemented to transform the original coordinate system ,x ,y and z in Fig. 3.9 into
/ ,x L  / ,y L  / ,B L  and z , as shown in Fig. 3.10a.
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Fig. 3.9 Theoretical model to obtain an analytical solution of a rectangular plate under a concentrated load.
The analytical solution offered by the literature (Li et al., 2013) consists of the plate
bending theory with a symplectic elasticity approach (Yao et al., 2009) and a
superposition procedure. The solutions of three different boundary conditions on a
rectangular plate were summed to yield the final free boundary conditions (see Fig.
3.10b, c, and d), which are the following:
1) All four boundaries of the rectangular plate are slidingly clamped, i.e., after the
deformation, the slope and the shear force is 0 along all four boundaries.
Corresponding formulae for the boundary conditions can be found in Appendix
3;
2) Gradually, the first two opposite sides (i.e., 0,  and   ) of the rectangular
plate is applied with a rotation angle, which can nullify the moment build-up in
boundary condition (BC) 1;
3) Afterwards, the last two opposite sides (i.e., 0,  and 1  ) were also applied
with the corresponding rotation angle to nullify their moment induced by
boundary condition (BC) 1.
The eventual solutions (i.e., Fig. 3.10a) is superposed by the three solutions with
different boundary conditions. The detailed formulation from an application point of
view can be found in Appendix 3, and the detailed derivations can be found in the
original literature (Li et al., 2013).
This method results in fairly accurate analytical solutions to the plate’s flexural
deflection W in Eq. (3.12).
1 2 3W W W W   (3.12)
where 1 2 3, , andW W W are the solutions to the problems with three different boundary
conditions of Fig. 3.10b, c, and d, respectively. Their explicit expression can be found
in the original literature (Li et al., 2013).
However, difficulties arise in the stress calculations by this method. At first, the stress
under a concentrated load is predicted as infinite by this analytical solution; in addition,
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this method’s stress calculation accuracy reduces when applied to small ice floes (i.e., a
plate with a relatively small foundation modulus). Therefore, a pragmatic idealisation
was eventually made in applying this analytical solution:
 The failure of an ice floe is assumed to be displacement controlled instead of
material-strength controlled. An ice floe is assumed to fail once its maximum
displacement (occurring beneath the loading point) exceeds the freeboard
(1 / )flood i ww h   of an ice floe. This is a fairly conservative assumption to
obtain the critical vertical force _ / _z radial circumferential crackingF required to fracture an ice
floe.
Fig. 3.10 Superstitions of three different boundary conditions to obtain analytical solutions of a free-floating
rectangular ice floe.
Recalling the definition of the normalised deflection W in Eq. (3.8), replacing the
maximum deflection floodw in this equation, the following Eq. (3.13) can be obtained.
2 2
_ / _ _ / _
(1 )flood i
wz radial circumferential cracking z radial circumferential cracking
w D DW h
F L F L

   (3.13)
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where i is the ice density. With the symplectic approach, W is analytically solvable
with Eq. (3.12). Thus, the critical force for the failure pattern in Fig. 3.8b and c can be
conservatively derived in Eq. (3.14), based on the assumed maximum deflection
criterion.
_ / _ 2 (1 )
i
z radial circumferential cracking
w
DF h
WL

  (3.14)
In addition, all the assumptions that have been made to study radial crack initiation in
Section 3.1.2.1 were also used herein.
Afterwards, additional analytical solutions to solve the direct rotation of a small ice floe
in Fig. 2.9a and circumferential crack formation within a semi-infinite ice floe in Fig.
2.9c are studied in the following.
3.1.2.3 Direct rotation and circumferential crack formation
With regard to the analytical formulae to calculate the direct rotation of a small ice floe
in Fig. 2.9a and the circumferential crack formation within a semi-infinite ice floe in
Fig. 2.9c, no further contribution was made in this thesis. This thesis has simply
compiled and adopted previous research results.
In Section 3.1.2.2, a displacement controlled method was used to determine the failure
of an ice floe in Fig. 2.9b. For the direct rotation of an ice floe, the same freeboard
displacement controlled (see Fig. 3.11) must be used by definition (i.e., no material
failures). The formulation here for the direction rotation is considered to be a situation
in which thin plate theories are not applicable. In this sense, the size of an ice floe that
fails at direct rotation is approximately L  A . For such a small ice floe, simplified
analytical solution can be obtained by using previously available knowledge,
particularly relevant theories regarding a ‘beam on elastic foundation’ (Hetényi, 1946).
The following assumptions are made to apply the relevant theories:
 The current problem can be described by the two-dimensional (2D) theory of a
finite beam on a Winkler-type elastic foundation (Hetényi, 1946);
 To apply short beam theory, it is assumed that the width B  A , such that the
deflection in the width direction can be neglected, and a 2D treatment is
applicable. The case when B  A will be studied with the theory introduced in
Section 3.1.2.2 and with Eq. (3.14);
 It is assumed that once the freeboard is below the waterline, the required rotation
force _Z direct_rotationF begins to decrease. The potential ventilation effect, which
increases the ice rotating load (Lu et al., 2014b; Lu et al., 2013; Valanto,
2001b), is not considered herein.
Based on the above assumptions and floe size consideration, short beam theory
(Hetényi, 1946, p. 46) can be applied here to further neglect the flexural deformation of
the considered ice floe. In a previous study regarding the ‘ice rotating phase’ in
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reference (Lu et al., 2014b), the same short beam theory was applied under similar
assumptions. Based on similar derivations, Eq. (3.15) is obtained to calculate the
vertical force _Z direct_rotationF that leads to the direct rotation of a small ice floe.
Fig. 3.11 Theoretical model for the direct rotation of a small ice floe.
_
1 (1 )
4 4
i
Z direct_rotation flood w w
w
hF w gBL gBL
    (3.15)
In terms of the circumferential crack formation, following previous studies and
applications, it is simply assumed that a semi-infinite ice floe is composed of several
equally sized wedge beams. Thus the analytical solutions of Nevel (Nevel, 1958; Nevel,
1961) can be applied. However, a simplified version is adopted in the current analysis,
which is an approximate formula given by Eq. (3.16) (according to equation (1) in
Nevel (1972)).
Fig. 3.12 Failure of a semi-infinite ice floe by forming two independent ‘infinite wedge beams’ (after Kerr
(1976))
2 3
_
2 tan( ) [1.05 2.0( ) 0.50( ) ]
6 2Z wedge_bending f
m R RF h
m
   A A (3.16)
where m is the number of wedge beams produced within a semi-infinite ice floe while
a circumferential crack forms. Note here that the coefficient (2 / 6) tan( / (2 ))m m is a
monotonically decreasing function and converges to the value ( / 6) as m  .
According to the out-of-plane flexural failure pattern description regarding a semi-
infinite ice floe (Kerr, 1976) (see Fig. 3.12a or referring to the literature review in
Appendix 2), m exhibits a small value. To be conservative and also to be consistent
with the experimental description according to Kerr (1976), 2m  is assumed in Eq.
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(3.16) and illustrated in Fig. 3.12b. Thus, the following Eq. (3.17) is obtained to
conveniently calculate the critical vertical force _Z wedge_bendingF to initiate circumferential
cracks in a semi-infinite ice floe, as shown in Fig. 3.12.
2 3
_
2 [1.05 2.0( ) 0.50( ) ]
3Z wedge_bending f
R RF h  A A (3.17)
3.1.3 Competition between different failure modes
In the preceding sections, the relevant formulae to calculate the ice splitting load YF
were presented in Eqs. (3.3) to (3.5), and the different vertical force components
_Z direct_rotationF , _ / _z radial circumferential crackingF , and _Z wedge_bendingF were presented in Eqs. (3.15), (3.14)
and (3.17) that correspond to the failure scenarios in Fig. 2.9a, b, and c, respectively.
Thereafter, key formulae were further validated using either numerical results,
experimental measurements or both. The verification shall be presented in Chapter 4.
After the verification process, these formulae are used to quantify the competition and
identify the boundaries among different failure modes, which is the focus of this
section.
The rationale behind ‘quantifying the competition’ is rather straightforward. After the
corresponding failure loads of different failure modes are calculated, this thesis assumes
that an ice floe will fail with the smallest failure load, i.e., the failure mode is
determined by the smallest value of YF and various comparable vertical force
components ( _Z direct_rotationF , _ / _z radial circumferential crackingF , and _Z wedge_bendingF ).
However, it should be noted that the ice splitting load YF acts in the horizontal
direction, whereas the vertical force components act in the Z -direction. To ensure these
different force components can be compared, contact properties should be introduced.
The contact property between an ice floe and a sloping structure is largely idealised in
this thesis. Firstly, we neglect the complicated stress field within the loading area, as
shown in Fig. 3.1(3). Instead, only the force components in the global coordinate
direction are considered. Secondly, the subsequent failure mode of an ice floe is
assumed to be independently influenced by their corresponding force component, i.e.,
these force components are decoupled. Lastly, these different force components (i.e., YF
and ZF ) are related through simple load ratio relationships. Contact force decomposition
in different directions (i.e., X , Y , and Z ) depends largely on the contact geometry. For
generality purposes, without delving into contact mechanics to analyse the stress
distribution within the contact zone for specific structure geometries, we circumvent
this problem by assuming a series of deterministic load ratios (i.e., XY , XZ , and YZ ) in
different directions, as shown in Eq. (3.18).
Chapter 3 Methodologies
46
;
;
;
Y
YX
X
X
XZ
Z
Y
YZ YX XZ
Z
F
F
F
F
F
F


  


 
(3.18)
where the definitions of different force components are shown in Fig. 3.1. The load
ratios can be theoretically extracted for a given contact scenario based on contact
mechanics or simple geometric overlapping analysis (Lubbad and Løset, 2011; Su et al.,
2010). However, this is beyond the scope of the current thesis. As a further
simplification and for quantitative comparison purpose, we simply chose 0.5YZ  in
most of the quantitative comparison results, which will be presented in Section 4.1.4.
However, it is worth mentioning that such specific simplifications do not violate the
generality of the developed theory.
3.2 Level ice - wide sloping structure interactions with rubble
accumulation
After studying fracturing of an ice floe in Section 3.1, the ‘floe ice - sloping structure
interaction’ is further studied in a ‘tight’ ice condition by incorporating the effect from
rubble accumulation. This topic is studied in a 2D setting (i.e., a wide sloping structure)
by two parallel approaches, namely, a physical model study and a theoretical model
study.
3.2.1 Theoretical model development
Based on previous studies (referring to the state-of-the-art review in Section 2.1) and
also based on field and laboratory tests observations (see the literature review in
Appendix 4), the interaction mechanism between level ice and a wide sloping structure
under the influence of rubble accumulation is proposed, as shown in Fig. 3.13. Two
sequential procedures were identified in this interaction mechanism, i.e., the ice
breaking procedure in Fig. 3.13a and the ice rotating procedure in Fig. 3.13b.
Depending on the amount of rubble accumulation, the two procedures were further
refined. For the ice breaking procedure shown in Fig. 3.13a with little rubble
accumulation, the incoming level ice fails directly against the sloping structure, which is
termed as the ‘Phase 1 ice breaking process’ in Fig. 3.13(1). However, as more rubble
accumulates in front of the structure, it is possible that the incoming ice fails against the
packed rubble; this is termed as the Phase 2 ice breaking process in Fig. 3.13(4).
In terms of the ice rotating process, it has been noticed in field observation (see
Appendix 4) that possible secondary ice breaking can occur, which has also been
confirmed theoretically (Lu et al., 2013) by considering the influence of rubble
accumulations. Therefore, the possibility of secondary ice breaking is also included in
the current theoretical model development, as shown in Fig. 3.13(3).
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Fig. 3.13 The proposed interaction mechanism between level ice and a wide sloping structure under the influence
of rubble accumulation.
Based on the assumed interaction mechanism in Fig. 3.13, the theoretical model is
constructed in the time domain in Fig. 3.14. This theoretical model is composed of three
different modules, namely the ice breaking module, ice rotating module and rubble
accumulation module. Fig. 3.14 illustrates the inputs and outputs of this theoretical
model together with its temporal construction method, i.e., the ice breaking module and
ice rotating module is activated consecutively together with an increasing rubble
accumulation volume as different modules’ boundary conditions.
While developing analytical formulae to each module, the following theoretical
assumptions were made:
 The ice breaking module is calculated by the theory of semi-infinite beam on a
Winkler-type elastic foundation;
 The ice rotating module is formulated by assuming the rotating ice block as a
short beam on a Winkler-type elastic foundation. In addition, to account for the
limited ventilation effect, an elastic-plastic foundation is assumed during the ice
rotating formulation;
 A continuum approach was used to analyse the effect of the accumulated ice
rubble;
 With the theoretical plots in Fig. 3.13, the physical meanings and the spatial
variations of three different force components are illustrated, which are the
following: the ice breaking load BF is the force required to break the incoming
level ice and is located near the waterline where the direct ice-structure contact
occurs; the ice rotating load RF is the force required to rotate the already broken
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ice block and is further transferred downwards (see Fig. 3.13b) below the
waterline; and the rubble accumulation load srbF , which serves as the boundary
condition (i.e., external load) for the previous two different modules;
 In addition to the three force components, it is further assumed that there is a
force component PHF that acts in the horizontal direction, as shown in Fig. 3.15.
This force component is responsible for the rolling motion of ice rubbles
observed in the tests.
Fig. 3.14 Overall structure and its time domain development for the theoretical model.
Fig. 3.15 Ice rubble pushing force component.
In total, four force components are calculated in the developed theoretical model.
However, as shown in Fig. 3.13, these forces act in different directions. To ensure all of
these force components are comparable, they were further projected in the horizontal
direction (i.e., the intact level ice’s moving direction) as BHF , RHF , srbHF , and PHF based
on simple static mechanics. Adding up all these force components, the total horizontal
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ice loads on a sloping structure can be obtained. Particularly, it should be noted that the
spatial and temporal distributions of each force component were calculated. Thus, each
force component varies with both time t and vertical coordinate Z .
3.2.2 Physical model test
Two different physical model tests were conducted in this study. One physical model
(i.e., Physical model #1) used a tactile sensor to measure the force distribution on a
sloping surface, as shown in Fig. 3.16. The tactile sensor consisted of a matrix of
sensels capable of converting pressure into voltage signals recorded by the connected
computer. The sensor has a rather high spatial resolution, i.e., each sensel is
approximately 3.56 mm 7.56 mm . The details of the historic use of tactile sensors and
their applications in ice engineering are presented in a separate paper (Lu et al., 2014a).
Fig. 3.16 Physical model #1, which uses a tactile sensor (model-scale sizes are given with their intended full-scale
size in the bracket).
One should be cautious here because the tactile sensor’s calibration used in the current
study appears to be problematic when measuring the peak ice load. Therefore, the ice
loads measured by the load cells in Physical model #2 is used for further validation of
the theoretical model.
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Fig. 3.17 Physical model #2, which uses load cells (model-scale sizes are given with their intended full-scale size
in the bracket).
The measurements made by both the tactile sensor and load cells are to be compared
with the theoretical predictions developed according to Fig. 3.14.
3.3 Remedies towards CEM’s application
Section 3.2 studied the ‘level ice - wide sloping structure interactions’ using theoretical
and physical models. As an additional tool, one promising numerical method, the
Cohesive Element Method (CEM), is further explored in this section. This method is
capable of simulating the fracturing and fragmentation of a solid and fits well into the
FEM formulation. The method has been considered a potentially ideal tool to study ice-
structure interactions (Konuk et al., 2009). However, this method suffers from a
convergence issue, i.e., the calculation results vary with mesh refinement. In this study,
several remedies are proposed to alleviate the observed convergence issue, based on
which, further evaluation on CEM’s merits in simulating ice - sloping structure
interactions are conducted.
The numerical set-up shown in Fig. 3.18 was implemented in ABAQUS
6.12/EXPLICIT with MATLAB scripts. This numerical set-up is a replicate of the
corresponding physical model test in Fig. 3.19. Because it is rather computationally
exhaustive to run a large amount of CEM-based simulations, an ice floe with
dimensions of 50 m 50 m with fixed boundaries was assumed.
The mesh of the ice floe in Fig. 3.18 is specially treated, as shown in Fig. 3.20, by
inserting cohesive elements everywhere to simulate multiple cracks propagating,
branching, fragmenting and interacting. However, this strategy was found to be too
ambitious because the calculation results depend on the mesh size.
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Fig. 3.18 Numerical set-up to test different remedies for the CEM-based simulation (the size is in full scale, and
the waterline diameter of the sloping structure is 13.6 m).
Fig. 3.19 Physical model test of a cone interacting with level ice (the size is given in the model scale).
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Fig. 3.20 Cohesive elements insertion among neighbouring bulk elements.
To alleviate the mesh size dependency, through relevant studies in other materials (a
detailed literature review is presented in Appendix 5), the following remedies are
proposed:
3.3.1 Remedy #1: Introducing fracture energy randomisation
It has been assumed that the fracture energy within an ice floe follows a stationary
random Gaussian field distribution. The ice material’s fracture energy distributions were
implemented in the numerical model with 3 different correlation lengths shown in Fig.
3.21 to Fig. 3.23.
Fig. 3.21 Fracture energy’s spatial distribution with a 0-m correlation.
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Fig. 3.22 Fracture energy’s spatial distribution with a 1-m correlation.
Fig. 3.23 Fracture energy’s spatial distribution with a 5-m correlation.
With a randomised fracture energy field, it is anticipated that the fracture can be
localised and therefore, not be too heavily influenced by the mesh size.
3.3.2 Remedy #2: Introducing bulk material’s energy dissipation
The second remedy approach involves introducing additional bulk elements’ energy
dissipation into the cohesive element, which is illustrated in Fig. 3.24. The new fracture
energy input for cohesive elements now becomes the following and is shown in Eq.
(3.19).
Fm F m UG G L   (3.19)
in which,
FmG is a new fracture energy input for the cohesive elements with the bulk
elements’ dissipation;
FG is the fracture energy of sea ice and is taken as 15 N/m according to
the measurements and theoretical study in previous literatures
(Dempsey et al., 1999a; Mulmule and Dempsey, 1998; Mulmule and
Dempsey, 1999);
mL is the size of the bulk elements;
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U is the energy density of the bulk material to be dissipated during
fracturing.
Fig. 3.24 Additional bulk elements’ energy allocations.
The efficiency of these remedies is examined by comparing the simulation results with a
varying mesh size implementation; and the simulation results are further compared with
the results obtained in the physical model tests (in Fig. 3.19).
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Chapter 4 Results and discussions
Different methods and assumptions were adopted while addressing each of the refined
research questions. As illustrated in Fig. 1.8, the analytical solution to each problem is
pursued together with additional corroborations from either numerical solutions,
experimental measurements, or both. Therefore, most of the results presented in this
chapter are primarily validations of the developed methods (in Chapter 3). In addition,
based on the verified methods, new findings from relevant studies are presented and
discussed in this chapter in a selective manner, i.e., only the most interesting results are
presented. For detailed results and discussions, one can refer to the publications in the
Appendices.
4.1 Fracture of an ice floe
In this section, the implemented methods to study the in-plane splitting failure and out-
of-plane flexural failure of an ice floe were validated. These verified methods were
further used to study the influences of different parameters, particularly the influence of
floe sizes.
4.1.1 In-plane splitting failure: verifications and parametric studies
Two different methods were proposed to study the splitting failure of an ice floe, which
are the method based on fracture mechanics, which is the primary method, and also the
analysis based on plastic limit theory, which serves as a complementary tool. Their
implementations are verified in this section, where the major focus is on the method
based on fracture mechanics.
4.1.1.1 Validation against field experiments
First, these two approaches were validated against the only ice splitting experiments
available in open literature (Dempsey et al., 1999a), as shown in Fig. 4.1. In this figure,
the normalised ice splitting load / ( )YF hL in the vertical axis is plotted against the floe
size L in the horizontal axis. Within this figure, the proposed size requirement for the
applicability of LEFM is also illustrated (Mulmule and Dempsey, 2000).
The following observations from Fig. 4.1 can be made:
 The results obtained using the ‘CZM + weight function’ method agree well with
most of the experimental results, including those in the laboratory-scale range;
 The ‘LEFM + weight function’ method can only approximate the test results
well when the floe size is large enough, such as those in the field scale (e.g.,
larger than the recommended size ch12l );
 At the laboratory scale, the ‘LEFM + weight function’ method yields an ice
splitting load that exceeds the prediction from plastic upper limit theory (i.e.,
strength theory). The plastic upper limit method and plastic lower limit method
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could be applied at the laboratory scale to level off the increasing value of
/ ( )YF Lh calculated by LEFM theory;
 The plastic upper limit method and plastic lower limit method are fairly
conservative when applied at the field scale.
Fig. 4.1 Splitting load for a square ice floe with an edge crack ( / 0.3A L  ): comparison of the results obtained
using different methods with test data.
4.1.1.2 Validation against available analytical solutions
Afterwards, the principal method, i.e., the method based on fracture mechanics, is
further validated against previous known analytical solutions for a special case, i.e., the
splitting force of a semi-infinite ice floe, which is plotted in Fig. 4.2 with the normalised
ice splitting load / ( )Y ICF hK in the vertical axis over the crack length A in the horizontal
axis. Here, ICK is the fracture toughness of sea ice.
Because the Fracture Process Zone (FPZ) is infinitesimally small in comparison with
the size of a semi-infinite ice floe, based on theory, the results calculated according to
CZM should reduce to the results based on LEFM. The comparisons made in Fig. 4.2
confirmed this. Both the ‘LEFM + weight function’ and the ‘CZM + weight function’
methods, when applied to the semi-infinite ice floe case, had identical results as those in
a previous publication (Palmer et al., 1983).
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Fig. 4.2 Comparison of the ice splitting loads obtained using different methods for a semi-infinite ice floe.
4.1.1.3 Validation against numerical solutions (FEM): splitting of square
and circular ice floes
FEM-based numerical simulation results are available in the literature for a square ice
floe (Bhat, 1988) and a circular floe (Bhat et al., 1991). The current implemented
methods were further validated against these numerical solutions in Fig. 4.3. Note that a
field-scale (see Fig. 4.1) floe size was deliberately chosen to calculate the results using
the ‘CZM + weight function method’.
Fig. 4.3 Ice splitting load for a) an edge-cracked square and b) a circular ice floe with varying crack lengths.
Fig. 4.3 shows that the normalised ice splitting load for both floe shapes increase
initially, while the crack reaches certain length (i.e., 14.5%A L for a square ice floe;
and 16.5%A L for a circular ice floe), the force begins to decrease to maintain a balance
between the crack-driving force and the crack resistance. Due to the nature of ice-
structure interactions, the load history for splitting cracks’ extension would not behave
as that is shown in Fig. 4.3. In reality, while the ice splitting load increases beyond the
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peak points shown in Fig. 4.3, the subsequent crack propagates catastrophically. For
engineering applications, regarding how much force is required to split an ice floe, it is
sufficient to account for only the maximum values in Eq. (4.1).
0.19 for a square ice floe with critical crack length / 14.5%
0.17 for a circular ice floe with critical crack length / 16.5%
Y Ic cr
Y Ic cr
F hK L A L
F hK L A L


  
   (4.1)
4.1.1.4 Parametric studies on the ice floe geometry, confinement or
inertial effect
Favourable agreements were attained in the previous validations. Afterwards, the
developed theoretical model was further explored to study different parameters, such as
the influences of floe geometry (see Fig. 4.4) and the influences of confinement or the
inertial effect (see Fig. 4.6).
Fig. 4.4 Splitting load for a rectangular ice floe for a varying width-to-length ratio.
Fig. 4.4 illustrates a diminishing influence from the width to length ratio /B L  on the
normalised ice splitting load, e.g., the results of 1  converge to the results of 2  .
On the contrary, the effect of confinement demonstrates a more profound effect on
increasing the ice splitting load. Eq. (3.4) was used to quantify the effect of a special
type of confinement, i.e., an impacting inertia-induced confinement of the floe (see Fig.
4.5c).
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Fig. 4.5 Illustration of different force components and two different interaction processes: a) definition of force
components in the coordinate system; b) structure rams into a stationary ice feature; c) a moving ice feature impacts
the structure.
Regarding the floe ice - sloping structure interactions, the ice load actions and reactions
are illustrated in Fig. 4.5a. The load ratio YX is defined by Eq. (3.18).
Among the interactions, two extreme scenarios can be identified. One is that the inertia
of an ice floe can be neglected, as shown in Fig. 4.5b, e.g., the sloping structure rams
into an ice floe, which is effectively stopped by a neighbouring ice floe (Eq. (3.3)
applicable); another scenario involves a large inertia within the ice floe, e.g., an ice floe
impacting the sloping structure. This inertia can be expressed as a body force
2/x Xb F hL  for a square ice floe (Bhat, 1988). This body force introduces a special
confinement for a crack. Dempsey et al. (1994) used the solution of Timoshenko and
Goodier (1951) and Little (1973) to approximate the confinement’s pressure profile
( )extp x' , as described in Eq. (4.2).
2( ) 2 1 1/ 2 3 1 3( ) ( ){ (3 ) ( 1)[4( ) ]}
2 1/ 2 4 2 2 5
X X
ext
F Fx'p x' x' x'
h L hL x'
  
           (4.2)
The magnitude of confinement in Eq. (4.2) is reflected by the value of XF . A large XF
indicates a large inertial effect and hence, a large confinement on the central splitting
crack. To explicitly express this confinement effect, a parameter confinement is defined by
Eq. (4.3).
/ 1/confinement X Y YZF F   (4.3)
Inserting Eqs. (4.2) and (4.3) back into Eq. (3.4), the ice splitting load under the
influence of confinement confinement is illustrated in Fig. 4.6 together with the FEM results
of Bhat (1988).
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Fig. 4.6 Ice splitting load under inertial-induced confinement for a square ice floe.
Fig. 4.6 shows that the theoretical prediction by Eq. (3.4) agrees well with the FEM
results by Bhat (1988). In addition, comparing Fig. 4.4 with Fig. 4.6, the plots also
demonstrate that the confinement has a much more profound effect on increasing the ice
splitting load.
4.1.2 Radial-crack-initiation controlled fracture
Given the geometry and size of an ice floe and the loading area at the contact, with the
normalised PDE in Eq. (3.7), the interesting results, i.e., the radial crack initiation load
,radial,0ZF and propagation load ,radial,1ZF , can be derived in non-dimensional form in Eqs.
(4.4) and (4.5), respectively.
,radial,0
2 0
( , ) 1
( , )
Z
f M
F n R
h n R  (4.4)
in which,
0 ( , )M n R is the Mises stress at point ( 0, 0   ), which is dependent on floe size
(i.e., reflected by the coefficient n ) and the loading area size (i.e., reflected
by the loading radius R ).
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in which,
0 ( , )W n R is the normalised deflection of a cracked ice floe at point ( 0, 0   ).
Therefore, the original pursuit of determining ,radial,0ZF and ,radial,1ZF was shifted into
solving 0 ( , )M n R and 0 ( ) /dW d  with numerical models of Fig. 3.7a and Fig. 3.7b and
c, respectively. The relevant results are presented as follows.
4.1.2.1 Results and discussions for radial crack initiation
First, the Mises stress from the simulation of Fig. 3.7a are presented in Fig. 4.7 with a
prescribed loading area 0.2R  A and a varying floe size, i.e., 1, 2,3, ... ...,9n  . It is clear
from these plots that when an ice floe is relatively small (e.g., 7n  ), the stress
distribution is influenced by its boundaries, whereas the stress is primarily concentrated
within a small portion of a large ice floe (e.g., 8n  ).
Fig. 4.7 Illustration of the distribution of the normalised Mises stress within ice floes of varying sizes with
0 .2R  A (note that a rainbow spectrum is used to illustrate the comparative stress values, where red and violet
correspond to the maximum and minimum values; the Mises stress in the figure should only be understood as
comparative values within each subplot).
Furthermore, the quantitative results of Eq. (4.4) are presented in Fig. 4.8 with three
prescribed loading area sizes ( 0.05 , 0.1 , and 0.2R  A A A ). It is interesting to note in Fig.
4.8 that when 4L  A , the normalised radial crack initiation load is larger than that
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predicted by the semi-infinite ice floe solutions. This result is thought to be due to the
effect of the free boundaries. For a small ice floe, in addition to the energy required to
induce sufficient flexural deformation, another type of deformation (e.g., rigid body
rotation) is also presented because of the free boundaries. Therefore, more energy, in
comparison with a semi-infinite ice floe, is required to initiate the radial crack. In
practice, this means that using Nevel’s (1965) or Lubbad and Løset’s (2011) solutions
for radial crack initiation calculations is not always conservative.
Fig. 4.8 Normalised radial crack initiation load for a square ice floe of varying size under half-circular edge
loading.
With respect to the maximum deflection of an ice floe presented in Fig. 4.9, the size of
the loading area appears to have a relatively minor effect on the normalised deflection
value. Because large deflections are found for smaller ice floes, we further analysed the
possibility of flooding on top of an ice floe before radial crack initiation. The results
show that using typical ice material properties, a radial crack initiates much earlier than
any inundation could occur over the freeboard of an ice floe.
As the floe size increases, e.g., 4n  or 4L  A , the numerical results converged to the
analytical solutions predicted by Lubbad and Løset (2011) for semi-infinite ice floe. In
addition, a similar numerical set-up to Fig. 3.7a was implemented with a rectangular
loading area to validate against Nevel’s (1965) analytical solutions for large floes
(presented in Appendix 2). A similar converging trend was also obtained. Thus, both
validations signify the correctness of the derivations and numerical set-ups to study
radial crack initiation.
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Fig. 4.9 Normalised maximum deflection at ( 0, 0   ) for a square ice floe of varying size under a half-
circular edge loading.
4.1.2.2 Results and discussions for radial crack propagation
4.1.2.2.1 A benchmark test on the splitting failure
Before presenting the results of radial crack propagation studies, a benchmark test was
conducted. The same energy approach (Irwin, 1956) was adopted together with a similar
numerical set-up to study the splitting of a square ice floe (see details in Appendix 2),
where analytical solutions were available. The visual illustration of the simulation is
presented in Fig. 4.10, in which the stress concentrations always occurred at the crack
tip.
Afterwards, the normalised ice splitting load Y ICF / (hK L ) is plotted versus the
normalised crack length  , which is shown in Fig. 4.11 together with the analytical
solutions (Lu et al., (submitted in March 2014)) and previous FEM results (Bhat, 1988).
Though the numerical model used in Fig. 3.7b and c is not a special-purpose scheme to
calculate a fracture mechanics problem 5 , favourable agreements in Fig. 4.11
substantiated our further use of the same methodologies to study the radial crack
propagation problem within an ice floe.
5 Special-purpose programs are those specially designed to address cracks and determine the Stress
Intensity Factor (SIF) directly (Bažant and Planas, 1998).
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Fig. 4.10 Concentration of the Mises stress at the crack tip with varying splitting crack lengths (note that the
crack opening displacement is exaggerated; the same rainbow spectrum shown in Fig. 4.7 was used; the Mises stress
in these plots should only be understood as comparative values).
Fig. 4.11 Benchmark comparison of the current numerical scheme with the analytical solution.
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4.1.2.2.2 Radial crack propagation
First, the visual illustration of the Mises stress distribution within a cracked ice floe is
illustrated in Fig. 4.12 with varying floe sizes (i.e., 1,4, and 8n  ) and crack lengths (i.e.,
0 ,0.3,0.6, and 0.8  ) with 0.2R  A as an example. Fig. 4.12 demonstrates that stress
concentration does not always occur at the radial crack tip. Depending on the floe size,
for a small ice floe (e.g., 1n  in Fig. 4.12), stress appears to concentrate at the crack
tip; however, for a large size ice floe (e.g., 8n  in Fig. 4.12), the stress concentration
tends to occur at the location where a circumferential crack will develop. The latter case
implies that further increasing the load ,radial,1ZF shall initiate a circumferential crack
instead of propagating the existing radial crack.
Fig. 4.12 Concentration of the Mises stress with different ice floe sizes and radial crack lengths (note that the
same rainbow spectrum shown in Fig. 4.7 was used; the Mises stress in these plots should be understood as
comparative values) (with 0 .2R  A ).
Based on the numerical set-up, the key quantitative results 0 ( ) /dW d  in Eq. (4.5) are
presented in Fig. 4.13 with prescribed loading area sizes ( 0.05 , 0.1 , and 0.2R  A A A ).
Following the definition in Eq. (4.5), without including any material properties and
thickness information, Fig. 4.13 represents the non-dimensional radial crack
propagation load versus crack length for different ice floe sizes. For a small ice floe
(e.g., 3n  ), less force is required to propagate the radial crack. For a large ice floe (e.g.,
5n  ), an increasingly larger force is required to propagate the radial crack. In
particular, the curves with 7n  and 8n  were truncated at approximately
30% ~ 40%  in all of the subplots of Fig. 4.13 because the deflection curves
0 ( 30% ~ 40%)W   flattened for large ice floes, and their numerical derivatives lose
meaning by dividing nearly zero values.
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Fig. 4.13 Derivative of maximum deflections of a cracked ice floe with varying sizes (note that the Y-axis is on a
logarithmic scale).
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4.1.2.2.3 Radial-crack-initiation-controlled fracture
With both ,radial,0ZF and ,radial,1ZF calculated for various floe sizes and crack lengths, it is
therefore possible to determine the maximum radial crack length that can be propagated
under radial crack initiation load alone. This competition can be quantified as follows:
for an arbitrary relative crack length  in the range [ , 1]R / L and for a varying floe size
expressed by n , three different cases can be defined as in Eq. (4.6)
Within these three different scenarios, we conservatively confine our interests in the
first scenario: i.e., radial-crack-initiation-controlled fracture. The other two scenarios
can be conservatively treated as the fracture of a semi-infinite ice floe in Fig. 2.9c.
,radial,0 ,radial,1
max2 2
,radial,0 ,radial,1
max2 2
,r
( ) ( , )
1 Radial-crack-initiation-controlled fracture;
( ) ( , )
maximum radial crack length under radial crack initiation load;
Z Z
f f
Z Z
f f
Z
F n F n
t t
F n F n
t t
F
  
  
  
 
adial,0 ,radial,1
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0 Radial crack initiation load cannot extend radial crack.Z
f f
n F n
t t
  
   
(4.6)
Nevertheless, by assigning typical ice material properties (details can be found in
Appendix 2) to Eqs. (4.4) and (4.5) and inserting them into Eq. (4.6), the corresponding
maximum radial crack length under the influence of radial crack initiation load can be
plotted in Fig. 4.14. Because of the piecewise equation defined in Eq. (4.6), these curves
are not smooth. Nevertheless, the left column of Fig. 4.14 shows that when 1N/mFG  ,
for any ice floe with size 3L  A and with a thickness found in most engineering
application ranges (e.g., 0.3 mt  ), the radial crack initiation load is large enough to
propagate a radial crack through the entire floe body. In contrast, when 15 N/mFG  , in
the right column of Fig. 4.14, such a size requirement is 2L  A . In total, both columns in
Fig. 4.14 demonstrate that when 2L  A and using typical ice material properties6, a
nearly square-shaped ice floe can fail at radial crack initiation. Fig. 4.14 also shows that
a larger loading area tends to propagate longer radial cracks. However, such a difference
is minor and would not influence the aforementioned general observation. Collectively,
we are therefore able to conclude that for a nearly square ice floe smaller than 2A , the
floe can be treated as a finite size floe whose failure is controlled by radial crack
initiation; otherwise, the floe can be conservatively treated as a semi-infinite ice floe.
In practice, depending on the exact material properties and ice thickness, the same
comparison shown in Fig. 4.14 can be used to quantify the optimum floe size in the
downstream of an ice management operation. If fracturing of ice floes is unavoidable
for the protected vessel downstream, ensuring that most of the ice floes fail by radial-
crack-initiation-controlled fracture can largely reduce its overall ice load.
6 Typical ice material properties that were employed for the calculation of Fig. 4.14 include:
550 kPaf  ; 5.5 GPaE  ; 3920 kg/mi  ; 31020 kg/mw  ; 0.3  .
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Fig. 4.14 Maximum radial crack length induced by the radial crack initiation load.
4.1.3 Analytical solutions of out-of-plane failures of an ice floe
In the previous section, numerical results regarding radial crack initiation and
propagation and their competition were presented. One important finding is that for a
square ice floe smaller than 2A , the floe’s failure is radial-crack-initiation controlled. As
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a step further, this section presents results based on the symplectic approach to
analytically study the failure of an arbitrary rectangular ice floe in Fig. 3.8.
First, the analytical solution based on the symplectic approach is used to calculate the
overall deflection of a square ice floe with dimensions of 2 2A A under a concentrated
load at point ( 0, 0   ). The deflection is visualised in Fig. 4.15b, within which, two
curves were selected for validation, where curve ‘1’ (i.e., 0  ) has a curvature that
determines the initiation of a radial crack, and curve ‘2’ (i.e., 0  ) has a curvature that
implies a circumferential crack initiation. Afterwards, the same numerical model shown
in Fig. 3.7a was implemented to calculate the same ice floe’s deflection along these two
curves (see Fig. 4.15a). Because a concentrated load introduces numerical difficulties, it
was converted into a distributed pressure in the numerical model within a small half-
circular area with a radius of 0.01R  A (shown in Fig. 4.15a).
Fig. 4.15 Validation of the symplectic-based solution against the FEM results: a) mesh pattern for the FEM; b)
analytical solution; c) comparison of the deflection at 0  ; d) comparison of the deflection at 0  .
The normalised deflections of these two curves are compared in Fig. 4.15c and d. The
excellent agreement verifies the correct implementation of the symplectic approach to
analytically calculate the deflection of an ice floe under a concentrated load. This
method is further extended to study the failure of an arbitrary rectangular ice floe, as
shown in Fig. 3.8.
Fig. 4.16 illustrates the comparison of the maximum normalised deflection between the
numerical results and the analytical solutions for long and wide ice floes, respectively.
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Satisfactory agreement is achieved for a rectangular ice floe with various width-to-
length ratios.
The calculated defection W in Fig. 4.16 can be inserted into Eq. (3.14) to obtain the
critical vertical force _z radial / circumferential_crackingF for the out-of-plane flexural failure of a finite
rectangular ice floe. The rectangular ice floes considered in Fig. 4.16 are floes with its
width or length in the range of A and 2A ; the other side varies with different width-to-
length ratios. According to the assumptions discussed in Section 3.1.2.2, long ice floes
in Fig. 3.8c and wide ice floes in Fig. 3.8b will fail at circumferential and radial crack
initiation, respectively. Note that this assumption is approximate as neither crack
initiation nor propagation has been substantially investigated for arbitrary rectangular
ice floes. While calculating the critical failure load _z radial / circumferential_crackingF , a conservative
displacement-controlled criterion was adopted. In Appendix 2, a comparative study of
the critical stress criterion and critical deflection criterion on a square-shaped ice floe
was performed. Based on the stress criterion, radial crack initiation occurs prior to the
occurrence of the critical deflection. Similarly, for a beam-like ice floe (e.g., long ice
floe in Fig. 4.16a), previous studies of a beam on a Winkler-type elastic foundation also
show that flexural failure occurs much earlier than the inundation of the considered ice
floe (Lubbad et al., 2008). In summary, for both potential failure modes in Fig. 3.8, a
displacement controlled failure criterion is proposed and validated for various width-to-
length ratios in Fig. 4.16.
Fig. 4.16 also shows that the results begin to converge for long/wide floes with width-
to-length ratios smaller/larger than certain values (e.g., 0.2  and 5  for long
rectangular floes and wide rectangular floes, respectively).
Fig. 4.16 Validation of the symplectic-based solution against FEM results for ice floes with different aspect
ratios.
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Fig. 4.17 Different out-of-plane flexural failure scenarios according to floe size and ice thickness (note that the
calculation was made for a square ice floe).
After verifying the symplectic approach, Eqs. (3.14), (3.15) and (3.17) can therefore be
used to quantitatively illustrate different failure scenarios’ (see Fig. 2.9) critical vertical
forces’ variation with floe sizes. Fig. 4.17 illustrates the normalised vertical force
2/ ( )Z fF h and the corresponding failure scenario for square ice floes with sizes varying
from approximately 1 m to 10 km. Four curves are plotted in Fig. 4.17, which represent
different ice thicknesses. Within each curve, three sections can be identified: 1) direct
rotation of a small ice floe with L  A ; 2) radial cracking of a square ice floe with size
2L A A ; and 3) failure of semi-infinite ice floes ( 2L  A ) which is manifested as
infinite ice wedges’ independent bending failure. As an example, different sections were
coloured for the case with an ice thickness of 0.5 mh  . Because different failure criteria
have been assumed for these three failure scenarios, a non-smooth transition is
identified between the failure scenario of radial cracking for a finite size ice floe and
infinite wedge bending for a semi-infinite ice floe.
4.1.4 Competitions between flexural and splitting failure modes
According to the simplified contact properties assumed in Section 3.1.3 with Eq. (3.18),
all of the developed formulae for different failure modes can therefore be plotted in a
single figure to quantify the competition. An example of such competition is plotted in
Fig. 4.18 with square ice floes of varying sizes with a contact property 0.5YZ  .
As stated in Section 3.1.3, the failure mode is determined by the smaller failure load.
Therefore, with all the floe sizes considered, the dominant failure mode that yields a
lower failure load (i.e., normalised value of / ( )YZ ZF Lh or / ( )YF Lh ) can be identified.
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Fig. 4.18 Competition between different failure modes for a square ice floe of varying sizes and ice thicknesses
( 0.5YZ  ).
As discussed in Section 4.1.1.1, the ‘LEFM + weight function’ method is applicable for
most field-scale engineering applications. Therefore, for the normalised ice splitting
load / ( )YF Lh , this method was used for the current comparison. In Fig. 4.18, two solid
curves (with a slope 1:2) that represent the normalised ice splitting load versus floe size
are plotted. These two curves were calculated with different fracture energy inputs. The
lower black solid curve was calculated with fracture energy 1 N/mFG  , which was
based on laboratory tests (e.g., (Schulson and Duval, 2009)), and the upper blue solid
curve was calculated with a fracture energy of 15 N/mFG  , which was based on field
measurements (Dempsey et al., 1999a). There are still controversies regarding the
fracture energy of sea ice. Advocators behind these two values criticise each other for
either using an inappropriately subsized test sample in the laboratory to obtain
1 N/mFG  or using a loading rate that is too slow, such that the creep effect was falsely
introduced within the large test sample to obtain 15 N/mFG  . It is not the intention of
this thesis to test the validity of these two numbers due to limited amount of test data.
However, in using the field test data, Mulmule and Dempsey (1998,1999) did account
for the creeping effect (at least in the bulk material) by applying the viscoelastic
fictitious crack model. This model treats the secondary creeping effect in the bulk
material (not inside the FPZ) by a viscoelastic model, i.e., the fracture energy that is
back-calculated by their algorithm based on their test data is supposed to be influenced
by the creeping effect of ice to a much lesser extent. From an engineering application
point of view, we present both results here and leave it to the readers’ judgment to
choose appropriately for their specific applications;
In addition, the same four curves that represent the out-of-plane flexural failures with
different ice thicknesses 0.5,1, 2, and 3 mh  in Fig. 4.17 are re-plotted in Fig. 4.18 by
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multiplying the load ratio YZ (for comparison purposes). As an example of reading Fig.
4.18, the intersections between the black solid curve with 1 N/mFG  and the red dashed
curve with 0.5 mh  are highlighted to show the dominant failure patterns depending
on floe size. In addition, the intersection between the splitting failure curve with the
semi-infinite ice floe’s wedge bending curves can determine the size requirement for an
ice floe to be considered level ice (i.e., dominated by local bending failure) at the initial
contact. Using the black solid curve with 1 N/mFG  as an example, it contains
intersections with wedge bending failure curves at floe sizes of 70 m, 300 m, 1.1 km,
and 2.5 km for ice thicknesses of 0.5,1, 2, and 3 mh  , respectively, i.e., a larger floe size
is required for a thicker ice floe to be considered level ice.
Moreover, with all these available formulae (i.e., Eqs. (3.14), (3.15) and (3.17); and
Eqs. (3.3) and (3.4)), a failure map can be created mainly based on the geometric
information of ice thickness h and floe size L (see Fig. 4.19). Typical material
properties (listed the figure) were used to plot the failure map. Though the
quantification made in both Fig. 4.18 and Fig. 4.19 are only for specific material
property inputs and contact properties (i.e., 0.5YZ  ), the same formulae can be used to
determine the actual failure mode of a certain sized ice floe with the same methodology.
For example, the influence of confinement can be accounted for by introducing the
confinement pressure ( )extp X in Eq. (3.4), and a different contact scenario can simply be
involved by modifying the value of YZ in the comparison process, as demonstrated
herein.
Fig. 4.19 Failure maps of a free square ice floe interacting with a sloping structure with 0.5YZ  .
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4.2 Influences of rubble accumulations
The results of the physical and theoretical model study on the rubble accumulation’s
effect on ice loads are presented in this section. In addition, the results from exploring
different remedies to apply CEM are also presented.
4.2.1 Physical model and theoretical model studies
First, the tactile sensor measurements are shown in Fig. 4.20. Fig. 4.20a illustrates the
approximate location of the installed tactile sensor together with the waterline. Fig.
4.20b illustrates one group of the measured ice load’s spatial distribution and its
temporal development following the sequence from 1 to 6. In addition, the approximate
location of the waterline (i.e., the blue plane) and the intact level ice (i.e., the shaded
solid) are also illustrated.
Fig. 4.20 Visualisation of the measured ice load's spatial distribution and temporal development.
Fig. 4.20 shows that the ice load does not diminish instantly below the waterline.
Instead, the ice load travels further downwards at a smaller but comparable magnitude.
This visual perception is further quantified in Fig. 4.21.
Each local sensel’s measurement is summed along the j direction (see Fig. 4.20 or Fig.
3.16 for the local coordinate of the tactile sensor). Afterwards, the summed load is
averaged in the time domain to obtain ( )HF z,t , as shown in Fig. 4.21. Detailed formulae
to calculate ( )HF z,t are presented in Appendix 4. Fig. 4.21 also illustrates the location of
the intact level ice within the shaded area. The comparison is made between the tactile
sensor’s measurements and the developed theoretical model’s prediction. In general, the
current theoretical model's predictions regarding the mean ice load's spatial distribution
are in agreement with the measurements (i.e., the results agree well with each other in
terms of both load magnitude and spatial variation). However, differences do exist
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between the results from the theoretical model and physical model tests. First, the
theoretical model fails to predict any load above the shaded area (i.e., the thickness
region of the un-deformed level ice), which is due to the simplification that the rubble
sail's effect was not considered. Second, a further observation in the detailed differences
in each test exposed further limitation of the developed theoretical model, such as the
following:
 The dynamic effect is neglected, which lead to potential errors in Test #2210;
 It appears questionable to use the current theoretical model for rather thick ice
(e.g., 1.22 m in Test #4210) because complications arise when the incoming ice
is relatively thick.
Fig. 4.21 Spatial variation of the mean ice loads (theoretical prediction: solid line; measurements: circles with
dashed line).
Despite these differences, the developed theoretical model is further compared with the
measurements by the load cells in a similar test set-up (see Fig. 3.17). The comparison
consists of the global horizontal load totalHF measured by the load cells and calculated by
the theoretical model. The load history comparison illustrated in Fig. 4.22 is for test
#3140. The results demonstrate that, in general, the theoretical model predicts less
frequent ice loading events than that of the measurements. Such a discrepancy might be
due to the 2D assumption of the theoretical model, which rules out the possibility of
non-simultaneous ice breakings. During the entire interaction process, the load trends
(i.e., the smoothed load histories), load magnitude, and cyclic pattern of the load appear
to have been captured by the theoretical model. Similar satisfactory comparisons can
also be found for other tests. The comparisons made here further validate the ability of
the developed theoretical model to capture the ice load history (including the maximum
ice load).
Afterwards, the developed theoretical model is further compared with other existing
analytical/empirical models to predict the level ice loads on a sloping structure (see Fig.
4.23). These include the analytical model to calculate level ice and sloping structure
interactions in the Phase 1 ice breaking process (see Fig. 3.13(1) ) by Croasdale and
Cammaert (1994), the 2D ridge building line load recommended by Croasdale (2012)
and Comfort et al. (1998), respectively, and the secant formula adopted by Paavilainen
and Tuhkuri (2013). In general, the current theoretical model predicts a similar global
ice load compared with that of the existing models.
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In summary, based on all the validation against physical model tests’ results and other
existing models, it is fair to say that the developed theoretical model is capable of
predicting reasonable spatial and temporal distributions of level ice loads on a sloping
structure under the influence of rubble accumulation.
Fig. 4.22 Global load comparison between the theoretical model and load cells for test #3140.
Fig. 4.23 Total load history of test #3210 in comparison with other existing theoretical models.
Thereafter, with the verified theoretical model, different force components can be
studied separately to quantify the influences of rubble accumulations. Based on the
global ice load’s trend in Fig. 4.22 and Fig. 4.23, it can be observed that the rubble
accumulation process increases the global ice load and eventually levels off on the so-
called ridge building load. The ice load’s spatial distribution illustrated in Fig. 4.21
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signifies the importance of large ( )HF z,t values below the un-deformed level ice region
(i.e., the shaded area). Considering the fact that ice breaking load occurs primarily
around the waterline, it is considered that these comparable force components were
further transferred downwards by the ice rotating process, as shown in Fig. 4.20b.
4.2.2 Trial simulations with remedies to the CEM
With the remedies introduced in Sections 3.3.1 and 3.3.2, the numerical set-up in Fig.
3.18 is solved with ABAQUS/EXPLICIT. A visual comparison between the numerical
simulation and physical model test is shown in Fig. 4.24. The bending failure of the
incoming level ice is reproduced numerically to a certain extent. However, one can still
observe that the crack path in the numerical simulation is largely influenced by the mesh
patterns (i.e., cracks only form along the boundaries of bulk elements).
Fig. 4.24 Bending failure observation made in the a) numerical simulation and b) physical model test.
To verify the effectiveness of different remedy methods, the global mean horizontal
load of each simulation is extracted and plotted versus the inverse of mesh size in Fig.
4.25. These methods include the following: 1) implementing an ice sheet with
homogenous material properties; 2) introducing a fracture energy variation into the
concerned ice sheet, as shown from Fig. 3.21 to Fig. 3.23; and 3) introducing bulk
elements’ dissipation into the cohesive element, as shown in Fig. 3.24. The calculated
results were compared with the physical model measurements and numerical
simulations by Lubbad and Løset (2011).
The mean global horizontal ice load histories simulated by different mesh sizes are
compared in Fig. 4.25. It was found that, strictly speaking, all the previously proposed
methods failed to ensure mesh objectivity. The mean ice resistance increases with mesh
refinement. Comparatively, the method that considers bulk energy dissipation gives
relatively less mesh-dependent results, particularly from mesh sizes of 1 m to 2.5 m.
This result can be interpreted by the experimental observation shown in Fig. 4.26a,
which was produced in the test by reversing the cone structure for a short distance at the
end of the test. Then, the broken ice rubble surfaced. Fig. 4.26a shows that ice fails on
different scales even under the dominant local bending failure. There are relatively large
ice rubbles produced primarily by the local bending failure mode. In addition, there are
large amounts of ice flakes that are supposedly produced by crushing and other cracking
processes (i.e., micro-cracking, shearing, etc.). Crushing failure in the current study was
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accounted for by a perfect-plastic material property of the bulk elements. However,
other energy dissipations from micro-cracking processes should also be considered. The
bulk energy dissipation included in the fracture energy is one such alternative. However,
Fig. 4.25 also shows that the introduction of a randomized fracture energy field appears
to have little effect on alleviating the mesh dependency.
Fig. 4.25 Mesh dependency of the mean horizontal load.
The measured data were scaled up from ice tank (HSVA) tests, and the simulation
results obtained by Lubbad and Løset (2011) are also illustrated in Fig. 4.25. Although
the calculation results are mesh dependent, it can be observed that a mesh size (0.625
m) that is approximately twice the ice thickness (0.33 m) gives a relatively good
estimation of the measured data. The reason behind this might be that choosing a mesh
size that is close to the typical rubble length tends to approximate the global ice
resistance well. This speculation is based on the observation that the typical rubble
length in the radial direction is approximately two to three times the ice thickness (see
Fig. 4.26b). Using a mesh size that can reproduce the dominant failure pattern yields
closer results to the measurements.
Fig. 4.26 a) Ice breaking patterns; and b) ice breaking length in the radial direction (note that the radial direction
of the ice breaking length is labelled in red, and the ice thickness at model-scale is 33 mm).
Chapter 4 Results and discussions
79
Based on the previous discussions, a preliminary simulation (the simulation based on
the consideration of bulk energy dissipation and a mesh size of 0.625 m) is further
scrutinised. First, the simulated time history is compared with the measurements in Fig.
4.27. It can be observed that both the simulation and measurements produce similar
results, particularly the load frequency.
Fig. 4.27 Comparison of the ice load history.
Fig. 4.28 Mean horizontal load in different integration layers (mesh size: 0.625 m).
Next, the ice load history was separated into those due to ice breaking and those due to
rubble accumulation. To extract the ice breaking load and rubble accumulation load
separately, along the vertical direction of the structure, several equally spaced layers
were defined (as shown in Fig. 4.28). The mean horizontal loads, which are the
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integrated contact pressure in the respective layers, are also shown in Fig. 4.28. While
extracting the ice breaking load, only the loading impulses around the waterline are
assumed as the ice breaking load. After extracting these load impulses, the remaining
loads are considered to be the result of rubble accumulation. According to this load
separation method, the ice breaking load covers 30% of the global load, which agrees
with the result in (Lubbad and Løset, 2011), in which the ice breaking module
contributes only 25% of the global ice resistance. This result signifies the importance of
the rubble accumulation on the global ice resistance.
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Chapter 5 Conclusions
This thesis focuses on studying the interaction between an ice floe (within a scale of 10
m to 10 km) and a sloping structure. Attention was given to the fracture of an ice floe
and subsequent rotation of the ice blocks. An ice floe can be large enough to be
idealised as a level ice field whose failure is dominated by the local bending failure
mode around the perimeter of a sloping structure in contact with virgin ice or an ice floe
can be of finite size, where its failure is influenced by its free boundaries. Practically
relevant scenarios under these two cases were studied.
At first, the failures of an ice floe under the influence of free boundaries were studied.
This is a more general approach to studying ice load on a sloping structure because an
ice field in the Arctic cannot always be idealised as a level ice condition as most
previous researchers or engineering practitioners did. The practical application of the
studies made here is for the operation of Arctic offshore structures in a relatively ‘open’
ice condition, e.g., a broken ice field. The fracture of an ice floe in such an ice condition
has rarely been studied in history within the context of ice-structure interactions.
However, relevant studies have been conducted in other closely related areas, e.g.,
fracture toughness tests of sea ice and bearing capacity of ice covers. Knowledge was
transferred from these areas to an idealised ‘floe ice - sloping structure’ interaction
scenario. Specifically, both the in-plane splitting failure and out-of-plane flexural
failures of a finite size ice floe were studied in a decoupled manner. Relevant theoretical
formulae were proposed, implemented and validated. In the end, we drew the following
conclusions corresponding to the research questions described in Section 2.4:
1) Regarding the global in-plane splitting failure mode
 An analytical framework was established based on both fracture mechanics and
plastic limit theory analysis to calculate the ice splitting load (i.e., the force
required to split an ice floe);
 Serving as a primary tool, the fracture mechanic based approach was explored
under the method of Linear Elastic Fracture Mechanics (LEFM) and Cohesive
Zone Method (CZM, i.e., a type of nonlinear fracture mechanics). These
methods were successfully validated against available experimental data,
numerical simulation results and idealised analytical solutions;
 Upon successful implementation of the approaches based on fracture mechanics,
it was found that for sea ice, solutions by LEFM are sufficient for most
engineering-scale applications. However, when extrapolating lab-scale results to
field-scale, caution should be made for the applicability of LEFM; in this case,
CZM can serve as a potential tool that bridges the lab scale with the field scale;
 The influences of floe size, geometry and confinement on ice splitting load were
quantified with the derived formulae. The results show that for most engineering
applications, the ice splitting load is scaled with 1/2(floe size) ; the geometry has a
lesser effect on the ice splitting load compared with the effect of boundary
confinement, e.g., for a rectangular ice floe, the ice splitting load begins to
converge and ceases to increase when the width-to-length ratio is 2  ;
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however, the special confinement induced by the floe inertia demonstrates that a
confinement can ‘effectively’ increase the ice splitting load;
 As noted by previous researchers, ice floes in summer Arctic waters tend to
appear in nearly circular shapes, whereas a nearly rectangular shape can be
expected in winter Arctic waters. This to say, most of the ice floes can be
idealised as the base case problems (i.e., rectangular and circular ice floes) that
were studied in this thesis. In this sense, the maximum ice splitting loads are
given in Eq. (4.1) and Fig. 4.4. Notably, in all cases, the maximum ice splitting
load corresponds to a critical crack length that is less than 20% of the floe size;
 For an ice floe that has a highly irregular geometry, the proposed fracture
mechanics based approach can become analytically difficult. Then, the plastic
limit theory can serve as a simplified analytical alternative to yield a
conservative estimation of the ice splitting load.
2) Regarding the local out-of-plane flexural failure mode
 Based on literature reviews and field observations, depending on the size of an
ice floe, we conservatively identified three different scenarios of the out-of-
plane flexural failure mode of an ice floe: 1) direct rotation of a small ice floe; 2)
radial cracking of a finite size ice floe; and 3) circumferential crack formation
within a semi-infinite ice floe;
 The theoretical development was focused on the radial cracking of a square-
shaped ice floe. A normalisation procedure and simplified numerical models
were used to study the radial crack initiation and propagation, respectively.
These numerical models were successfully validated against idealised analytical
solutions and related benchmark tests;
 Based on the quantified competition between radial crack initiation and
propagation, it was found that for typical ice material properties, the failure of a
nearly square-shaped ice floe is radial-crack-initiation controlled once its
physical size L is smaller than 2A (note that A is the characteristic length of a
floating ice floe; its detailed formulation is given in Eq. (3.10), and it can also be
approximated as 3/413.5(ice thickness)A , according to previous studies);
 Radial-crack-initiation-controlled fracture of a finite ice floe implies a reduced
ice load on a sloping structure compared with continuous local bending failure
of a semi-infinite ice floe. The above size requirement (i.e., 2L  A or
3/427(ice thickness)L  ) for radial cracking failure of an ice floe thus conveys a
practical suggestion to an ice management operation, i.e., producing ice floes
smaller than 2A downstream of an ice management operation is mechanically
preferred to reduce ice load on the protected vessel;
 The identified size region in which radial-crack-initiation-controlled fracture
occurs for a nearly square-shaped ice was further extended to arbitrary
rectangular ice floes with varying width-to-length ratios. These rectangular ice
floes are assumed to fail by forming only radial or circumferential cracks (i.e.,
radial or circumferential cracking of finite rectangular ice floes). In addition, the
analytical solution was obtained for this type of failure scenario based on a
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symplectic approach. The analytical solution was successfully implemented and
verified by FEM-based numerical calculations;
 Based on previous studies and relevant assumptions, analytical formulae were
proposed for the identified three failure scenarios in their respective size region,
i.e., 1) theories regarding a short beam on an elastic foundation to calculate the
direct rotation of a small ice floe (i.e., L  A ); 2) a symplectic approach to
analytically calculate the radial/circumferential cracking of a finite size ice floe
(i.e., 2L A A ); and 3) theories on an infinite wedge beam on an elastic
foundation to calculate the failure of a semi-infinite ice floe (i.e., 2L  A ).
3) Regarding the competition between different failure modes
 With all the analytical formulae at our disposal, the failure load for different
failure scenarios across a floe size scale ranging from approximately 1 m to 10
km can thus be constructed. Therefore, in the context of floe ice - sloping
structure interactions, the force required to fail an ice floe at the structural scale
and floe scale is theoretically bridged;
 The competition among different failure modes can therefore be quantified. It
was found that the fracture energy of sea ice, ice thickness, contact properties
and confinement greatly influence the failure mode of an ice floe;
 As a demonstration to quantify such competition, with a reasonably assumed
contact property of 0.5YZ  (note that this coefficient is defined in Eq. (3.18),
which signifies a ratio between the horizontal and vertical ice load due to the
ice-structure contact force’s decomposition) and further assuming a fracture
energy of sea ice as 1 N/m with typical ice material properties, it was found that
a nearly square-shaped ice floe should be larger than 70 m, 300 m, 1.1 km, and
2.5 km for ice thicknesses 0.5,1, 2, and 3 mh  , respectively, to be considered
level ice. This analysing procedure can be easily applied to other contact or
confinement scenarios;
 Similarly, a failure map can be constructed based on all the developed formulae
for different failure modes. All these analytical formulae can be implemented in
the multi-body dynamic simulator developed at SAMCoT to numerically model
a series of ice floe failure events that cover large temporal and spatial scales.
After studying the major interaction processes, i.e., fracture of an ice floe, in a relatively
‘open’ ice condition, we proceed to a relatively ‘tight’ ice condition. In such an ice
condition, the interaction processes primarily exhibit local bending failure of incoming
intact ice and also the subsequent ice rotating process. Particularly, we chose to study a
relatively extreme scenario, i.e., level ice - wide sloping structure interactions under the
influence of rubble accumulation. This extreme scenario was studied by physical model
tests and a theoretical model, which is capable of predicting ice load’s spatial and
temporal variations. The followings are the major conclusions in this study.
 Both tactile sensor’s measurements and the theoretical model’s predictions
demonstrate that rubble accumulation increases the global ice resistance up until
the ridge building load;
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 Satisfactory agreement was obtained between the theoretical model and physical
model tests’ measurement when the interaction speed is low (i.e., approximately
0.2 m/s) and when the ice thickness is less than 1 m;
 The largest mean ice load typically occurs below the un-deformed level ice's
thickness region. This arrangement indicates the importance of the rubble
accumulation load and ice rotating load when considering the largest mean ice
load;
 Compared with other two-dimensional theories (i.e., the ridge building load), the
current theoretical model yields relatively conservative but similar predictions
regarding the maximum ice load. However, the validity of the physical model
tests and, accordingly, the theoretical model's application in the context of full
scale requires further more rigorous validations;
 Based on the physical model's measured results, the currently developed
theoretical model can serve as a preliminary yet useful prediction and
investigation tool to harvest the spatial and temporal variations of ice load on a
sloping structure under the influence of rubble accumulation.
Afterwards, a potentially promising numerical tool, the Cohesive Element Method
(CEM) was further explored to study ice load’s distribution under the influences of
rubble accumulation. However, in this task, the key contribution is to evaluate different
remedies for this method. The results show that there is still a substantial
knowledge/computational gap before we can confidently use this seemingly promising
method, which is capable of simulating the fracture and fragmentation process.
Ice load calculations can be delivered at different levels of complexities and accuracies.
It is critically important to use the appropriate method to address problems at the correct
scale. Throughout this entire thesis, developing the concerned failure modes’ load
calculation methods were the key theoretical contributions; organising all these
formulae together to create a failure map and to construct ice load’s temporal and spatial
variations are the key applied contributions. The practical problem we now face in the
Arctic waters entails large temporal and spatial scale operations. Most of the developed
tools in this thesis, due to their analytical nature, can be incorporated with a multi-body
dynamic simulator to further study the Arctic research problems on large temporal and
spatial scales.
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Abstract
In practical offshore structure/icebreaker designs, it is critical to capture the salient failure
modes of the ice feature. The dominant failure modes are influenced by the structural properties,
interaction process, and characteristics of the ice features. For an ice feature of finite size with
relatively small lateral confinement, splitting failure has been frequently observed during ice-
structure interactions. In literature, the splitting failure of an ice floe has been studied using
several different methods, ranging from strength theory to methods based on fracture mechanics.
One contribution of this paper is that these various methods are compiled and evaluated
collectively. Another contribution of this paper is the construction of an analytical framework
to obtain solutions for the splitting process of an ice floe upon serious considerations of relevant
fundamental theories. The framework developed for its calculations is presented but not limited
these two base cases (i.e., rectangular and circular ice floes). Specifically, because of the
complexity of the splitting failure scenario (particularly the ice floe geometry) and our pursuit
of analytical solutions, within the presented framework, two different approaches have been
proposed: the fracture mechanics approach and plasticity theory approach. All of the employed
methods are validated against data from previous field tests or numerical results.
Recommendations and discussion were presented for each of these methods’ respective
application range. It was found that most of the floe sizes under engineering interests can be
accurately described by linear elastic fracture mechanics. The cohesive zone method, which is
one type of the nonlinear fracture mechanics based approaches, is found to be potentially
applicable in extrapolating laboratory-scale measurements to the field scale. Worth mentioning,
the weight function method was effectively used to calculate the fracture properties of an ice
floe under various symmetric loading conditions (e.g., boundary confinement). The boundary
confinement can easily prevent splitting failure or increase the ice splitting load. As one type
of the lateral confinement, the inertia-induced body force, is also studied and compared with
previous numerical results. Comparatively, the plasticity theory based approach (i.e., the plastic
upper/lower limit theory) enables us to effectively attain a conservative estimation of the ice
splitting load in an analytical form. It can serve as a supplementary tool to the fracture
mechanics based approach.
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1 Introduction
‘Level ice’ is rather a theoretical simplification of the real ice conditions in the Arctic seas. A
typical ice field in the Arctic is far from continuous. During the interaction between ice and
structures (e.g., icebreakers, fixed and floating offshore structures), it has been frequently
observed that an ice floe, with little lateral confinement, fails in the splitting failure mode. The
splitting failure of ice is believed to be a load-releasing mechanism. Its occurrence lowers the
global ice resistance in comparison to other continuous failure modes. However, it is not yet
entirely clear in what conditions the splitting failure could take place. Presumably, the size of
the ice floe, the lateral confinement, and the ice-structure contact conditions (e.g., the structural
geometry, aspect ratio, and indentation rate) are believed to play significant roles in this process.
As one of the important failure modes, splitting failure of an ice floe has been observed and
studied in different literatures. Experimentally, during indentation tests (Timco, 1987), the
splitting of an ice floe was observed and termed as ‘radial cracks’ and little information was
provided on the size, geometry, and lateral confinement of the ice floe because this work
primarily focuses on the effects of the indentation rate and aspect ratio. Sodhi et al. (1993)
conducted indentation tests with unconfined rectangular floes of varying sizes and indentation
speeds. These authors found that at low interaction speeds (i.e., 0.2-8 mm/s), a micro-cracked
region appeared in front of the flat indenter, and the ice floe split, whereas at high interaction
speeds (i.e., higher than 100 mm/s), the ice failed in spalling. In the field, accelerometers have
been installed on ice floes, and the resulting data were used to back-calculate the impact force
on Hans Island (Danielewicz et al., 1983). Grape and Schulson (1992) studied the effects of
lateral confinement on the indentation pressure and failure patterns. These authors visually
illustrated that at low lateral confinement (e.g., 0.6 MPa), a large crack ran through the ice plate,
whereas at high confinement (e.g., 1.8 MPa), the large crack was supressed and the ice failed
locally in an out-of-plane manner (i.e., across the ice grain columns). The aforementioned tests
were not directly dedicated to studying the splitting failure mode. Their findings on the splitting
or quasi-splitting failure modes came out as a ‘by-product’ of the main test goals (i.e.,
indentation tests or impact loads). Therefore, most of the test results, when applied to splitting
problems, were obscured by uncertainties, especially the contact between the structure and the
ice floe. Dempsey et al. (1999a) later conducted a series of splitting tests to measure the scale-
invariant fracture toughness of sea ice. These tests were conducted using simple geometries
(i.e., square ice plates ranging up to an unprecedented size of 80 m), and the corresponding
analysis that was based on nonlinear fracture mechanics (NLFM) is highly regarded.
Theoretically, in the context of an ‘intermediate sized (undefined)’ ice floe interacting with
bridge piers, splitting failure has been documented by Michel (1978) as a shear or tension
cracking. Ralston (1981) studied the splitting of an ice floe based on plastic upper limit theory.
The two aforementioned approaches come under the umbrella of the so-called ‘strength theory’,
which is based on the assumption that the concerned body is flawless, i.e., the material strength
is not size dependent (Bažant, 2005). Palmer et al. (1983) promoted the application of fracture
mechanics to calculate the ice load. These authors also derived a formula to calculate the ice
splitting load for a semi-infinite ice sheet using linear elastic fracture mechanics (LEFM). Later,
Bhat (1988) and Bhat et al. (1991) studied ice floe splitting using finite element method (FEM)
based on LEFM. Separately, these authors investigated rectangular and circular ice floes (in
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separate studies) with different contact conditions2. These studies were associated with the
summer impacts of ice floes against Hans Island (Danielewicz et al., 1983). Hence, the inertial
effect of the floe on the stress intensity factor (SIF) was included. For a similar scenario,
Dempsey et al. (1994) utilised the weight function method based on LEFM to extract the stress
intensity factor for a square ice plate. Later, based on the field splitting experiments (Dempsey
et al., 1999a), the cohesive zone method (CZM), which is a theory based on NLFM, and the
weight function method were employed to study the fracture of an ice floe (Dempsey et al.,
1999a; Dempsey et al., 1999b; Mulmule and Dempsey, 1997; Mulmule and Dempsey, 1998;
Mulmule and Dempsey, 1999).
The literature review above demonstrates that different terminologies have been used to
describe the global failure of a large ice floe. The term ‘splitting’ is widely used in the literature
(e.g., (API_RP2, 1995; Bhat, 1988; Bhat et al., 1991; Dempsey et al., 1994; ISO/FDIS/19906,
2010; Løset et al., 2006; Michel, 1978; Ralston, 1981)). However, in several studies, a large
crack is termed a ‘radial crack’ (e.g., (Hallam, 1986; Palmer et al., 1983; Sanderson, 1988;
Timco, 1987)). In this paper, we adopt the term ‘splitting failure’ to describe the global failure
of a large ice floe under a ‘lateral’ ice splitting load (i.e., a Mode I fracture process). Intuitively
and also based on previous relevant studies, we assume that the floe size, its lateral confinement,
and the contact conditions (e.g., the structural geometry, aspect ratio, and indentation rate) are
the primary factors that affect the occurrence of splitting failure. Without resort to specific
contact geometry and its other possible failure modes, the aim of this paper is to quantify the
effect of the floe size and its lateral confinement specifically on the splitting failure process.
The quantifications are within the context of ‘ice and sloping structure interactions’. Therefore,
the crack initiation process is discussed only qualitatively. A vast amount of knowledge exists
in the literature ‘implicitly’ studying the fracture initiation process during ice and sloping
structure interactions. The primary focus of this paper is the crack propagation process and the
required ice splitting load. However, a comprehensive study of the interaction between an ice
floe and sloping structures should include at least two main failure mechanisms, i.e., the local
bending failure and global splitting failure of an ice floe. We focus on splitting failure in this
paper. The competition between the local failure and global failure is presented in a separate
paper.
This paper consists of four major parts. In the first part, the splitting failure scenario is described.
Corresponding idealisations and simplifications are presented. In the second part, analytical
methods are described to calculate the ice splitting load and verified using existing test data and
numerical results. In the third part, the effects of the size and lateral confinement of the ice floe
on the ice splitting load are studied separately. In the fourth part, the developed framework and
different influence factors are discussed, and finally, conclusions are drawn from the theoretical
studies.
2 Fracture of an ice floe: global splitting failure
Sloping structures are favoured in icy waters due to their capability in causing bending failure
of the incoming ice. However, besides the bending failure mode, global splitting failures have
also been frequently observed in the field (see Fig. 1 and Fig. 2). A splitting crack in an ice floe
2 This is studied by varying the ratio of the splitting load YF to the ice load XF , the definitions of which are given
in Section 2.2.
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can easily travel a distance that is over one order of magnitude larger than the structural size
(Bhat et al., 1991).
Fig. 1 Global splitting of an ice floe while interacting with ODEN in the Greenland Sea (August, 2013): a)
highlight of the interaction process; b) before the interaction; c) splitting crack appears; d) ODEN travels within
the splitting crack.
Second-year ice floes are often encountered in the Greenland Sea between eastern Greenland
and Svalbard in the summertime, forming a broken ice field. The ice floes are typically 30-120
m across (Sanderson, 1988). Splitting failures were observed frequently during the voyage of
the icebreaker ODEN (Lubbad et al., 2012; Lubbad et al., 2013). In the wintertime, in the same
Arctic waters, though first-year sea ice forms a relatively uniform and continuous ice field, as
long as the boundary confinement is not significant, splitting failures may also frequently take
place. This is frequently documented by the video camera system installed on the bow of KV
Svalbard (see Fig. 2) on a voyage to the Northern Greenland Sea (Lubbad, 2012). Once splitting
failure occurs, continuous local bending failure ceases to develop. The icebreaker can therefore
travel within the ‘leads’ created by the splitting failure (see Fig. 1d). Thus, splitting failure is
believed to act as a load-releasing mechanism, in comparison to continuous local failures.
Fig. 2 Video camera system onboard KV Svalbard and frequently observed splitting failure of a large ice floe
(March, 2012).
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2.1 Idealised ice floe splitting
The complexity of the interaction processes necessitates the formulation of an idealised yet
realistic model for the interaction upon which the theories are to be developed.
2.1.1 Crack initiation
Fig. 3 presents the idealised initial interaction process between a sloping structure and an ice
floe.
Fig. 3 Idealised crack initiation process.
Let us first consider an icebreaker/offshore structure that is entering into or being impacted by
an ice floe, as shown in Fig. 3 (1) to (2). The ice floe is modelled as a linear elastic plate resting
on a Winkler foundation. The contact between the sloping structure and ice is difficult to
describe accurately (see the discussion in Section 2.2). In general, this contact leads to a vertical
load component. A concentrated vertical load component acting on the edge of a semi-infinite
ice floe will first initiate a radial crack3 perpendicular to the free boundary, as solved by
Westergaard in 1923 (Nevel, 1965). A more representative contact than a concentrated point
load can be modelled by distributing the point load over an area, as shown in Fig. 3(3). Lubbad
and Løset (2011) assumed that the contact area was a half circle and obtained an expression for
(0,0)YY by superposition (the coordinate system is shown in Fig. 3(3)). Equating (0,0)YY with
the flexural strength of ice f yields the criterion for crack initiation (see Fig. 3 (4)).
3 The radial crack before the circumferential crack in the local bending failure should be distinguished from the
splitting failure. First, they occur on different length scales; second, the radial crack is mainly induced by a vertical
load component (out-of-plane), whereas the splitting failure considered in this paper is induced by a pair of
horizontal loads (in-plane opening).
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2.1.2 Crack propagation
The primary focus of this paper is the propagation of a splitting crack. Depending on the
geometry of the sloping structure in contact with the ice floe (i.e., the contact geometry), a pair
of splitting loads YF may develop after crack initiation by the vertical contact load in the Z
direction (see YF in Fig. 4). In principle, the crack paths are not known a priori. Therefore,
several symmetric possibilities are plotted in Fig. 4 with one independent variable, i.e., the crack
angle  . The focus of this paper is to calculate the ice splitting load YF under various conditions
by different approaches.
Fig. 4 Two base cases for the theoretical model: bird’s eye view of the interaction between a structure and ice
floe (from symmetry considerations, the centre of the structure is assumed to be a mirror-line for both cracks).
Fig. 4 illustrates the two cases for symmetric ice floes with head-on contact with the structure.
The developed framework (which combines fracture mechanics and plasticity-based theory) is
anticipated to work for various geometries under various lateral confinements. The cases in Fig.
4 are used herein as bases cases to demonstrate the capabilities of the presented framework.
2.2 Simplifying assumptions
Splitting failure of an ice floe is influenced by a set of parameters that range from ice material
properties to structural properties. It is difficult to study all of these parameters in detail in a
single paper. In this section, we qualitatively describe all of the parameters that we believe to
be significant together with the assumptions used in the current formulations.
 Temperature, brine volume, grain size, and loading rate
These parameters primarily control the strength of the ice considered. Extensive experimental
studies (in both the laboratory and field) and theoretical studies have demonstrated the effect of
these parameters on the tensile and compressive strength of ice and its corresponding failure
patterns (i.e., brittle or ductile failure). These parameters play an important role in the
construction of the yield surface for the ice considered, which will be described in Section 3.2
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(i.e., plasticity-based theory). Based on the presented framework to calculate the ice splitting
load YF , it is straightforward to study the influence of these parameters on the splitting failure
of an ice floe. Interested readers can refer to any text book or literature in relation to ice
mechanics (e.g., (Michel, 1978; Sanderson, 1988; Schulson and Duval, 2009; Timco and Weeks,
2010; Weeks, 2010) to quantify the corresponding influence of these parameters.
 Size, geometry, and lateral confinement of ice floes
The size, geometry, and lateral confinement (or ice concentration) of ice floes are site specific.
These parameters are important on-going research topics (e.g., (Rothrock and Thorndike, 1984).
However, it is not our intention to attach our analysis to any specific site. Without loss of
generality, we assume that the aforementioned data are known inputs to the theoretical model.
One of the primary objectives in this study is to quantify the influence of the floe size and lateral
confinement on the splitting load. The quantification scheme is presented with two base cases
(i.e., rectangular and circular ice floes), as shown in Fig. 4. The developed formulas and
framework can be easily generalised to other geometries under various lateral confinements.
 Contact considerations
The contact conditions significantly affect the dominant failure modes and magnitude of the
corresponding failure load. In this paper, we focus primarily on the splitting failure mode and
do not consider other possible failure modes (e.g., local bending failure). The effect of contact
is considered from two different perspectives.
First, the occurrence of splitting can be primarily attributed to the load in the lateral direction
(i.e., the Y direction in Fig. 5). The decomposition of the load into different directions (i.e., the
X and Y directions) depends largely on the contact geometry and interaction process. For
generality, we do not use contact mechanics to analyse the stress distribution within the contact
zone for specific structural geometries; instead, we follow the same treatment that has been
used in previous studies (Bhat, 1988; Bhat et al., 1991; Dempsey et al., 1994; Sodhi et al., 1993)
and circumvent the exact contact problem by assuming one load ratio (i.e., YX ), as in Eq. (1).
Y
YX
X
F
F
  (1)
where the different load components are defined in Fig. 5a.
Second, two different situations can be identified (see Fig. 5b and c) depending on how much
inertia force is induced within the ice floe during the contact. The inertial effect of the ice floe
further influences the stress intensity at the crack tip. Here we present two extreme cases in
which the inertial effect can and cannot be neglected respectively. Fig. 5b represents a structure
ramming into an ice feature which is ‘stopped’ by adjacent floes. In this situation, the inertial
effects of ice floe on the splitting process can be neglected. On the other hand, Fig. 5c illustrates
an ice floe impacting onto a structure and the splitting process is influenced by the inertial effect
of the ice floe. This inertial effect has been modelled in the literature using a distributed body
force Xb (as shown in Fig. 5c) (Bhat, 1988; Bhat et al., 1991; Dempsey et al., 1994). These two
different situations (i.e., Fig. 5b and c) are supposed be treated differently.
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Fig. 5 Illustration of different load components and two different interaction processes: a) definition of load
components in the coordinate system; b) structure rams into ice feature which is ‘stopped’ by adjacent floes; c)
ice feature impacts onto the structure.
Meanwhile, we present the notation used throughout the entire paper below.
For the structure (the load components are shown in green in Fig. 5):
 The ice resistance is denoted by XF : it is the total ice load in the opposite X - direction
as shown in Fig. 5
For the ice floe (the load components are shown in red in Fig. 5):
 The ice splitting load is denoted by YF and consists of a pair of loads of equal
magnitude acting in opposite directions.
A primary objective of this study is to calculate the ice splitting load YF .
3 Global ice splitting load calculations
Two different approaches were adopted to analyse the splitting failure of an ice floe. The
motivation behind using two different approaches is due to the complexity of the interactions
(e.g., the contact geometries, interaction speed, and fracture properties4 of the ice floes). These
two approaches have their respective advantages and application ranges. The different methods
for splitting failure are presented individually below. Because only the ice splitting load YF is
considered in this section, the base cases in Fig. 4 is further idealised in Fig. 6 with ice splitting
load only.
4 i.e., the size of the fracture process zone (FPZ) and the applicability of LEFM (which will be discussed later)
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Fig. 6 Free-body diagram of the splitting of an ice floe (base cases: rectangular ice floe (left) and circular ice floe
(right)).
3.1 Fracture mechanics approach
While interacting with structures, ice typically fails in a brittle manner. A realistic description
of ice splitting failure should be based on fracture mechanics to account for the behaviour of
the fracture process zone (FPZ). To study the fracture properties of an ice floe under various
symmetric loading conditions (e.g., the ice splitting load, symmetric lateral confinement), a
powerful tool known as the weight function method has been adopted herein. However, the
adoption of weight function method is limited by several restrictions:
 The geometry of the ice floe is symmetric.
 The crack path is symmetric.
 The loading condition on the ice floe is symmetric. This restriction requires the lateral
confinement of the concerned ice floe to be symmetric and a head-on contact between
the structure and ice floe (otherwise an asymmetric loading condition develops).
One way of addressing these restrictions calls for a numerical approach (e.g., calculating stress
intensity factor or J-integral with FEM). However, we prefer to use an analytical approach to
solve this problem. This study also serves to support the development of a numerical simulator
(Lubbad and Løset, 2011; Metrikin et al., 2012), which requires almost completely analytical
algorithms for the failure mode so that the simulation can be applied to processes over large
temporal and spatial ranges. Therefore, the analytical approach is highly regarded in this paper
even under all these restrictions. From a practical perspective, a different yet conservative
approach (i.e., a plastic limit analysis) is presented in Section 3.2 as a supplementary approach
for interaction scenarios free from these restrictions.
Depending on the size of the FPZ, we can further distinguish between problems that can be
solved using LEFM theory and those that cannot. It is therefore of interest for us to delineate
the boundary between the applicability of LEFM and NLFM for the current ice floe splitting
problem. Mulmule and Dempsey (2000) identified this boundary in a different context, i.e., to
determine the validity of ice fracture toughness tests in relation to test sample’s size. These
authors recommended that the size of the concerned body should satisfy ch12L l and 200L d
for LEFM to be valid. The grain size is denoted by d , and chl is a characteristic length defined
in Eq. (2).
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ch 2
'
t
JEl  (2)
where the variables above are defined as follows:
J is the fracture energy of the ice considered [N/m];
'E 'E E for a plane stress condition, and 2' / (1 )E E   for a plane strain condition (where
E is Young’s modulus and is the Poisson ratio) [Pa]; and
t is the tensile strength of ice [Pa].
We discuss whether the same criterion should be applied to the current engineering application
of splitting failure of an ice floe in a later section.
In this paper, the weight function method, which is independent of external loadings, is adopted
to calculate the stress intensity factor. The CZM is used to model nonlinear behaviour in the
FPZ. These methods are described below.
3.1.1 Weight function method
Bueckner (1970) and Rice (1972) developed the weight function method for a symmetrically
loaded linear elastic body (e.g., Fig. 7). Given the weight function ( )H A,x of a cracked body,
the pertinent stress intensity factor ( )K A can be expressed by Eq. (3) under different types of
symmetric loadings ( )x . For engineering applications, we assume in this paper the existence
of a unique weight function ( )H A,x for a given symmetrically cracked body (e.g., Fig. 7a).
0
( ) ( ) ( , )
A
K A x H A x dx  (3)
where A is the length of the initial crack (see Fig. 7a); and ( )x is the stress profile on the
crack face (e.g., ( ) / ( )Yx F t x  describes5 the ice splitting load at the crack mouth with a delta
function and t is the thickness of the ice floe, as shown in Fig. 7a).
Dempsey et al. (1994) first used the weight function method to calculate the stress intensity
factor for the splitting of rectangular ice floes. Dempsey et al. (1995) derived a weight function
for a reverse-tapered plate to study the crack stability of this particular geometry. The advantage
of using a weight function is that the stress intensity factors under various symmetric loading
conditions are reduced to an integral, as in Eq. (3), as long as the weight function is known.
Thus, we avoid using FEM to calculate the stress intensity factor, as was done by Bhat (1988)
and Bhat et al. (1991). Weight functions are only provided for a limited number of idealised
and symmetric geometries in handbooks (e.g., (Wu and Carlsson, 1991), (Fett and Munz, 1997)).
If the desired weight function is not available in the literature, then the Petroski-Achenbach
method (1978) can be utilised to obtain a general form of the weight function. With known
boundary conditions for the crack opening displacement (COD) profile (see Fig. 7b), the weight
5 Note here that the unit of ( )x is 1[m ] , which makes the definition of stress profile ( ) / ( )Yx F t x  having a
unit of [pa].
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function can be determined either analytically or numerically (i.e., using FEM and least-squares
interpolation) (e.g., (Dempsey et al., 1995; Dempsey et al., 1994; Tsai and Ma, 1989; Wu, 1984;
Wu, 1991; Wu and Carlsson, 1983)).
Fig. 7 a) Symmetrically cracked body under an edge splitting load; b) detailed crack face information.
3.1.2 Using linear elastic fracture mechanics in conjunction with the weight function
method
The fracture process of a cracked body is accurately described by LEFM as long as the inelastic
zone at the crack tip (see Fig. 7) is sufficiently small compared to the size of the respective body
and ligament.
For the concerned base cases in Fig. 6, as will be proven in Section 3.2, the splitting crack
propagates in a self-similar manner (i.e., o90  , and the crack path overlaps with the centre line
of symmetry). The weight function method and Eq. (3) are applied to a cracked body with an
external ice splitting load ( ) ( ) / ( )Yx F A,x t x  : equating the stress intensity factor to the
fracture toughness ICK yields the critical ice splitting load given in Eq. (4).
( )
( ,0)
ICY KF A
t H A
 (4)
If the boundary confinement or ice floe inertial effects cause an additional external stress profile
ext ( )p x to develop along the crack face, the ice splitting load can be derived similarly as in Eq.
(3) to yield Eq. (5). The crack closure effect of ext ( )p x results from the boundary confinement;
thus, the second term on the right side of Eq. (5) increases the ice splitting load above that
predicted by Eq. (4).
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( ) 1 [ ( ) ( , ) ]
( ,0)
AY
IC
F A
K p x H A x dx
t H A
   (5)
Eqs. (4) and (5) represent methods that will be referred to as the ‘LEFM + weight function’
method in the forthcoming calculations and discussion.
3.1.3 Incorporating the weight function method into the cohesive zone method
The underlying assumption in LEFM is that small-scale yielding (SSY) occurs at the crack tip
relative to the size of the cracked body. The bulk material is treated as linearly elastic outside
this non-elastic zone. However, sea ice has a fairly large grain size compared to metal and
exhibits a creep effect at the relatively high working temperature near its melting point; thus,
special attention is demanded in terms of the applicability of LEFM (Mulmule and Dempsey,
2000). In the CZM (Hillerborg et al., 1976), the nonlinear material behaviour (i.e., strain
softening behaviour) is generalised into a line-like (for a 2D problem) FPZ in front of the
physical crack tip B (see Fig. 8). Within the FPZ (i.e., line BA in Fig. 8), the material follows
a traction and separation law (TSL). The presence of this FPZ cancels out the stress singularity
at the cohesive crack tip A .
Fig. 8 presents the cracked body described above for the problem under consideration. The ice
splitting load YF at the crack mouth and cohesive stress coh ( )x within the FPZ produce the
corresponding stress intensity factors ( )FK A and ( )K A at the cohesive crack tip and the half-
CODs ( , )Fu A x and ( , )u A x along the crack face. According to the cohesive zone theory, these
quantities are related by Eqs. (6) and (7).
Fig. 8 Schematic of the CZM (only half of the symmetric cohesive stress and displacement profile are shown).
( ) ( ) 0FK A K A  (6)
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( , ) ( , ) ( , )Fu A x u A x u A x  (7)
The cohesive stress coh ( )x can be related to the half-COD following the TSL:
coh ( ) (2 ( , ))x f u A x   (8).
The TSL is considered a material property, and its construction is essential to the application of
this method. A series of large-scale field experiments were conducted to measure the fracture
properties of ice (Dempsey et al., 1999a; Dempsey et al., 1999b). Based on the measurements,
the viscoelastic fictitious crack model was developed in order to back-calculate the TSL for sea
ice (Mulmule and Dempsey, 1997; Mulmule and Dempsey, 1998; Mulmule and Dempsey,
1999). These results led to the proposition of a convex-shaped TSL. However, a linear softening
TSL is typically adopted in numerical applications for simplicity (Lu et al., 2014; Lu et al.,
2012; Paavilainen et al., 2009).
We distinguish between the viscoelastic fictitious crack method and ‘CZM + weight function’
method developed here. First, in the viscoelastic fictitious crack model, the surrounding bulk
material is treated as a creeping material that is described by a viscoelastic model. In an ice
splitting problem, the largest splitting load is of primary interest. Moreover, the splitting failure
usually takes place in a fast and uncontrolled manner. Thus, the creeping behaviour of the bulk
material is not accounted for in the ‘CZM + weight function’ method. Second, the frequently
applied linear softening TSL is adopted in this study instead of a nonlinear convex-shaped TSL.
Therefore, Eq. (8) can be explicitly written as follows:
coh
coh
( )( , )( ) (1 ) or ( , ) (1 )t c
c t
xu A xx u A x u
u
      (9),
where
cu is the critical separation (i.e., a critical half-COD) based on the CZM.
We used Eqs. (6), (7), and (9) as well as a series of derivations in Appendix A to obtain the
following eigen equation:
( ) ( ) ( , , )
A
B
x s U A x s ds   (10)
where
chl  is the eigenvalue of the equation above and
( , , )U A x s following the definition in equation (6) of Wang and Dempsey (2011), it
is presented as follows:
max( , )
( , , ) ( , ) ( , )
A
x s
U A x s H a x H a s da  A repetition of Eq. (28) in Appendix A
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The maximum eigenvalue corresponds to the peak ice splitting load (Wang and Dempsey, 2011).
Use the corresponding eigenvector ( )x to multiply both sides of Eq. (9) yields the peak ice
splitting load ( , 0)YF A , as shown in Eq. (11) (see the detailed derivations in Appendix A).
coh
coh
( )
( ,0) ( ' )
( ) ( , ,0)
A
B
Y c A
B
x dx
F A u E t
x U A x dx


  (11)
Eqs. (10) and (11) above considerably simplify the calculations of the ice splitting load using
the linear softening TSL. The key steps are to construct ( , , )U A x s using Eq. (28) and to solve
Eqs. (10) and (11).
In this section, we have presented two methods for calculating the stress intensity factor for a
symmetrically cracked body. These methods are the ‘LEFM + weight function’ method (given
by Eqs. (4) and (5)) and the ‘CZM + weight function’ method (given by Eqs. (10) and (11)).
Both of these methods require a known weight function for the ice floe. The analytical
application of these two methods is restricted to situations in which the geometry of the
considered ice floe is symmetric; the crack propagates in a self-similar manner; and a head-on
contact scenario is required. Plastic limit theory is introduced below to circumvent these
restrictions.
3.2 Plastic limit theory approach
Plastic limit analysis is extensively employed in the limit analysis of engineering structures to
determine the upper and lower bounds on the collapse load of a structure. Both plastic upper
limit theory and plastic lower limit theory are employed in the current study.
3.2.1 Plastic upper limit analysis
The basic tenet in plastic upper limit analysis is that for a reasonably assumed admissible
velocity field, equating the rate of work performed by the external load to the internal rate of
energy dissipation yields an external load that is not less than the actual collapse load (Chen
and Han, 1988). The application of this theory to problems related to ice engineering is not new.
This theory has been applied to the analysis of indentation problems (Karr, 1988; Karr and Das,
1983; Karr et al., 1989; Ralston, 1978; Reinicke, 1980; Reinicke and Remer, 1978); to derive
formulas for level ice and sloping structure interactions (ISO/FDIS/19906, 2010; Ralston,
1977a; Ralston, 1980); to analyse ice sheets’ bearing capacities (Sodhi, 1995); and to analyse
current splitting problems (Bhat et al., 1991; Ralston, 1981). However, ice is not a strictly
plastic material. Ice is a nonlinear creeping material that exhibits behaviour between viscous
Newtonian flow and pure plastic yielding (Sanderson, 1988). This theory is applied in ice
engineering for various reasons. In this study, the primary motivation for using this theory is to
analyse the splitting load stems from two different cases (see Fig. 9)
In Case 1, when the structure is interacting with a small ice floe (which will be discussed later),
the size of the nonlinear FPZ at the crack tip becomes comparable to that of the ice floe. Thereby
falsifying the underlying assumption in LEFM (i.e., small-scale yielding at the crack tip)
(Anderson, 2005). NLFM methods, such as the aforementioned CZM, should be applied in
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these situations. However, as a simple alternative, the plastic upper limit theory fits rather
properly for such a small sized ice floe. It also offers a conservative solution from an
engineering perspective.
In Case 2, in the first situation (i.e., 2.1 in Fig. 9), an analytical approach typically cannot be
used to obtain the stress intensity factor for an arbitrary ice floe geometry because of the
limitations discussed in the previous section. To avoid numerical approaches, plastic limit
analysis can serve as an expedient first step to obtain an analytical estimate of the splitting load
for arbitrary geometries. For theoretical completeness, we consider a minor situation (i.e., 2.2
in Fig. 9) that is not strictly a splitting problem. Instead of fast cracking, the ice floe starts to
creep around the structure either because of wind, current drag or pushed by adjacent floes.
Plastic limit analysis could be used to approximate the creeping effect in this problem because
of the potentially low interaction speed involved.
Fig. 9 Situations for which plastic upper limit analysis is applicable.
The following three-step procedure is recommended to extract the ice splitting load using
plastic upper limit theory.
Step 1: Construction of the yield surface and calculating the energy dissipation rate
Sea ice is typically composed of a granular layer on top followed by a transition layer with
columnar ice below (Weeks and Ackley, 1982). Plastic upper limit theory will be exemplified
by the S2 first-year sea ice (i.e., columnar ice with its c-axis randomly oriented in the horizontal
XY plane), which is prevalent in nature (see Fig. 10). Plasticity theory and a large number of
experimental tests have been used to formulate different yield functions for S2 ice (e.g.,
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(Derradji-Aouat, 2003) and review works by Matskevitch (1994), Sand and Fransson (2006)
and Sand (2008)).
Because of the columnar S2 ice’s anisotropic material behaviour; and it is sensitive to
hydrostatic pressure; and there is a large difference between the compressive and tensile
strength, a parabolic yield function was proposed by Reinicke and Ralston (1977) as in Eq. (12).
2 2 2
22 33 33 11 3 11 22
2 2 2
4 23 31 6 12
7 11 22 9 33
( ) [( ) ( ) ] ( )
[ ]
[ ] 1 0
ij 1f a a
a a
a a
      
  
  
     
  
    
(12),
where
( )ijf  is a parabolic yield function for columnar S2 sea ice;
ij are the stress components in different directions, ( 1,2,3i  ; 1, 2,3j  ); the 1, 2, and 3 directions
correspond to the , , andX Y Z directions in Fig. 10
ia
1,3,4,6,7,9i  are material constants that depend on the properties of the ice
considered (e.g., the temperature, brine volume, grain size, and loading rate).
6 1 32( 2 )a a a  , and 4a vanishes for plain strain or plane stress problems.
Therefore independent material constants are ia with 1,3,7,9i 
Fig. 10 Schematic of columnar structure of S2 sea ice showing the coordinate system for a portion of the floating
ice floe ( Z corresponds to the direction of gravity).
Later, a potential velocity discontinuity is considered (e.g., a crack) in the continuum body,
where the velocity components are shown in Fig. 11. Drucker’s postulate and the normality rule
can be used with the obtained yield function to derive the energy dissipation rate AD for a
reference volume within the velocity discontinuity field. In a plane stress situation, the energy
dissipation rate AD was derived by Prodanovic (1978) and reported in several publications
(Ralston, 1981; Reinicke, 1980; Reinicke and Ralston, 1977). This expression for AD is given
in Eq. (13).
To formulate Eq. (13), it is critical to obtain values for the material constants ( 1,3,7,9)ia i  . In
Appendix B, we present two methods (i.e., an indirect estimate and direct curve fitting method)
to derive values for these material constants. These material constants can vary considerably
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depending on the ice conditions (e.g., the temperature, brine volume, and loading rate). We also
studied the properties of Eq. (13) in detail for two groups of material constants (i.e., material
constants under high- and low-strain-rate loadings). In both situations, the importance of the
tensile velocity component (i.e., nv ) in minimising the value of AD is highlighted. That is, in
splitting failure, the material particles in the respective ice floe tend to fail in a tensile manner.
Fig. 11 Definition of velocity discontinuity.
2
2 27 1
1 3 1 7
1 6
( 2 )1 [ 4( )( ) 2 ( ) ]
2A n s n
a aD a a v a v a v
a a
      (13)
In the equation above,
, andn sv v  are the velocity components normal to (i.e., tensile) and parallel to (i.e.,
shearing) the velocity discontinuity (see Fig. 11), [m/s].
Step 2: Searching for crack paths by minimising the overall energy dissipation
Once the energy dissipation rate is known, the plastic upper limit theory can be used to derive
Eq. (14), which relates the work power of the external splitting load to the internal dissipation
rate for the base cases in Fig. 6.
(geometry,size, )
(geometry,size, )
ext,n ext,s
2 2 ( ( ', ), ( ', )) '
2 [ ( ', ) ( ', ) ( ', ) ( ', )] '
crack
crack
L
Y Y A Yn YsA
L
Yn YsA
F v t D v x v x dx
t p x v x p x v x dx


    
     

 

 (14)
where the notation used is defined in Fig. 12, i.e.,
2 the loadings on a symmetric ice floe are symmetric: thus, all of the
dissipation terms are multiplied by 2;
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Yv is a virtual velocity component in the ice splitting direction, [m/s];
Ynv and Ysv are the Yv -induced velocity components normal to (i.e., tensile)
and parallel to (i.e., shearing) the velocity discontinuity [m/s],
which are given explicitly in Eq. (40) in Appendix B;
'x is a local coordinate along the crack path, [m];
A is the length of the initial radial crack (see Fig. 3 (3)), where 0A 
denotes a crack free body, [m];
crack (geometry, size, )L 
is the length of the crack as a function of the ice floe geometry, floe
size, and crack angle  (see Fig. 4), [m];
ext,n ( ', )p x  and
ext,s ( ', )p x 
are the additional stresses along the crack in the normal and
shearing directions, respectively, which are caused by the possible
lateral confinement of the ice floe or any other external loadings,
[Pa].
Fig. 12 Assumptions used to calculate the 'crack' paths that dissipate the lowest amount of energy (rectangular
ice floe (left) and circular ice floe (right)).
According to Eq. (14), with a given geometry, the unknown crack path crack (geometry, size, )L 
can be obtained by minimising the ice splitting load YF through varying the crack angle  .
Thus, the corresponding ice splitting load YF is obtained. Eq. (14) can easily be generalised to
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other ice floe geometries and loading conditions as long as the principle of plastic upper limit
theory is obeyed (i.e., the external work and internal plastic energy dissipation are balanced).
Step 3: Calculation and further simplifications of the ice splitting load
The aforementioned two steps can be used to derive analytical expressions for the ice splitting
load for the base cases shown in Fig. 12. As for an ice floe of arbitrary shape, simple numerical
integration and optimisation methods can be employed to calculate the crack path and ice
splitting load. For circular and square ice floes and rectangular ice floes with 1  , the general
findings given above can be used to derive the ice splitting load, which is given in Eq. (15). The
detailed derivation can be found in Appendix B.
1
21_ plastic_upper_limit 7 1
1 3 7/ 1 6
[(1 )] ( 2 )( ) [ 4( ) ]
2
Y a
AA L
dF a aD d a a a
Lt a a
        (15)
Similarly, Eq. (15) can be generalised to include the effect of lateral confinement using the
principle of plastic upper limit analysis. Here, an example with evenly distributed lateral
confinement is presented. We assume that the external confinement is evenly distributed in the
direction of the thickness t and can be expressed as a combination of two components, i.e., a
normal component ext,n ( ', )p x  and shear component ext,s ( ', )p x  along the postulated crack
(velocity jump). For a rectangular ice floe that is confined uniformly and laterally along its
boundary, i.e., ext ext ,n( ')p x p only, Eq. (14) can therefore be reduced to Eq. (16).
2
_ plastic_upper_ limit ext,n7 1 1 3 7
2
11 6
( 2 )( )1
2 4 2
YF pa a a a a
Lt aa a
    (16)
3.2.2 Case studies based on plastic upper limit analysis
In this section, we present some general findings that are obtained by performing the above
recommended calculations based on two sets of rather different material constants. The detailed
calculations consistently follow the recommendations in a stepwise manner and are described
in detail in Appendix B. The calculations are conducted on the two base cases in Fig. 12 and it
is found that:
 The material constants significantly affect the ice splitting load. In general, larger yield
surface increases the ice splitting load (see Fig. 20 and Fig. 22 in Appendix B).
 The formulated energy dissipation rate (i.e., Eq. (13)) tends to dissipate less energy in
the normal direction (i.e., nv ) than in the parallel direction, because ice fails more
easily in the tensile direction (see Fig. 21 in Appendix B).
 Analysing the preferred crack paths indicates that both the circular and square ice floes
favour a direct crack path with o90  (see Fig. 22 in Appendix B).
 In an extended analysis of arbitrary rectangular ice floes, the direct crack path (i.e.,
o90  ) is preferred for both sets of material constants, while whereas the width-to-
length ratio /w L  is larger than 1 (see Fig. 4 and Fig. 23).
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3.2.3 Plastic lower limit analysis
In contrast to plastic upper limit analysis, plastic lower limit analysis yields a lower bound of
the collapse load of a structure (e.g., an ice floe). It requires the construction of an admissible
stress field. Based on this theorem, a lower bound can be obtained. However, it is worth pointing
out that this lower bound is under the continuum mechanics theory. It is not a lower bound as
opposed to the value calculated by fracture mechanics approach. The detailed theoretical
development and proof for this analysis can be found in Chen and Han (1988).
Fig. 13 Schematic of the assumed stress field for the splitting of an ice floe (note that the ice floe's geometry can
be arbitrary).
Fig. 13 presents the corresponding admissible stress field that is assumed within the velocity
discontinuity. The tensile stress at the crack tip A has attained its maximum value (i.e., tensile
strength t ). Force and moment balances are used to derive a lower bound of the ice splitting
load for an arbitrary geometry, which is given in Eq. (17). Note here that a same equation
(before rearrangement) has been utilised by (Dempsey et al., 1999a) to define a nominal
strength for the considered ice floe.
2
_ plastic_lower_limit ( )
2 (2 )
Y tF L A
Lt L L A
   (17)
4 Validation of the ice splitting load calculations
In Sections 3.1 and 3.2, formulas for the ice splitting load were derived using two different
approaches. In this section, these methods are validated against both experimental results and
known solutions.
4.1 Validation against experimental data
To the authors’ knowledge, the only experiments that have been performed to date specifically
on the splitting of an ice floe were conducted by Dempsey et al. (1999a). In these experiments,
a series of cracked square ice floes of varying sizes (i.e., 0.3 to 80 m) were split by a
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hydraulically driven flatjack. Known load-displacement information and relevant crack
opening displacement histories were used to study the effect of the size of the ice floe on the
fracture properties (e.g., the fracture toughness, TSL for ice, and evolution of the FPZ). Here,
we assume that these fracture properties are given (see Table 3). The objective is to calculate
the ice splitting load using the developed methods for comparison with the measurements of
Dempsey et al. (1999a). The general test conditions and ice properties are summarised in Table
1.
Table 1 Test conditions and geometries of Dempsey et al. (1999a)
Temperature o15T  
Salinity 05%S 
Loading rate 200 kPa m/sIK 
Ice thickness 1.8 mt 
4.1.1 Calculation of the ice splitting load using plastic limit analysis
 Plastic upper limit analysis
In order to calculate the material constants for the plastic upper limit analysis, it is of importance
to study the ice properties during the test. However, no multi-axial tests for the ice samples
have been reported. Based on the test conditions in Table 1, the material constants are indirectly
approximated (see Appendix B).
First, the brine volume 19 [ppt]bv  is calculated using Eq. (35) in Appendix B for a given
salinity and temperature. This leads to a tensile strength of 1 639 kPat  based on Eq. (36).
However, the tested ice has a fairly large grain size ( ~ 15mmd ). The tensile strength generally
decreases with increasing grain size (Schulson and Duval, 2009). Using the Orowan formula
(i.e., Eq. (10.1) in Schulson and Duval (2009)) (which should only be applied to granular ice)
yields 2 425 kPat  for an ice sample with a grain size of 15 mm. This result is less than the
previous 1t value. The exact tensile strength is expected to lie within this range. Mulmule and
Dempsey (1999) used a low-strain-rate compressive test to estimate the tensile strength at 0.5
MPa. As measurements are not available, the aforementioned estimates and analysis are used
to adopt the same value of 0.5 MPat  for this test.
Next, for the uniaxial compressive strength, it depends strongly on the loading rate in a uniaxial
compressive test. However, the loading rate in tests by Dempsey et al. (1999a) is expressed as
the rate of change in the stress intensity factor IK (see Table 1). Due to the stress singularity at
the crack tip, we can hardly relate this rate to the material’s compressive loading rate. Therefore,
we assume that the loading rate of the flatjack is equivalent to the loading rate of the concerned
material particles in the cracked body. From Fig. 6 in Mulmule and Dempsey (1999), the
loading rate of the flatjack can be calculated as 0.41 kPa/s for Test SQ7 (i.e., 30m 30m ). In
LEFM, the stress intensity factor is related to the external loading (i.e., I extK L ). That is, to
maintain a constant rate of change in the stress intensity factor IK , the loading rate of the flatjack
should be inversely proportional to the square root of the size of the ice floe (i.e., fast loading
should be performed for a small ice floe and vice versa). The fastest loading rate in this test is
expected to be applied to the smallest ice floe tested (0.5 m). Thus, we obtain the loading rate
_ 05 _ 30 30 / 0.5 3.18test test    kPa/s. For a plane stress scenario with a Young’s modulus of
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3.1 GPaE  , based on the calculation in Table II of Mulmule and Dempsey (1999), the strain
rate for the 0.5 m square test could be calculated as 6 11.0258 10 s    . Using Eq. (37) in
Appendix B, the known brine volume, and the loading rate, the largest compressive strength in
this test series is calculated to be 1.31 MPac  .
Using the procedures described above, we obtain the approximate values of 0.5 MPat  and
1.31 MPac  . The loading rate is rather slow; therefore, it is reasonable to approximate the
Frederking type A and B stresses as 5psA c  and 1psB c  , respectively (see the discussion in
Appendix B). Eq. (38) in Appendix B is used to calculate the material constants given in Table
2.
Table 2 Material constants approximated for the tests of Dempsey et al. (1999b)
1a [MPa-2] 3a [MPa-2] 6a [MPa-2] 7a [MPa-1] 9a [MPa-1]
0.2044 1.3223 5.6980 1.2366 -0.5356
Using the material constants given above and / 0.3a A L  for the initial crack size in Eq. (15)
yields the following upper limit for the splitting of the ice floe under consideration:
_ plastic_upper_limit 122.61 kPaY
F
Lt
 .
 Plastic lower limit analysis
Using the known value of 0.5 MPat  , a lower limit on the splitting load for the ice floe under
consideration is calculated via Eq. (17) as follows:
_ plastic_lower_limit 53.26 kPaY
F
Lt
 .
4.1.2 Calculation of the ice splitting load by fracture mechanics
We combine both LEFM and the CZM with the weight function method to calculate the ice
splitting load for edge-cracked square ice floes of different sizes, as given in Table 1. Additional
inputs for the required calculations are listed in Table 3.
Table 3 Inputs to the ‘LEFM/CEM + weight function’ method
Inputs Comments
215 [J/ m ]J  Fracture energy value is backcalculated using the ‘viscoelastic fictitious crack
model’ (Mulmule and Dempsey, 1998) based on the same experiments’
measurements
5 [GPa]E  This value is not specified for different tests, but an average value is from Table
II of Mulmule and Dempsey (1999)
_test 1000 [kN]
9.3878
Y t
n
F
Lt
 Test results in (Dempsey et al., 1999a) are presented in aparticularly defined form of nominal strength [MPa]tn . With
/ 0.3A L  , it leads to the current form for comparison purposes
2
ch12 12 / 3.6 [m]tl JE   Recommended size, which signifies the minimum size for the
applicability of LEFM (Mulmule and Dempsey, 2000)
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The weight function for a square body with an edge crack is taken from Tsai and Ma (1989).
The calculation results obtained using the different methods and the measurements are
illustrated in Fig. 14.
Fig. 14 Splitting load for a square ice plate with an edge crack ( / 0.3A L  ): comparison of results obtained using
different methods with test data.
The following observations can be made from Fig. 14.
 The results obtained using the ‘CZM + weight function’ method agree well with most
of the experimental results, including those in the laboratory-scale range.
 The ‘LEFM + weight function’ method only approximates the test results when the size
of the test sample is large enough as in field scale (e.g., larger than the recommended
size ch12l ).
 At the laboratory scale, the ‘LEFM + weight function’ method predicts an ice splitting
load that exceeds the prediction from plastic upper limit theory (i.e., strength theory).
The plastic upper limit method and plastic lower limit method could be applied at the
laboratory scale to level off the increasing value of / ( )YF Lt calculated by LEFM theory.
4.2 Validation against analytical solutions for the splitting of a semi-infinite
ice sheet
Eshelby (1975) deduced analytical solution towards the SIF for an edge crack in a semi-infinite
plane with concentrated loads at the crack mouth. Later, Palmer et al. (1983) rearranged the
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formula and applied it to the calculation of ice splitting load of a semi-infinite ice sheet. For
completeness and as an illustration, the weight function for a semi-infinite plate r_semi ( )H A, x is
shown in Eq. (18) (deduced from Section 8.3a of (Tada et al., 2000)).
5/ 4
r_semi
2
2( ) [1.3 0.3 ]
( [1 ( ) ])
xH A,x
AxA
A

     
(18)
In the ‘CZM + weight function’ method, Eq. (18) is substituted into Eqs. (10) and (11), and the
eigenvalue problem is solved to obtain the ice splitting load. In the ‘LEFM + weight function’
method, Eq. (18) is substituted into Eq. (4) to obtain the ice splitting load. The results of these
two methods are plotted in Fig. 15 and compared to the analytical solutions given by Eq. [3] in
Palmer et al. (1983).
Because a semi-infinite ice sheet is large relative to its FPZ, the CZM solutions should coincide
with those obtained using LEFM, in principle. Indeed, favourable agreement is obtained using
these three methods, as shown in Fig. 15.
Fig. 15 Comparison of the ice splitting loads obtained using different methods for a semi-infinite ice sheet.
4.3 Validation against numerical solutions (FEM): splitting of square and
circular ice floes
Use of the weight function method to obtain the ice splitting load for a semi-infinite ice sheet
may appear to be redundant in the previous comparison for a semi-infinite ice sheet. However,
the weight function method offers the advantage of being independent of the loading profile
such that almost closed-form solutions can be obtained for the stress intensity factor and thus
the ice splitting load (Dempsey et al., 1994). For the ‘CZM + weight function’ method,
depending on the complexity of the weight function, simple numerical approaches typically
need to be used to integrate Eq. (28) and solve the eigenvalue problem of Eq. (10). In the
‘LEFM + weight function’ method, a closed-form solution to Eq. (4) is available as long as a
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closed form weight function is available. In either case, the stress intensity factor need not be
calculated using a FEM routine.
Bhat (1988) and Bhat et al. (1991) analysed the ice splitting load for both rectangular and
circular ice floes using FEM. These FEM results are compared against the theoretical solutions
obtained using the ‘CZM + weight function’ method (i.e., Eq. (10) and (11)) and the ‘LEFM +
weight function’ method (i.e., Eq. (4)). The weight function of an edge-cracked rectangular ice
floe is taken from Tsai and Ma6 (1989), whereas that for the circular ice floe is taken from Wu
and Carlsson (1991).
Fig. 16 illustrates that the developed approach and respective formulas predict the ice splitting
load fairly well compared to previous FEM simulations. The comparison is made at the field
scale. We deliberately use an ice floe size L that is considerably larger than 12 chl in the inputs.
Therefore, very few discrepancies can be observed between the results of the ‘LEFM + weight
function’ method and ‘CZM + weight function’ method. Due to the nature of the ice-structure
interaction process, the load history for the crack propagation would not behave as in Fig. 16.
In reality, while the ice splitting load is increasing beyond the peak points shown in Fig. 16, the
consequent crack would propagate catastrophically. The stable crack increases to only 14.5%
and 16.5% of the size of the body in the two base cases presented above. Thus, we focus on the
maximum ice splitting load for which complete splitting failure would occur. Eq. (19) is used
to predict the ice splitting load for the respective geometry. The same results and similar
recommendations can also be found in Bhat (1988) and Bhat et al. (1991) respectively.
Fig. 16 Splitting load history for a) an edge-cracked square and b)7 a circular ice floe.
0.19 for a square ice plate with critical crack length / 14.5%
0.17 for a circular ice plate with critical crack length / 16.5%
Y Ic cr
Y Ic cr
F tK L A L
F tK L A L


  
  
(19)
6 As pointed out by one of the reviewers, this weight function is only accurate for 0 / 0.5A L  and
0.5 2.0  .
7 In Bhat et al. (1991)’s original paper, the FEM results were provided as a continuous curve. This continuous
curve was digitised into a series of dots to present the discrete nature of the FEM analysis.
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5 Ice floe geometry, lateral confinement, and inertia
In Section 4, the developed framework was validated against existing test data and numerical
results. A particularly important observation from Fig. 14 is that most floe sizes of engineering
interest can be well characterised by the LEFM method. Therefore, only the ‘LEFM + weight
function’ method is employed in the following discussion.
5.1 Ice floe geometries
In Section 4, two base cases (i.e., square and circular ice floes, as shown in Fig. 6) were used
to illustrate that the maximum splitting loads YF in Eq. (19) are close for these two different
geometries. In this section, we extend the analysis of the square ice floe to rectangular ice floes.
The ratio of the width w to length L is defined in Eq. (20), and the ice splitting load history
for a rectangular floe is illustrated in Fig. 17.
w
L
  (20)
Fig. 17 Splitting history for a rectangular ice floe for a varying width-to-length ratio.
The maximum ice splitting loads for different  values in Fig. 17 are extracted and plotted in
Fig. 18 and compared to indentation test data obtained by Sodhi et al. (1993). Fig. 18 is a
qualitative comparison between the experimental and theoretical results. The data measured in
Sodhi et al.’s (1993) test were indentation pressures in the X direction. These data are
multiplied by the indentation area to yield the corresponding values for XF (see Fig. 5a). These
data are then further projected in the Y direction using Eq. (1), for which YX is unknown. From
visual examination of the results, 0.07YX  is chosen to plot Fig. 18. This YX value is rather
low because a flat indenter was pushed into the ice. Thus, the validity of this value should be
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further evaluated. However, irrespective of the potentially quantitatively inaccurate
manipulations that produced Fig. 18, the major message here is that the ice splitting load tends
to level off beyond / 2w L  .
Fig. 18 Qualitative comparison of maximum ice splitting loads for a rectangular ice floe with various width-to-
length ratios ( 0.07YX  is used to fit the theoretical prediction to the test data).
5.2 Ice floe confinement during splitting
In this section, we investigate the effect of lateral confinement on the ice splitting load. In
Section 3.1.2, Eq. (5) was derived for the ice splitting load in the presence of a symmetric lateral
confinement pressure ext ( )p x . For the nondimensionalised arguments /a A L and /x' x L , the
weight function becomes ( , )( , ) H a x'H A x
L
 , and Eq. (5) becomes Eq. (21).
ext0
( , 0) ( , )[ ( ) ]
( , 0)
aY
IC
F a L H a x'K p x' Ldx'
t H a L
   (21)
Without losing generality, it is convenient to assume a general form as expressed in Eq. (22).
ext
( ,0)
( ) ( )confine Y
F a
p x' f x'
Lt
 (22)
where
( )f x' is a normalised function with 0 1x'  characterising the lateral confinement
profile; depending on the external confinement, it can be an ensemble of
discrete values or polynomials and is normalised by
( ,0)confine YF a
Lt

from
ext ( )p x' ;
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( , 0)confine YF a can be considered the largest absolute value of the boundary confinement; and
confine is a ratio factor that expresses the relative magnitude of the maximum
confinement value.
Substituting Eq. (22) into Eq. (21) yields Eq. (23) for the nondimensionalised ice splitting load
under the effect of lateral confinement.
0
( ,0) 1
( ,0) ( ) ( , )
Y
a
IC confine
F a
K t L H a f x' H a x' dx'

  (23)
With 0confine  , Eq. (23) is reduced to Eq. (4); otherwise with 0confine  , a larger ice splitting
load YF can be encountered. In the next section, a special confinement that is introduced by the
floe inertia is studied with the general deviation made herein.
5.3 Inertia of an ice floe
As discussed in Section 2.2, the inertia of an ice floe as it impacts a structure (see Fig. 5c)
affects the value of the stress intensity factor. As a benchmark study on Eq. (23), recalling that
the inertia of an impacting floe could be expressed as a body force 2/x Xb F L t  for a square ice
floe (Bhat, 1988). This body force introduces a stress distribution at the central line of the ice
floe. In this context, the stress distribution can be interpreted as a lateral confinement pressure
profile. Dempsey et al. (1994) used the solution of Timoshenko and Goodier (1951) and Little
(1973) to approximate the stress profile at the centre of a rectangular plate. For the readers’
convenience, this stress/confinement profile is re-stated in Eq. (24) for the current application
to a square ice floe.
2( ) 2 1 1 / 2 3 1 3( ) ( ){ (3 ) ( 1)[4( ) ]}
2 1 / 2 4 2 2 5
X X
ext
F Fx'p x' x' x'
t L Lt x'
  
           (24)
Using the formula in Eq. (22) and recalling Eq. (1) results in the following rearrangements:
2( ) 2 1 1/ 2 3 1 3( ) ( ){ (3 ) ( 1)[4( ) ]}
2 1/ 2 4 2 2 5
( ,0) ( ,0)
1/
confine Y X
confine YX
x'f x' x' x'
x'
F a F a
  
 

 
         


Substituting the expressions above into Eq. (23) yields the ice splitting load under inertial-
induced confinement, as illustrated in Fig. 19. The results obtained using Eq. (23) are compared
with those obtained using FEM from Bhat (1988). Favourable agreement between these two
sets of results verifies the accuracy of Eq. (23). To test the effect of the weight functions
developed in different studies, the comparison in Fig. 19 is based on the weight function for a
square plate that was used in Mulmule and Dempsey (1998), which was derived using a
framework established by Dempsey et al. (1995).
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Fig. 19 Ice splitting load under inertial-induced lateral confinement for a square ice floe.
6 Discussion
In this section, the results from the previous analysis of the effect of floe size and its lateral
confinement on the ice splitting load are discussed.
6.1 Discussion of the validation results
Three sets of validations were conducted in Section 4. All of the validation tests further confirm
the validity of the developed framework to calculate the ice splitting load YF , especially the
approach based on fracture mechanics.
Fig. 14, Fig. 15, and Fig. 16 all illustrate that for a sufficiently large ice floe, the results obtained
from the LEFM-based approach (e.g., the ‘LEFM + weight function’ method) and the CZM
coincide with each other. That is, the ‘LEFM + weight function’ method can be used to
accurately estimate the ice splitting load for large ice floes.
Additionally, Fig. 14 further shows that:
 The 12 chl value can serve as a satisfactory criterion beyond which LEFM is applicable.
From an engineering perspective, ice splitting phenomena are mainly of interest at the
field scale (i.e., sizes above 3 m), where LEFM is sufficiently accurate.
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 At the laboratory scale, plastic upper limit theory predicts an ice splitting load that is
twice as large as that predicted by plastic lower limit theory. However, the lower bound
is a better approximation to the measured value. This result can be attributed to the
rather brittle nature of ice during splitting failure, which can hardly be described by
plasticity-based theory. However, plastic limit analysis should not be discarded because
of the large discrepancy in the comparative analysis presented above. As no analytical
fracture analysis is available in this case, the plastic limit analysis provides an effective
upper bound of the ice splitting load.
 Based on Fig. 14, in order to extrapolate the laboratory-scale measurements to the field
scale, it should follow a nonlinear trend. This nonlinear trend could be constructed using
the ‘CZM + weight function’ method as long as a sufficiently accurate weight function
is available (e.g., the weight function for a circular ice floe). However, as shown in Fig.
14, an accurate weight function is typically not available, as it is tedious to obtain and
requires truncation approximations. The Bažant size effect law (i.e., the BZ law) could
be applied as an alternative to extrapolate the results obtained between or among plastic
limit analysis, LEFM, and the ‘CZM + weight function’ methods. This alternative
approach is illustrated as a red dashed curve, which is obtained by extrapolating the
results obtained using the ‘CZM + weight function’ method to asymptotically
approximate the results obtained from plastic upper limit analysis following the Bažant
size effect law (Bažant, 2005).
6.2 Discussion on ice floe geometry, lateral confinement, and inertial effects
Two base cases involving rectangular and circular ice floe geometries are studied in this paper.
Fig. 16, Fig. 17, and Fig. 18 illustrate that comparable results are obtained for both geometries
for the maximum ice splitting load. As long as there are no ice floe inertial effects, the maximum
ice splitting load for a head-on contact between the structure and an ice floe does not vary
considerably with the floe geometry, e.g., Fig. 18 illustrates that the maximum ice splitting load
for the rectangular ice floe increases from 0.13 ICtK L at low width-to-length ratios (i.e., 0.5) to
0.22 ICtK L and then levels off at high width-to-length ratios (i.e., 2  ). Using Eq. (19) for
different geometries, such as those shown in Fig. 16, yield fairly similar maximum ice splitting
loads. The floe geometry has a less significant effect on the ice splitting load than the lateral
confinement (which will be discussed later).
In the field, complex geometries are typically encountered, not strictly rectangular or circular
shapes. However, the floe geometry resembles the base cases to a certain extent. For example,
Rothrock and Thorndike (1984) noted that the ice floes in the summer are ‘somewhat rounded
in shape’. This is due to mechanical abrasion at the edges of the floes. For such situations, the
circular ice floe assumption could be a good analytical approximation. In other situations, such
as in Fig. 1, the irregular ice floe could be idealised as a rectangular ice floe. The plastic limit
theory analysis that was developed in Section 3.2 could serve as an alternative analytical
approach for highly irregular ice floe geometries.
Regarding lateral confinement and inertial effects on the ice splitting load, the ‘LEFM + weight
function’ method was used to derive Eq. (23) to account for the effect of symmetric lateral
confinement on an ice floe. Eq. (23) presents the advantages of using the weight function
method. Any given symmetric lateral confinement ( )ext x' can be restructured into the form
given in Eq. (22), which can then be used to calculate the stress intensity factor rather
conveniently. The inertial effect, as a special case of confinement, is studied and compared with
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the numerical results in Fig. 19. The favourable comparison confirms the validity of Eq. (23)
and the treatment of the inertial-induced body force given by Eq. (24).
Higher lateral confinement generally produces higher ice splitting loads, and large width-to-
length ratios also lead to slightly higher ice splitting loads. However, another important
observation can be made by comparing the lateral confinement effects in Fig. 19 against the
geometrical effects shown in Fig. 16, Fig. 17, and Fig. 18. This comparison illustrates that
lateral confinement effects are more effective than geometrical effects in increasing the
corresponding ice splitting load. That is, increasing the width-to-length ratio of a rectangular
ice floe can only increase the maximum ice splitting load to a plateau of 0.21 ICtK L ; whereas
an increase in lateral confinement can significantly increase the corresponding maximum ice
splitting load, e.g., Fig. 19 demonstrates the inertial effect, as a special type of confinement,
increases the ice splitting load from 0.19 IctK L without confinement (i.e., 0confinement  ) to
0.45 IctK L while the confinement is large (i.e., 0.45confinement  ).
7 Conclusions
In this study, two different approaches are used to address the complexity of global splitting
failure in an ice floe and obtain analytical solutions. One approach is based on fracture
mechanics and the other approach is based on plastic limit analysis. In the fracture mechanics
approach, a ‘LEFM + weight function’ method and ‘CZM + weight function’ method are used.
Both methods are formulated and compared with available data from previous tests and
numerical solutions. The following conclusions can be drawn from the favourable comparisons
and the preceding discussion:
 The weight function method provides an effective solution to derive the stress intensity
factor for describing symmetric loadings on a symmetrically cracked body.
 For the splitting problem considered here, floe sizes of engineering interest (e.g.,
12 chL l ) can typically be accurately described by LEFM. As an example, if the size
of a geometrically similar ice floe increases 2 times, the corresponding ice splitting
load would increase 2 times.
 The CZM can describe the fracture process while the concerned ice sample is small
(e.g., at the laboratory scale). The CZM is a useful methodology for considering
nonlinearities within the FPZ. Additionally, the ‘CZM + weight function’ can serve as
a potential tool to extrapolate the laboratory scale measurements to the field scale
using fracture mechanics.
 The applicability of the analytical formulas developed using fracture mechanics to
calculate the ice splitting load should not be underrated because of the inherent
restrictions in the assumptions used to derive these formulas. Practical problems may
be reduced to one of the base cases considered in this paper. All of the theoretical
development for the base cases can serve as benchmark tests to verify the various
numerical approaches.
 Different geometries have been studied for the base cases, illustrating that geometry
has only a slight effect on the maximum ice splitting load for a head-on contact
scenario without floe inertial effects. Specifically, for a square ice floe, the maximum
ice splitting load is calculated as 0.19 IctK L ; whereas this value is 0.17 IctK L for a
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circular ice floe. Moreover, for rectangular ice floes with varying width-to-length
ratios, the maximum ice splitting load increases from 0.13 ICtK L at low width-to-
length ratios (i.e., 0.5) to 0.21 ICtK L and then levels off at high width-to-length ratios
(i.e., 2  ). In all cases, the critical crack length is less than 20% of the size of the ice
floe considered.
 In general, for an ice floe with an increasing lateral confinement, a corresponding
increase can be found in the maximum ice splitting load. Such an increase in the
maximum ice splitting load is more significant than geometric effect (e.g., by
increasing a rectangular floe’s width-to-length ratio). For example, while consider the
inertial effect as a particular type of confinement, the maximum ice splitting load
increases from 0.19 IctK L without confinement (i.e., 0confinement  ) to 0.45 IctK L while
the confinement is large (i.e., 0.45confinement  ).
 An analysis of different symmetric lateral confinement profiles indicates that
confinement in which most of the load components are closer to the edge crack can
effectively increase the ice splitting load, i.e., prevent the development of splitting
failure.
Because of the complexity of the splitting failure scenario (particularly the ice floe geometry)
and our pursuit of analytical solutions, as an alternative approach, plastic limit analysis has been
introduced as a supplementary tool to the fracture-mechanics-based approach described above.
Plastic limit analysis can be effectively used to determine an analytical upper bound of the ice
splitting load (e.g., see the comparison in Fig. 14). The results from the plastic lower limit
analysis result are closer to the measured data at the laboratory scale, illustrating the brittle
nature of the splitting failure. A parabolic yield function was developed based on two sets of
different material constants and thoroughly analysed. The following conclusions are drawn
from the results obtained using plastic limit theory (which do not contradict the results obtained
using fracture-mechanics-based theory).
 In the splitting failure mode, the material particles within the ice floe are prone to be
failed in a tensile mode to minimise the energy dissipation rate, i.e., the crack tends to
propagate in an opening mode. This result, which is based on plasticity theory, is in
accordance with one of the assumptions made in the fracture-mechanics-based approach,
i.e., the splitting failure is considered to be a Mode I fracture (opening mode).
 The material constants significantly affect the ice splitting load. In general, larger yield
surface increases the ice splitting load. However, in conjunction with the previous
conclusion, the uniaxial tensile strength has a more profound impact on the estimated
ice splitting load obtained using plastic upper/lower limit theory. This result can be
exemplified by the plastic lower limit formula in Eq. (17).
 In Appendix B, the preferred crack path in a rectangular ice floe is investigated for a
series of different width-to-length ratios /w L  . Regardless of the material constants
used, more than 85.4% of the rectangular ice floes split directly with a crack angle
o90  . This result obtained from using plasticity-based-theory also agrees with one of
the assumptions used in the fracture-mechanics-based approach, i.e., the splitting crack
propagates in a self-similar manner.
 The analytical formulas used to calculate the ice splitting load using plastic limit theory
should not be underrated because of their conservative nature. These formulas can
effectively serve as tools for making initial estimates of the ice splitting load for various
ice floe geometries, contact scenarios (i.e., head-on collisions or others), and boundary
confinements.
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Appendix A Derivation of ice splitting load using eigenvalue
analysis
In this section, formulas to calculate the ice splitting load YF are derived following the
procedures given in the original studies of Li and Bažant (1994) and Li and Liang (1993).
Similar derivations can also be found in studies by Bažant and Planas (1998) and Wang and
Dempsey (2011). Compared to these previous studies, the present derivation features a specific
application (i.e., splitting failure in an ice floe); thus, detailed derivations are provided along
with a physical interpretation.
The weight function method is used, i.e., Eq. (3) is substituted into Eq. (6) to obtain
coh
0 0
( ,0)
( ) ( , ) ( ) ( , ) 0
A A
YF A x H A x dx x H A x dx
t
    (25).
Using the weight function method (i.e., Eq. (3)), the half-COD can be written as
0 0 0
1 1( , ) ( ) ( , ) ( ) ( , )d ( , )
' '
A A A
u A x K a H a x da s H a s sH a x da
E E
    (26).
Rearranging Eq. (26) yields Eq. (27),
0
1( , ) ( ) ( , , )
'
A
u A x s U A x s ds
E
  (27),
where the function ( , , )U A x s is defined in Eq. (28). This function represents the crack opening
displacement at a location x for a cracked body with a crack length A under a unit load acting
at a location s .
max( , )
( , , ) ( , ) ( , )
A
x s
U A x s H a x H a s da  (28)
( , )H a x =0 with x a (i.e., a unit load acting at x a results in a zero stress intensity factor at
the crack tip a (Bažant and Planas, 1998)); therefore, the lower integration limit is given by
max( , )x s in Eq. (28).
Substituting the right-hand side of Eq. (9) into the left-hand side of Eq. (7), and replacing the
right-hand side of Eq. (7) with Eq. (27) yields Eq. (29).
coh
coh
( ) ( ,0)1(1 ) [ ( , ,0) ( ) ( , , ) ]
'
AY
c B
t
x F A
u U A x s U A x s ds
E t
     (29)
Using the Leibniz integral rule to take variations over A for Eq. (29) yields
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coh
coh coh
coh coh
( ,0) ( ,0)1 1( ) ( , ,0) ( , ,0)
' '
1 [ ( ) ( , , ) ( ) ( , , )
'
( ) ( , , ) ( ) ( , , ) ]
c Y Y
t
A A
B B
u F A F Ax U A x U A x
E t E t
A BA U A x A B U A x B
E A A
s U A x s ds s U A x s ds
 
   
  
  
  
 
(30).
By definition, at the peak value of the ice splitting load, ( ,0) 0YF A  (Bažant and Planas, 1998).
Therefore, the first term on the right-hand side of Eq. (30) vanishes.
The third term on the right-hand side of Eq. (30) results from the upper limit of the integration.
Using the symmetric definition given in Eq. (28), the following manipulation could be used to
equate ( , , )U A x A with ( , , )U A A x : the physical interpretation of this term is the crack opening
displacement at the crack tip A under a unit point load acting at a position x . The crack opening
displacement at the cohesive crack tip is 0 by definition.
max( , )
( , , ) ( , ) ( , )
( , ) ( , )
( , , )
0
A
x A
A
A
U A x A H a x H a A da
H a A H a x da
U A A x






The fourth term on the right-hand side of Eq. (30) also vanishes. The physical crack length B
is known; therefore, any virtual increase in the cohesive crack tip A leads to 0B
A

  .
For the second and sixth terms on the right-hand side of Eq. (30), the value of ( , ,0)U A x should
be determined using Leibniz’s integral rule.
max( , )
( , , ) [ ( , ) ( , ) ] ( , ) ( , )
A
x s
U A x s H a x H a s da H A x H A s
A A
    
The aforementioned operation results in the summation of the second and sixth terms in Eq.
(30) cancelling each other by virtue of Eq. (6), as given below.
coh coh
coh
( ,0) ( ,0)( , ,0) ( ) ( , , ) ( , ) ( ,0) ( ) ( , ) ( , )
( ,0)( , )[ ( ,0) ( ) ( , ) ]
( , )[ ( ) ( )]
0
A AY Y
B B
AY
B
F
F A F AU A x s U A x s ds H A x H A s H A x H A s ds
t t
F AH A x H A s H A s ds
t
H A x K A K A
   

  
 
 

 

The aforementioned simplifications can be used to reduce Eq. (30) to Eq. (31).
coh coh( ) [ ( ) ( , , ) ]'
At
B
c
x s U A x s ds
u E
   (31)
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Replacing coh ( )x with a proportional cohesive stress profile ( )x and using the fracture
energy t cJ u (where cu is the critical half-crack opening displacement) yields Eq. (10).
Solving the eigenvalue problem in Eq. (10) yields the eigenvector ( )x , which is the stress
profile in the cohesive zone. The next step is to use these solutions to retrieve the peak splitting
load ( , 0)YF A .
Recall that for linear softening, the cohesive stress can be given by the left side of Eq. (9).
Multiplying both sides of this equation with the obtained eigenvector ( )x and integrating the
result over the cohesive zone (i.e., B A yields Eq. (32).
coh( ) ( ) ( ) ( ) ( )
A A At
tB B B
c
x x dx x dx x u x dx
u
        (32)
Eqs. (7) and (27) can be used to explicitly express ( )u x in Eq. (32) as follows:
( ,0)1( ) [ ( , ,0) ( ) ( , , ) ]
'
AY
B
F Au x U A x s U A x s ds
E t
   (33)
Substituting Eq. (33) into Eq. (32) yields
coh
( ,0)1( ) ( ) ( ) ( )[ ( , ,0) ( ) ( , , ) d ]
'
( )
( ,0)1 ( )[ ( , ,0)]
'
1 ( ) ( ) ( , , )
'
A A A At Y
tB B B B
c
A
t B
At Y
B
c
A At
B B
c
F Ax x dx x dx x U A x s U A x s s dx
E u t
x dx
F Ax U A x dx
E u t
x s U A x s dsdx
E u
     
 
 
  
  



   


 
(34)
Using Eq. (10), the third term on the right side of Eq. (34) can be transformed as follows (note
that t cJ u ), which cancels out the left side of Eq. (34)
coh coh
1 ( ) ( ) ( , , ) ( ) ( ) ( ) ( )
' '
A A A At t
B B B B
c c
x s U A x s dsdx x x dx x x dx
E u E u
          
Straightforward manipulations on the remaining first and second terms on the right side of Eq.
(34) yield Eq. (11).
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Appendix B Using plastic upper limit theory to calculate the ice
splitting load
Using the framework developed in Section 3.2.1 as a supplement to Section 3.1, the following
important topics are discussed in detail in this Appendix.
 Recommended methods for determining the material constants in the parabolic yield
function
 Demonstrating the properties of the chosen energy dissipation rate AD in Eq. (13)
 Identifying the preferred crack path for the base case geometries
 Deriving the ice splitting load given by Eq. (15)
Two different material failure envelopes are studied herein: the failure envelopes under low-
and high-strain-rate loading. We investigate the geometries of the base cases shown in Fig. 6.
Step 1: Constructing the yield surface and calculating the energy dissipation rate
 Indirect estimation of the material constants
Extensive multi-axial tests typically have to be performed to construct the yield surface for a
site-specific ice condition. However, this information is often scarce and difficult to obtain.
Following the framework developed by Chen and Han (1988), it is necessary to obtain at least
the correct information of on the uniaxial compressive strength c , uniaxial tensile strength t ,
and Frederking type A and type B plane-strain strengths8 (i.e., psA and psB , respectively). If
no uniaxial strength tests are available, the following empirical formulas can be used to derive
the strength of first-year sea ice.
 Tensile strength is primarily sensitive to the porosity and grain size of ice
For a known salinity and temperature, the brine volume of ice can be expressed as follows
(taken from (Sanderson, 1988), p.14):
49.20.001 (0.53 )bv S T
  (35)
where
bv is the brine volume [-];
S is the salinity [ppt];
T is the temperature, which is typically negative [ oC ].
8 These terms are defined in Sanderson (1988), p. 87 or Timco and Frederking’s papers (1984, 1986).
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The tensile strength is largely affected by the ice porosity. Assuming a gas-free ice material, we
can equate the ice porosity to its brine volume. This assumption is realistic at low temperatures,
e.g., Richter-Menge and Jones (1993) found no difference between the brine volume and
porosity at temperatures below -3 oC . The tensile strength t can be related to the porosity (or
brine volume bv in units of [ppt]), as in Eq. (36) (taken from equation (10) of (Timco and
Weeks, 2010)).
0.6455 24.278 ( 0.72)t bv r   (36)
where
t is the uniaxial tensile strength of the considered ice sample [MPa];
bv is used to approximate the porosity in units of [ppt]; and
2r represents the goodness of fit to the experimental data.
 Uniaxial compressive strength is primarily sensitive to the loading rate
The unconfined compressive strength c [MPa] is largely influenced by the strain rate [ -1s ].
These two variables are related to each other by Eq. (37) (Timco and Weeks, 2010).
0.2237 (1 )
270
b
c
v   (37)
Depending on the loading rate, a range of 2 to 5 is recommended for the ratio of /psA c  ,
whereas psB remains almost the same as c (Sanderson, 1988). For known , , , andc t psA psB    ,
the material constants can be calculated using Eq. (38), which is derived by following the same
methodologies as presented by Ralston (1977b).
1
7
7
3 12
( )( )1 1
2
1
psA c psA tc t
psA c t c t psA c t
c t
c t
c
c
a
a
a
a a
    
       
 
 


   

 
(38)
 Direct curve fitting to derive the material constants
However, if extensive multi-axial tests data are available, deriving the material constants
becomes a curve-fitting problem. Here, we present two sets of experimental data. These data
are the failure envelopes constructed using data from Timco and Frederking’s tests (1984, 1986),
which were conducted under a fairly slow loading rate (i.e., the strain rate was 4 12 10 s  ). The
multi-axial test data under a high loading rate were compiled by Schulson et al. (2006). The
important test conditions for these two datasets are summarised in Table 4.
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Table 4 Test conditions for the compiled data under both low- and high-strain-rate loading conditions
Literature source d [mm] T [ oC ] Porosity  [ -1s ] Ice conditions
(Timco and Frederking,
1986); multi-axial
compressive strength test
-2 4.1% 42 10 Sea ice sampled in late May
1984 in northern Labrador,
Canada
(Iliescu and Schulson,
2004); multi-axial
compressive strength test
4-8 -10 34.5 10 Fresh-water ice
(Schulson et al., 2006);
multi-axial compressive
strength test
3.9  0.4 -10 4% 21.5 10 Sea ice sampled in April in the
Beaufort Sea, 300 km north of
Prudhoe Bay
(Richter-Menge and Jones,
1993); tensile strength test
4.1 -10 2.2% 31.0 10 Sea ice sampled in April 1986
in Beaufort Sea, 160 km north
of Barter Island
Table 4 illustrates that the test data are comparable because the major conditions of the ice
samples were similar. Although the tests conducted by Timco and Frederking (1986) under a
low loading rate were performed at a different temperature, the final test data were extrapolated
and reported at -10 oC . For different ice conditions (e.g., different grain sizes, porosities, and
temperatures), the relevant formulas (e.g., Eqs. (35), (36), and (37)) can be used to extrapolate
these data to the ice conditions of interest. These test data can be used to determine the material
constants given in Table 5 based on curve fitting shown in Fig. 20.
Fig. 20 illustrates that the failure envelope under high-strain-rate loading is larger than its
counterpart under low-strain-rate loading. This result agrees with the test results (Schulson and
Duval, 2009). However, curve fitting cannot fit all of the test points while maintaining an
elliptic yield function in the 11 22  space. It is difficult to obtain a universal yield function
that satisfies all of the different types of loading conditions (Vinogradov, 1987). In the current
ice splitting problem, the tension and shearing processes are the dominant processes in the ice
material. Therefore, it is reasonable to calibrate the intended yield function to fit the ‘tension-
tension’, ‘tension-compression’, and ‘compression-tension’ quadrants. Following this principle,
a conservative curve fit (which is shown in red) in Fig. 20 was used for the test data in all
quadrants except the ‘compression-compression’ quadrant.
Table 5 Material constants at different loading rates
Columnar sea ice, -10 oC 1a [MPa-2] 3a [MPa-2] 7a [MPa-1] 9a [MPa-1]
(Schulson et al., 2006): high loading rate 0.0033 0.2467 1.0500 -0.03
(Timco and Frederking, 1986): low loading rate 0.04 0.43 0.78 0.74
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Fig. 20 Multi-axial test results and fitted curve (the test data by Timco and Frederking (1984, 1986) are not
shown: only the analytical failure envelopes are shown; d is the grain size; and 11 and 22 correspond to the
principal stresses in the X and Y directions, respectively).
The known material constants given in Table 5 and the energy dissipation rate AD in Eq. (13)
can be studied using various combinations of the normal and shear velocities to shed light on
their respective resistance to crack propagation. That is, the relative contributions from the shear
and normal velocity components (i.e., nv and sv ) to the total energy dissipation rate are
weighted using the contour plot shown in Fig. 21. This figure presents each of the energy
dissipation rate contours for both the high- and low-strain-rate loading failure envelopes.
Assuming a unit velocity jump 2 22 n s1v v v     along the curve of 2 22 n s 1v v   , minimum
values can be identified for both the high-strain-rate loading failure (i.e., the red circle on the
dark solid curve) and low-strain-rate loading failure (i.e., the yellow circle on the dark dashed
curve). In particular, the minimum energy dissipation of the high-strain-rate loading case occurs
at n 1v  and s 0v  , whereas the minimum energy dissipation locus for the low-strain-rate
loading case occurs at n 0.58v  and s 0.81v  (i.e., os narctan( / ) 54.6v v   ). That is, the high-
strain-rate loading condition favours pure tensile failure, whereas failure under the more slowly
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loaded condition requires a particular combination of the shear and normal velocity components
to reach the minimum energy dissipation. This result agrees with the ice material properties,
i.e., a higher compressive strength is observed for the high-strain-rate loading failure envelope
than the low-strain-rate loading failure envelope (see Fig. 20). The shear stress of a continuum
can be manifested as half of the uniaxial compressive stress slanted o45 to the uniaxial direction
(Irgens, 2008). However, this discussion is based on the assumption that ice is a continuum to
which classic continuum mechanics, including plasticity theories, can be applied.
Fig. 21 Energy dissipation rate in the shear and normal directions for high-strain-rate loading (in red) and low-
strain-rate loading (in green) for ice failure envelopes; the Y-axis in this plot is shown on a log scale to highlight
small-scale variations in the energy dissipation rate.
Step 2: Searching for crack paths by minimising the overall energy dissipation
The simplified geometry in Fig. 12 can be used to explicitly express the crack path
crack (geometry,size, )L  in Eq. (14), as given by Eq. (39).
crack
crack
o
sin for a circular ice floe
2(0 arctan( ))
2cos for a rectangular ice floe
2(arctan( ) 90 )
sin
L L
w L
wL
L L
w




     
(39)
The velocity profile in the local coordinate 'x (see Fig. 12) can be expressed by Eq. (40).
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crack
'( , ) sin (1 )
( , ) cos
Yn Y
Ys Y
xv x' v
L
v x' v
   
   
 

(40)
Eqs. (40) and (13) can be combined to obtain a new expression for AD , which is given by Eq.
(41).
2
2 2 27 1
1 3 1 7
1 6 crack crack
( 2 ) ' '[ 4( )sin (1 ) 2 cos sin (1 )]
2
Y
A
a av x xD a a a a
a a L L
         (41)
Assuming that
crack crack
' ,x Aa
L L
   and substituting Eq. (41) into Eq. (14), the following ice
splitting load is obtained:
21 2 2 2crack 7 1
1 3 1 7
1 6
( 2 )[ 4( )sin (1 ) 2 cos sin (1 )]
2Y a
L t a aF a a a a d
a a
           (42).
We adopt the following notation (after cancelling out the velocity term) in Eq. (43) to further
simplify Eq. (42):
21 1 2 2 27 1
1 3 1 7
1 6
( 2 )1( , ) [ 4( )sin (1 ) 2 cos sin (1 )]
2Aa a
a aD d a a a a d
a a
               (43)
The notation provided above can be used to re-cast Eq. (42) for the general case into equations
that are specific to the base cases shown in Fig. 6, i.e., Eq. (44) for a circular ice floe and Eq.
(45) for a rectangular ice floe.
1
sin ( , )Y Aa
F D d
Lt
     (44)
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     
   
      


(45)
Eqs. (44) and (45) can be used to search for the crack path that minimises the ice splitting load.
The corresponding value obtained for / ( )YF Lt for varying angle  is shown in Fig. 22 and Fig.
23. The results and findings are presented below.
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Fig. 22 Ice splitting load for square and circular ice floes with varying crack angles and loading rates: this plot is
constructed using a log-log scale to highlight small-scale variations in the load.
Fig. 23 illustrates the required splitting load versus the crack angle  for circular and
rectangular ice floes. We highlight the following results from the figure.
 The ice splitting load under high-strain-rate loading is larger than that under low-strain-
rate loading. This result corresponds with the size of the failure envelope shown in Fig.
20.
 For the square ice floe (i.e., L w , see Fig. 4), the ice splitting load YF reaches its
minimum value if the crack propagates directly through the ice floe (i.e., o90  ).
 For the circular ice floe, the dark solid and dashed curves in Fig. 22 illustrate that the
ice splitting load attains its minimum value at o0  . This result is obtained simply
because crackL is shortest at this crack angle. However, for practical reasons, it is
reasonable to consider splitting failure as cracks for which o30  . Otherwise, the
theory will be limited to the analysis of the breakage of an insignificant chunk of the ice
floe. Using this assumption (i.e., splitting occurs at o30  ) for the circular ice floe, we
arrive at the similar conclusion that the crack tends to propagate directly forward with
o90  .
The crack path of a rectangular ice floe is further studied in terms of the width-to-length ratio,
which is defined as /w L  . Based on the derived Eq.(45), the ice splitting load versus the
crack angle is illustrated by Fig. 23. The calculation results based on both the high-strain-rate
loading failure envelope (left) and low-strain-rate loading failure envelope (right) illustrate that
the direct crack (i.e., o90  ) is preferred for most  values. The red curves delineate the
boundary between the two zones, i.e., zone 1 with two slanted cracks (i.e., o90  ) and zone 2
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with one direct crack (i.e., o90  ). The derivations lead to the following quantitative
observations.
Within the considered width-to-length ratio range (i.e., 0.2 5  , beyond which bending failure
theory can dominate the current theory), the rectangular ice floe tends to fail by a direct crack.
More specifically, assuming that  is uniformly distributed over the range given above, nearly
(5 0.5) / (5 0.2) 93.75%   of the rectangular ice floe tends to fail with a crack angle o90  for
fast loading. When the ice floe is loaded more slowly, a relatively smaller but still significant
portion of the ice floes, (5 0.9) / (5 0.2) 85.42%   , is dominated by the direct crack.
Fig. 23 Ice splitting load versus crack paths for different width-to-length ratios for a rectangular ice floe based on
a) a high-strain-rate loading failure envelope and b) a low-strain-rate loading failure envelope; the Y axis is
plotted on a log scale.
Step 3: Calculation and further simplification of the ice splitting load
The known energy dissipation rate and preferred crack path can be used to calculate the ice
splitting load for the rectangular and circular ice floes by setting o90  in Eqs. (44) and (45).
Thus, Eq. (15) is obtained as follows:
1
2
_ plastic_upper_limit 7 1
1 3 7
1 6
[(1 )]d ( 2 )[ 4( ) ]
2
Y aF a a a a a
Lt a a
     A repetition of Eq. (15).
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Appendix 2 Out-of-plane flexural failure of an ice floe
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Abstract
Out-of-plane failure of an ice floe has been studied extensively over the past several decades
for different application purposes (e.g., an ice cover’s bearing capacity for transportation;
bending failure of level ice interacting with a sloping structure). Notably, most of the previous
studies have idealised the considered ice floe as an infinite or semi-infinite thin plate resting on
a Winkler-type elastic foundation. However, a typical ice field in the Arctic is far from
continuous. Furthermore, recent Arctic offshore structures have usually been designed with
support from ice management; i.e., these sloping structures are most often operating in a broken
ice field and are interacting with ice floes of finite sizes. Bearing this loading environment in
mind, this paper starts with the question ‘What are the physical processes behind the failure of
a finite size ice floe interacting with a sloping structure, and what will the failure pattern look
like?’ Based on an in-depth literature review in relation to out-of-plane failures of infinite and
semi-infinite ice floes, depending on the floe sizes, we propose a conservative classification of
an ice floe’s out-of-plane failures under an edge load, i.e., 1) finite size ice floes that are broken
at radial crack initiation and 2) a semi-infinite ice floe that is broken by sequentially forming
radial and circumferential cracks. Between these two scenarios, we focused our study on
‘radial-crack-initiation-controlled fracture’ of a finite size ice floe. Specifically, we are trying
to answer the following question: ‘how small/large should an ice floe be to be treated as a finite
size/semi-infinite ice floe?’ Based on a series of assumptions, radial crack initiation and
propagation within a square ice floe were theoretically formulated and numerically studied. The
respective loads to initiate and propagate a radial crack have been extracted and compared to
quantify the required size smaller than which an ice floe would fail at radial crack initiation.
For typical ice material properties, it is found that a nearly square shaped ice floe can fail at
crack initiation if its physical size is smaller than approximately  3/427 ice thickness . On the
theoretical side, this paper contributes to the derivation of non-dimensional formulae to study
radial crack initiation and propagation. Additionally, simplified yet effective numerical models
to study radial crack initiation and propagation within an ice floe were proposed and validated.
On the practical side, the research methodologies and conclusions presented herein shed light
on the possibility of a more economic design for an Arctic offshore structure whose major
operating environment is filled with finite size ice floes. In addition, because the ‘radial-crack-
initiation-controlled fracture’ of an ice floe means a much smaller ice load (i.e., compared with
continuous circumferential type bending failure within a level ice environment) on a sloping
structure, it is recommended, from a mechanically preferred point of view, that floes with sizes
smaller than  3/427 ice thickness should be produced in the downstream of an ice management
operation.
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1 Introduction
Out-of-plane failure of an ice floe has been an important research topic for decades. There are
two main driving forces/applications behind this research. The first research application focuses
on estimating the bearing capacity of ice covers for engineering applications such as
transportation on ice roads, landing of air craft on a floating ice cover, and an ice cover serving
as a construction platform. (Masterson, 2009). Numerous excellent studies have been conducted
within this field. In this research context, the purpose is to use the ice cover and ensure its
integrity. An ice cover is usually assumed to be an ‘infinite’ thin plate on a Winkler-type elastic
foundation. Relevant experimental and theoretical studies can be found in early literature
reviews (e.g., (Ashton, 1986; Kerr, 1976; Langhorne et al., 1999; Michel, 1978; Sodhi, 1995;
Squire et al., 1996)).
The second research applications are related to the design and operation of sloping structures
(e.g., icebreakers, fixed and floating offshore structures) in ice infested waters. This is the main
focus of this paper. Sloping Arctic offshore structures and the bow of ice breakers are preferred
geometric forms in ice-infested waters because such sloping geometries introduce a vertical
load component that is exerted on the edge of an ice floe at contact. This vertical load
component enables the incoming ice floe to fail in a predominant bending failure mode. Such
bending failure mode can be considered a type of out-of-plane failure. Converse to the ice
cover’s bearing capacity problem, the purpose of the second research application is to
understand how much ice load is exerted on the concerned sloping structure, and the purpose is
to enable the designed structure to effectively break ice floes.
Comparing the ‘ice-sloping structure interaction problem’ with the ‘ice cover’s bearing capacity
problem’, many similarities regarding the ice floe’s failure processes and failure pattern can be
observed (Kerr, 1976). In both cases, a two stage fracture of an ice floe was observed and
theoretically analysed. The first stage is the so-called radial cracking of the ice floe (i.e., radial
cracks emanating from the vertically loaded area); the second stage is the formation of
circumferential cracks some distance away from the vertically loaded area. It is generally
accepted that the closest circumferential crack’s formation corresponds to the maximum ice
load on a sloping structure (or to the breakthrough/loss of the bearing capacity of an ice cover).
Therefore, it is the circumferential crack’s formation that is most studied during ice and sloping
structure interactions. As an example, this is also one of the reasons that theories such as a two-
dimensional beam on an elastic foundation are widely applied to analyse the failure of an ice
sheet interacting with a sloping structure (e.g., (Croasdale and Cammaert, 1994; Lu, 2010; Lu
et al., 2014; Mayne, 2007; Shkhinek and Uvarova, 2001)). Furthermore, for a more advanced
three-dimensional theory, in view of the eventual breakthrough of an ice cover involving the
formation of circumferential cracks, Nevel (1958; 1961) obtained analytical solutions for the
failure of an infinite ice wedge beam on an elastic foundation. The solution then finds
application in the calculations of ice breaking loads for various types of sloping structures
(Kotras et al., 1983; Lubbad and Løset, 2011; Milano, 1972; Nevel, 1992).
It should be noted that all of the above-mentioned studies assumed that the considered ice floe
is either infinite or semi-infinite or in the so-called ‘level ice’ condition. However, ‘level ice’
is rather a theoretical simplification. A typical ice field in the Arctic is far from continuous.
Furthermore, recent Arctic offshore structures have usually been designed with support from
ice management; i.e., these sloping structures are often operating in a broken ice field. Therefore,
they are interacting with ice floes with finite size instead of those with infinite boundaries.
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What would the failure pattern be like for a finite size ice floe interacting with a sloping
structure? Based on previous theoretical studies and experimental observations, this paper
attempted to propose a conservative classification of an ice floe’s out-of-plane failure pattern
depending on its geometric size: 1) finite size ice floes that fail at radial crack initiation and 2)
semi-infinite ice floes that fail by sequentially forming radial and circumferential cracks. Focus
has been directed towards the theoretical analysis of radial-crack-initiation-controlled fracture
of an ice floe with finite size. Although radial-crack-initiation-controlled fracture of an ice floe
does not necessarily lead to the critical design load in comparison to continuous failures within
a level ice condition, an understanding of such a physical process is of practical importance.
For example, 1) pertinent theoretical analysis can help capture a finite size ice floe’s correct
failure patterns, failure process and failure loads, which is beneficial to achieving a more
economic structural design in its dominant operating ice conditions (e.g., if a broken ice field
is its most frequently encountered loading environment); and 2) because radial-crack-initiation-
controlled failure of an ice floe leads to a largely reduced2 ice load compared with continuous
circumferential cracking, an intuitive suggestion for ice management operation would be to
manage the initially large ice floes into smaller sizes such that their prevailing failure patterns
(if they fail) are controlled by radial crack initiation.
Driven by the above mentioned potential applications, we idealised the original problem as a
finite size ice floe under an edge load3. Based on this idealised model, we separately studied
radial crack initiation and propagation within an ice floe of varying size. During theoretical
studies, the focus has been on deriving non-dimensional formulae such that generalised results
can be obtained. Based on the derived formulae, simple but effective numerical models have
been established to calculate the corresponding non-dimensional load to initiate and propagate
a radial crack. Using the known radial crack initiation and propagation load, we are thus able
to set a quantified floe size boundary between those that can be conservatively treated as semi-
infinite ice floes and those whose fracture is controlled by radial crack initiation.
By implementing and validating the above briefly described approach, the main objectives of
this paper include the following: 1) establishment of a verified methodology to study radial
crack initiation and propagation within a finite size ice floe; 2) for typical ice material properties,
recommendation of a physical size smaller than which an ice floe would fail at radial crack
initiation. In the long term, the developed theories and formulations are to be implemented in a
numerical simulator (Lubbad and Løset, 2011) to effectively calculate the global ice load and
to test different ice management strategies in an ice field composed of ice floes of varying sizes.
2 Problem description and assumptions
In this paper, we focus on the out-of-plane failure of an ice floe under an edge load. In the
context of a sloping structure interacting with an ice floe, the complete problem description is
shown in Fig. 1. We consider the initial contact between a sloping structure and an ice floe (Fig.
1(1) and (2)). After isolating the loading area (Fig. 1(3)) where a complicated stress state exists,
four load components can be expected in three different directions. These are a pair of splitting
load components in the Y direction causing the in-plane failure of an ice floe; a load component
in the vertical Z direction leading to the out-of-plane failure of an ice floe; and a load
component in the X direction increasing the in-plane compressive stress within the ice floe. An
2 For example, for a semi-infinite ice floe, only approximately 60% of the eventual breakthrough load is needed to
initiate the first radial crack. Detailed information will be presented in Section 2.1.1 in relation to Eq. (3).
3 More details of this model will be presented in Sections 2.2 and 3.1.
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ice floe’s eventual failure patterns and failure process are jointly affected by all of these load
components. However, we neglect the interactions among these load components and study
them separately; in other words, we decouple the in-plane and out-of-plane problems. The ice
splitting load YF (i.e., the in-plane load pair required to propagate a global splitting crack
through an ice floe) has been studied in a separate paper (Lu et al., (Accepted on November
12th 2014)). In this paper, we focus on the study of ZF , under which the out-of-plane bending
failure of an ice floe is induced. To be more representative of the actual contact between a
sloping structure and an ice floe, we assume that this vertical load component is evenly
distributed within a half circle, as shown in Fig. 1(4).
Fig. 1 Overall problem description.
In this study, the ice floe is considered to be a thin plate resting on a Winkler-type elastic
foundation (Fig. 1(4)). As mentioned, out-of-plane bending failure of ice involves two different
types of cracks: 1) radial cracks emanating from the loading area and 2) circumferential cracks,
which usually correspond to the eventual breakthrough of the ice cover. It is convenient for us
to define different load symbols as follows for later use.
,radial,0ZF : Maximum load required to initiate the radial crack in an ice floe.
,radial,1ZF : Load required to propagate a radial crack, which is a variable of the radial crack length.
,circum 0Z ,F : Maximum load required to initiate the circumferential crack in an ice floe.
,break_throughZF : Breakthrough load corresponding to the eventual out-of-plane bending failure of
an ice floe.
test
,break_throughZF : Measured breakthrough load corresponding to the eventual out-of-plane bending
failure of an ice floe.
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2.1 Failure pattern of ice floes with varying sizes
To theoretically identify the failure patterns and failure process of a finite size ice floe with the
simplified interaction scenario shown in Fig. 1(4), we first present a literature review on
relevant studies for infinite and semi-infinite ice floes.
2.1.1 Radial crack initiation, propagation and eventual failure of semi-infinite/infinite
ice floes
From a fracture mechanics point of view, the failure process of an ice floe includes radial crack
initiation, propagation and the corresponding eventual failure with circumferential cracks. The
characteristics of these cracks are described in the following for infinite and semi-infinite ice
floes separately.
1. An infinite ice floe
For an infinite ice floe, extensive analytical, numerical and experimental work has been
conducted to determine its bearing capacity. Ashton (1986) summarised a detailed description
of the failure process of an infinite ice cover. Two types of cracks are of interest here, i.e., the
initially formed radial cracks and the final formation of circumferential cracks.
 Radial crack initiation load ,radial,0,infZF within an infinite ice floe
Radial crack initiation corresponds to the ‘first crack condition’ in determining the bearing
capacity of an ice cover in relevant codes (API_RP2, 1995; ISO/FDIS/19906, 2010). Solutions
to the radial crack initiation load ,radial,0,infZF in an infinite ice floe have been achieved for a
concentrated load (Hertz, 1884) and a distributed load over a circular area (Wyman, 1950).
Based on Panfilov’s (1960) experiment, Kerr (1976) showed an important relationship, given
in Eq. (1) (note that originally from Eq. (73) of Kerr (1976)).
test
,break_through,inf ,radial,0,inf2Z ZF F (1)
Eq. (1) signifies that the load required to initiate radial cracks in an infinite ice floe is much less
than the final breakthrough load test,break_through,infZF .
 Radial crack propagation and eventual out-of-plane failure of an infinite ice floe
Regarding the study of radial crack propagation, two different assumptions have previously
been made. The first attempt ignored the possible crack closure effect within radial cracks
(Bažant and Li, 1993; Bažant and Li, 1994; Li and Bažant, 1994). A later improvement was
made to include the crack closure effect within the radial cracks (Bažant, 2002; Bažant, 2005;
Bažant and Kim, 1998a; Bažant and Kim, 1998b; Dempsey et al., 1995; Sodhi, 1996).
Irrespective of the presence of crack closure within radial cracks, all of the above-mentioned
research agreed that the breakthrough of an ice cover corresponds to the formation of a
circumferential crack, ,circum 0Z ,F . This means that the following relationship holds.
test
,break_through,inf ,circum 0,infZ Z ,F F (2)
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2. A semi-infinite ice floe
For a semi-infinite ice floe, based on field observations, Kerr (1976) described the failure
mechanism as follows: “first a radial crack forms, which starts under the load and propagates
normal to the free boundary. This is followed by the formation of a circumferential crack that
causes final failure” (p. 242). In the same paper, a further elaboration of Panfilov’s (1960)
experiment on a semi-infinite ice floe was added by Kerr (1976) as follows: “first, the formation
of a crack, which emanates under the load and is normal to the free boundary; then the
formation of a circumferential crack at which the two wedges break off” (p. 258). This is a
similar observation as for the breakthrough of an infinite ice floe, but there are fewer radial
cracks present (e.g., Sodhi (1997) observed approximately 20~30 radial cracks for ‘infinite4’
ice floes in basin tests). Fewer radial cracks were also noted by Nevel (1992) for the scenario
in which a sloping conical structure interacts with level ice (i.e., 2~3 radial cracks).
 Radial crack initiation load ,radial,0,semiZF within a semi-infinite ice floe
Analytical solutions regarding the radial crack initiation load ,radial,0,semiZF for a semi-infinite ice
floe can be found in Westergaard (1926) and Kerr and Kwak (1993) for a concentrated load; in
Nevel (1965) for a distributed load over a rectangular area; and in Lubbad and Løset (2011) for
a distributed load over a half circular area. Similarly, the radial crack initiation load ,radial,0,semiZF
for a semi-infinite ice floe does not correspond to the final breakthrough load. This is also
verified by Panfilov’s (1960) experiment, and Kerr (1976) quantified such a difference in Eq.
(3) (note that originally from Eq. (77) of Kerr (1976)).
test
,break_through,semi ,radial,0,semi1.6Z ZF F (3)
 Radial crack propagation and eventual out-of-plane failure of a semi-infinite ice floe
To the authors’ knowledge, radial crack propagation within a semi-infinite ice floe is not well
studied in the available literature. Following similar observations and the same methodologies
for the bearing capacity of an infinite ice floe, it is usually assumed that the eventual out-of-
plane failure of a semi-infinite ice floe corresponds to the simultaneous failure of several
independent infinite wedge beams (Kotras et al., 1983; Lubbad and Løset, 2011; Milano, 1972;
Nevel, 1992) in a half plane; i.e., circumferential crack initiation dominates the eventual failure.
2.1.2 Failure patterns and processes of a finite size ice floe
In Section 2.1.1, failure patterns and processes for an infinite and a semi-infinite ice floe have
been presented together with relevant studies. However, the intuitive words ‘infinite’ and ‘semi-
infinite’ are only theoretical simplifications. To apply the pertinent theories to a sloping
structure interacting with an ice floe with a certain physical length L , two important questions
should be addressed: first, under a vertical edge loading, how large does an ice floe need to be
so that theoretical simplification to a semi-infinite ice floe becomes feasible; and second, if the
boundaries of a finite size ice floe should otherwise be considered, what are the failure patterns
and processes?
4 In Sodhi’s (1997) tests, fixed boundaries along the ice sheet were utilised to mimic an ‘infinite’ ice floe.
- 8 -
To the authors’ knowledge, the only experiment regarding the bearing capacity of a finite size
ice floe was conducted by Sodhi (1997). ‘Finite size’ ice floes can be understood as floes with
free edges in Sodhi’s test. The test results (e.g., cracking pattern) were largely influenced by
these free boundaries. During Sodhi’s (1997) test, it was observed that for an ice floe with free
edges, several radial cracks (i.e., 5~7) were formed under the loading area and propagated
directly through the whole ice floe, reaching its free boundaries. No circumferential cracks
developed in those tests.
Based on the previous literature review, the following generalisations can be drawn:
 Out-of-plane failure of an ice floe, whether large or small, involves the initiation and
propagation of radial cracks. However, fewer radial cracks are expected for a smaller
size ice floe.
 According to Eqs. (1) and (3), the load required to initiate radial cracks is much less
than the load required to initiate a circumferential crack.
 According to Sodhi’s (1997) experiment, it is possible for a finite size ice floe to fail
purely in radial cracking without a circumferential crack.
The above literature reviews imply that for an ice floe smaller than a certain size, while
interacting with a sloping structure, its failure may only be controlled by radial crack initiation
without forming circumferential cracks. The corresponding ice load can thereby be largely
reduced. An important task of this paper is to quantify this size requirement and its
corresponding failure load. According to the literature review in Section 2.1.1, out-of-plane
failure of a finite size ice floe is not well studied. This is summarised in Table 1.
Table 1 The status of previous research in relation to the out-of-plane failure of an ice floe
Literature review Radial crack initiation Radial crack propagation Circumferential crack initiation
Finite size ice floe Not studied Not studied Not studied
Semi-infinite ice floe Studied Not studied Studied
2.2 Problem definitions
Sodhi (1996) showed that for an infinite ice floe, there is a maximum distance (i.e., two times
the characteristic length) beyond which radial cracks can no longer propagate, irrespective of
the magnitude of the vertical load. Instead, further increasing the vertical load leads to the
initiation of a circumferential crack and, thus, the breakthrough of an ice floe. Under this
consideration, depending on the size of an ice floe, we conservatively define two different
scenarios of the failure patterns of a finite size ice floe.
Scenario #1: Radial-crack-initiation-controlled fracture
For an ice floe of a certain finite size, the developed radial cracks can ‘feel’ its boundary and
thereby propagate directly through the whole body of the floe without forming circumferential
cracks. Under this scenario, the breakthrough load can either be radial-crack-initiation
controlled or radial-crack-propagation controlled. However, to be conservative, in this paper, a
‘finite size’ ice floe is defined as an ice floe that fails at radial crack initiation (i.e., radial-crack-
initiation-controlled fracture). Mathematically, this is reflected by Eq. (4). In this scenario, only
radial cracking occurs, as in Fig. 2a.
,break_through ,radial,0 ,radial,1Z Z ZF F F  (4)
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As described in the following studies, for an edge loaded ice floe, the radial crack propagation
load ,radial,1ZF increases exponentially with increasing radial crack length and soon give way to
the formation of a circumferential crack. That is, it is reasonable and convenient to neglect the
situation in which ,break_through ,radial,1 ,radial,0Z Z ZF F F  and to group this situation in Scenario #2.
Scenario #2: Out-of-plane failure of a semi-infinite ice floe
With increasing ice floe size, if the radial crack initiation load ,radial,0ZF is not large enough to
propagate a radial crack to its free boundary (i.e., ,radial,0 ,radial,1Z ZF F ), we assume that we are in a
situation of a semi-infinite ice floe; i.e., out-of-plane failure is controlled by circumferential
crack initiation in a semi-infinite ice floe, as in Fig. 2b. Mathematically, this is reflected by Eq.
(5).
,break_through ,circum,0,semiZ ZF F (5)
Eq. (5) is also a conservative classification. The possible scenario of circumferential crack
initiation in a finite size ice floe is ignored; i.e., we do not calculate ,circum,0,finiteZF , which is
assumed be smaller than ,circum,0,semiZF because of the alleviation of the crack closure effect (i.e.,
less confinement).
Fig. 2 Two defined scenarios: out-of-plane failure of a) a finite size ice floe; b) a semi-infinite ice floe.
Based on the problem definitions given in Fig. 2, the major focus of this paper in comparison
with Table 1 are summarised in Table 2.
Table 2 Contributions made in this paper in relation to out-of-plane bending failures of an ice floe
Scenario # Radial crack initiation Radial crack propagation
Circumferential crack
initiation
1. Finite size ice floe Studied herein Studied herein Grouped into Scenario #2
2. Semi-infinite ice floe No further contribution No further contribution No further contribution
2.3 General assumptions
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For the problem of concern (i.e., Scenario #1), radial crack initiation and propagation are
studied separately. Before embarking on the specific mathematical model of each scenario,
several general assumptions are made here.
 The application context of the current theoretical development is a sloping structure
interacting with a finite size ice floe. We assume that the interaction process can be
idealised as in Fig. 1(4); i.e., other contact force components are neglected, and the
boundaries of the ice floe are assumed to be free.
 During the interaction between a sloping structure and a finite size ice floe, it is possible
that only the limit force or limit moment criteria is controlling the interaction scenario;
i.e., the size of the ice floe or the driving force of the ice floe is so small that the floe
can simply be pushed aside by the structure without any fracturing process (i.e., the limit
stress criterion). For the current analysis, we assume that there is sufficient driving force
or that the floe size is large enough that the contact force ZF (as in Fig. 1(3)) can always
initiate a fracturing process within the considered ice floe. The developed theory,
together with other limiting mechanisms (i.e., the limit force and limit moment), will be
treated in a separate paper using the multi-body dynamic simulator (Lubbad and Løset,
2011).
 We assume that the theory of a thin plate resting on a Winkler-type elastic foundation
applies to the current problem, as in Fig. 1(4). For the thin plate theory to be valid, it is
generally required that the ratio between the characteristic length (defined by Eq. (7) in
a later section) and the thickness / 10t A (Ventsel and Krauthammer, 2001).
Considering that the characteristic length of sea ice A can be approximated as 3/413.5tA
(Gold, 1971), we can obtain an approximate thickness range within which our developed
theory applies, i.e., 3.32 mt  . As an example, in terms of the ice thickness in the
Beaufort Sea, a bimodal distribution has been proposed by Wadhams and Horne (1980).
The Probability Density Function (PDF) exhibits one frequency peak at approximately
1 m (most likely for first-year ice) and another frequency peak at approximately 3.1 m
(most likely for multi-year ice) (Sanderson, 1988) . To a certain extent, this
demonstrates that 3.32 mt  covers a large portion of the ice thickness range from an
engineering application point of view.
 It is assumed that ice floes respond elastically without any creep effect. This means that
the loading rate is sufficiently high that any non-elastic deformation does not have
enough time to evolve. Because ice has a relatively large Young’s modulus (Schulson
and Duval, 2009), purely elastic behaviour also means that its deformation before crack
initiation is so small that the principle of superposition applies to the current problem.
 We also assume that the considered ice floe is homogeneous. This is usually not true
because a temperature profile exists along the thickness direction of an ice floe (Kerr,
1976; Kerr, 1996; Kerr and Palmer, 1972; Michel, 1978; Squire et al., 1996). This
profile in turn influences the ice floe’s mechanical behaviour through its thickness.
Finely grained granular ice is expected on the upper surface of an ice floe where the
circumferential crack initiates, whereas a rather porous and weak ice layer is expected
at the bottom of an ice floe (i.e., the ice-water interface) where radial cracks are initiated.
For simplicity and to be conservative, we do not further differentiate tensile strengths in
the upper and lower layers of an ice floe. Assuming the ice floe to be a homogenous
material, we treat the initiation of radial and circumferential cracks ‘equally’ using the
same criteria.
 We also assume that the material behaviour within the considered ice floe is isotropic.
For first-year sea ice, the major part is composed of columnar ice exhibiting certain
anisotropy in its mechanical behaviours (Sanderson, 1988). The work by Carter and
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Michel (1971) (as cited in Duval and Schulson, (2009), p. 222) showed that the tensile
strength of columnar ice is 25% stronger along its column than perpendicular to it.
However, considering that both the radial and circumferential cracks are initiated
perpendicular to the column direction, it is reasonable to assume an isotropic material
behaviour herein.
 Although a high loading rate is assumed, for simplicity, we do not consider any dynamic
response from the ice cover; moreover, we also neglect any hydrodynamic effects from
the fluid base. The fluid is simply treated as a Winkler-type elastic foundation. However,
it should be noted that the hydrodynamic effect from the fluid base can be rather
significant (Dempsey and Zhao, 1993; Lu et al., 2012; Lubbad et al., 2008).
 In this study, we focus on the flexural type out-of-plane failure of an ice floe. Other out-
of-plane failure modes are not considered, such as ‘shear plug’ (ISO/FDIS/19906, 2010,
p. 251), which Sodhi (1995) described as a failure close to the perimeter of the loading
area by shearing or punching in an infinite ice floe. Such ‘shear plug’ failure is largely
influenced by the size of the loading area. For example, for an infinite ice floe, shear
plug occurs when the loading radius 1.14R t (Sodhi, 1995). With regard to an ice floe
under an edge load, we do not further investigate the possibility of such ‘shear plug’
failure. Instead, we assume that the considered ice floe fails in flexure, and we
deterministically studied three different loading radiuses ( 0.05 , 0.1 , and 0.2R  A A A ) to
show the general trend of the loading area’s influences.
 In addition, for simplicity, we have also assumed the geometry of the ice floe to be a
square shape. However, it should be noted that all of the following theoretical
derivations (i.e., the non-dimensionalisation process) are also applicable to other
geometries. Furthermore, Hamilton et al. (2011) noted that ice floes in the downstream
of ice management are usually produced with an aspect ratio of 1:1. This implies that
the assumption of an ice floe having a square shape is practically appropriate in the
current considered applications.
3 Methodologies
Referring to Table 2, two different mathematical models are utilised to study radial crack
initiation and radial crack propagation within a finite size ice floe.
3.1 Radial crack initiation within a finite size ice floe
Studying radial crack initiation within a semi-infinite ice floe is just a special case compared
with that within a finite size ice floe. Based on assumptions made in Section 2.3, this problem
is converted to a thin plate on an elastic foundation under an evenly distributed edge pressure
within a half circular area, as illustrated in Fig. 3.
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Fig. 3 Illustration of the model utilised to study radial crack initiation.
To the authors’ knowledge, no analytical closed-form solutions exist to calculate the deflection
and stress distribution of a finite plate with free edges under an evenly distributed edge pressure
within a half circular area. Therefore, a numerical approach is adopted in this study. However,
to obtain universal results, a non-dimensionalisation of the original problem is formulated
before the numerical set-up is introduced.
3.1.1 Formulations of radial crack initiation
Following Kirchhoff’s plate bending theory, the formulation of a thin plate under a concentrated
load 0 0Zq dx dy is expressed in Eq. (6) (Nevel, 1965; Timoshenko et al., 1959; Ventsel and
Krauthammer, 2001).
4
0 0 0 0( ) ( ) ( )ZD w kw q dx dy x x y y      (6)
where
2 / 2
Z
Z
Fq
R
and its magnitude is the pressure evenly distributed within a half
circular area 2 / 2S R with a radius of R , unit: [Pa];
0 0( , )w x, y x , y is the transverse deflection at point ( )x, y of the plate in the
directionz  under a lateral concentrated load 0 0Zq dx dy acting at
point 0 0( )x , y , unit: [m];
3
212(1 )
EtD  
is the flexural rigidity of the plate with symbols explained below,
unit: [Nm];
E is Young’s modulus of ice, unit: [Pa];
t is the thickness of the ice floe, unit: [m];
 is the Poisson ratio, unit: [-];
4 4 4
4
4 2 2 4( ) 2x x y y
        
is the biharmonic operator;
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k is the foundation modulus. For the fluid base, wk g , with w
and g being the fluid density and gravitational acceleration,
respectively, unit: [Pa/m];
( )x is the Dirac delta function. Its unit is the inverse of its argument.
For a finite size ice floe, there are two length scales within Eq. (6). One is the characteristic
length A (defined in Eq. (7)), and the other one is its physical length L . To explicitly illustrate
the influence of the physical length L on the calculated results, Eq. (6) is normalised by
introducing /x L  , 0 0 /x L  , /y L  , 0 0 /y L  , and 2 20 ( ) / 2 /S R / L S L  and noting that
 ( ) ( ) /L L          . After several manipulations, Eq. (6) is transformed into Eq. (8), with
a length unit (e.g., [m]) on both sides.
4
D
k
A (7)
44
4
0 0 0 0 0 0 0 0( , ) ( , ) ( ) ( )Z
q LkLw , , w , , d d
D D
                    (8)
Note here that the new biharmonic operator reads
4 4 4
4
4 2 2 4( ) 2   
         . Observing the
linear PDE of Eq. (8), for a given boundary condition, the solution of 0 0( , )w , ,    is
functionally dependent, as given in Eq. (9).
44
0 0 0 0 0 0 0( , ) ( , , , , ) Z
q LkLw , , f d d
D D
          (9)
in which the function
4
0 0 0( , , , , )
kLf
D
    is the influence surface that has the following physical
meaning: it is the deflection at point ( , )  of the considered plate (i.e., with a normalised
foundation modulus 4 /kL D ) under a unit concentrated load acting at point 0 0( , )  . To calculate
the overall deflection ( )totalw ,  under an evenly distributed edge pressure Zq over a normalised
half circular area 0S , the principle of superposition can be utilised to sum up Eq. (9), as given
in Eq. (10).
0
0
0
( )
44
0
( )
44
0 0 0 0 0
( ) ( , )
( , , , , )
( , , , , )
i j
i j
total i j
, S
Z
i j i j
, S
Z
S
w , w , ,
q LkLf d d
D D
q LkLf d d
D D
 
 
     
     
     








(10)
By Maxwell’s reciprocal law, we have
4 4
0 0 0 0 0 0( , , , , ) ( , , , , )
kL kLf f
D D
        , which means the
deflection at point 0 0( , )  by a unit load acting at location ( , )  for the considered plate (i.e.,
influence surface=deflection surface). Accordingly, the integration in Eq. (10) can be simplified
as Eq. (11).
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0
44
0 0 0 0 0
4 4
0 * * 0
2 4
* *
0 * *
( ) ( , , , , )
( , , , , )
( , ) ( , , , , )
Z
total
S
Z
Z
q LkLw , f d d
D D
q L kLf S
D D
F L kLf
D D
       
   
     




(11)
in which * *( , )  is located at the centroid of the deflection surface
4
0 0 0( , , , , )
kLf
D
    over an
area 0S . Eq. (11) highlights the deflection equivalence at point ( , )  for a plate under an edge
pressure Zq over an area S and a concentrated force ZF acting at the centroid * *( , )  of its
corresponding deflection surface. Based on the derivations in Eqs. (10) and (11), an equivalent
PDE for the deflection of a plate under a distributed pressure Zq over an area S can be written
as Eq. (12).
24
4
* *( ) ( ) ( ) ( )Ztotal total
F LkLw , w ,
D D
              (12)
Further introducing the non-dimensional deflection ( )W ,  and normalised foundation modulus
K , as in Eqs. (13) and (14), respectively, the above Eq. (12) can be further simplified as Eq.
(15) (i.e., both sides have been non-dimensionalised).
2
( )
( ) total
Z
w , D
W ,
F L
    (13)
4kLK
D
 (14)
4
* *( ) ( ) ( ) ( )W , KW ,              (15)
The values of * *( , )  in Eq. (15) depend on
0
0 0 0 0 0( , , , , )
S
f K d d      ; i.e., for a given boundary
condition, the values of * *( , )  depend on 0S , K and ( , )  . For the current paper, we are not
interested in the exact values of * *( , )  . Instead, we are most interested in the non-dimensional
deflection in Eq. (13) and the PDE form of Eq. (15). The relationship between the overall
defection ( )totalw ,  and the total vertical force ZF is established via Eq. (13); the normalised
foundation modulus K is an important parameter for Eq. (15). It represents the size of the
considered ice floe. For example, if we define a parameter n denoting the ratio between the ice
floe’s physical length L and its characteristic length A , the relationship given in Eq. (16) can
be obtained.
4Ln K A (16)
Eq. (15) largely simplifies the original problem for a finite size ice floe under an evenly
distributed edge pressure over a half circular area. For a given loading area S , we simply need
to vary the value of n (or K ); the corresponding calculated deflections are universal (i.e., in
non-dimensional form) for various combinations of flexural rigidity D and actual loading ZF .
In other words, for two different ice floes with different flexural rigidity D under an edge
pressure such as that shown in Fig. 3 (i.e., the same S but with different magnitudes of ZF ), as
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long as the value n in these two cases is the same, the solutions of Eq. (15) are the same. Upon
knowing their normalised deflection, their respective physical deflections can be easily back
calculated from Eq. (13), depending on their respective flexural rigidity D , physical size L and
overall load magnitude ZF .
Among all of the results, the maximum stress is the most interesting because it denotes the
inception of radial crack initiation. The moment in the x and y directions can be calculated as
in Eq. (17).
2 2
2 2
2 2
2 2
2
[ ( ) ( )]
[ ( ) ( )]
(1 ) ( )
xx total total
yy total total
xy total
M D w , v w ,
x y
M D w , v w ,
y x
M D v w ,
x y
   
   
 
    
    
    
(17)
Introducing the same non-dimensionalisation over the physical length L and utilising the
relationship in Eq. (13), Eq. (17) can be transformed into Eq. (18).
2 2
2 2
2 2
2 2
2
[ ( ) ( )]
[ ( ) ( )]
(1 ) ( )
Z
Z
Z
M F W , v W ,
M F W , v W ,
M F v W ,



    
    
  
    
    
    
(18)
The corresponding maximum stress is assumed to be at the lower surface of the ice floe and can
be written in the form of Eq. (19) (note that a positive value represents that the material particle
is in tension).
2 2 2
6 6 6
; ;
M M M
t t t
  
       (19)
The ice floe is thus in a multi-axial stress state. To determine the initiation of a radial crack, we
assume here that the Mises yield criteria (Irgens, 2008) can be utilised to evaluate the ice
material’s tensile failure under a multi-axial stress state. However, no further plastic flow within
the ice is allowed. Once the Mises stress reaches its yield criteria (i.e., flexural strength f ),
radial crack initiation starts. Therefore, inserting Eqs. (18) and (19) into the definition of the
Mises stress or equivalent stress M , Eq. (20) can be derived with the function f , explicitly
expressed in Eq. (21).
2 2 2 1/ 2
02
( 3 )
6
= ( , )
M
ZF f K S
t
            
(20)
where
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2 2 2
2 2 2 2
2 2 2 2
2 2 2 2
2
2 2
[ ( ) ( )] [ ( ) ( )]
[ ( ) ( )][ ( ) ( )]
3(1 ) ( )
f W , v W , W , v W ,
W , v W , W , v W ,
v W ,
          
          
  
          
        
  
(21)
For a given relative loading area 0S , the result of f in Eq. (21) depends on the solutions of Eq.
(15); i.e., it depends only on the value of n (or K ). To focus on the physical length L ’s effect
in this study, we deterministically studied three different loading area radiuses, i.e.,
0.05 , 0.1 , and 0.2R  A A A . These values are approximately 0.5~3 times the ice thickness.
According to Eq. (20), we further define a normalised stress 0M as in Eq. (22).
2
0
0 0( , ) 6 ( , )
M
M
Z
tK S f K S
F
   (22)
The normalised stress 0M on the LHS of Eq. (22) is independent of the load magnitude ZF
(note that M and ZF are proportional to each other). It is purely a function of the non-
dimensional values K and 0S . Therefore, for a given relative loading area 0S and for any
arbitrary loading ZF , together with its consequential maximum Mises stress M , within an ice
floe’s elastic deformation range, the relationship in Eq. (22) holds. That is, assuming that radial
crack initiation occurs when the maximum Mises stress reaches its flexural strength f , the
following relationship in Eq. (23) can be established.
22
0
0
,radial,0 0
( , )
( , )
fM
M
Z Z
ttK S
F F K S
   (23)
Rearranging Eq. (23), we are thus able to establish the criteria for radial crack initiation within
a plate, as given in Eq. (24).
,radial,0 0
2 0
0
( , ) 1
( , )
Z
f M
F K S
t K S  (24)
Accordingly, the calculation for the radial crack initiation load has been simplified into
calculating the normalised maximum ‘Mises stress’, defined in Eq. (22), under the loading case
and boundary conditions stated in Fig. 3. To the authors’ knowledge, no analytical solutions
exist for such a loading case and boundary conditions in the available literature. As an
alternative, the Finite Element Method (FEM) is employed to determine the value of 0M under
different n values.
3.1.2 Numerical set-up to study radial crack initiation
The solution of Eq. (15) is achieved using the Finite Element Method (FEM) in this paper.
Based on the formulation in Eqs. (13), (14) and (23), a numerical model with a normalised
length scale, as in Fig. 4, is employed to calculate the normalised Mises stress in Eq. (23) under
an arbitrary combination of ZF and t . For square ice floes of different sizes, the normalised
foundation 4K n is the only varied input. Detailed considerations for various inputs
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implemented in the numerical models are discussed in Appendix A. The overall model
description and implementation are introduced herein.
A Python script is implemented to set up a numerical model within ABAQUS/Standard, as in
Fig. 4a, for the considered problem in Fig. 3. Symmetric boundary conditions, as in Eq. (25),
have been implemented at the centre line (i.e., CL) to improve its numerical efficiency. Other
boundaries are set free. The built-in elastic foundation implementation within
ABAQUS/Standard has been utilised with varying K to calculate the results of square ice floes
of different sizes.
( 0) 0
( 0) 0
( 0) 0ZZ
u
v


 
 
 
 
(25)
where u and v are translational displacements in the  (or x ) and  (or y ) directions and ZZ
is the rotational displacement around the Z axis (Fig. 3).
Fig. 4 a) Numerical set-up for crack initiation study; b) a benchmark test set-up against Nevel (1965) (N.B.: the
actual mesh is much denser than shown in this figure).
In addition, a similar numerical set-up, but with a rectangular loading area, is implemented, as
in Fig. 4b. This serves as a benchmark test against Nevel’s (1965) analytical solution to further
confirm the validity of the current numerical model.
The maximum Mises stress output of each simulation (i.e., with different elastic foundation
moduli) is extracted and converted to the normalised Mises stress 0 0( , )M K S according to the
middle term of Eq. (23).
The normalised length 1 is implemented, as in Fig. 4. For our problem of concern in Fig. 4a,
the radius of the loading area R is deterministically assumed to be 5%, 10% and 20% of the
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characteristic length (i.e., 0.05 , 0.1 , and 0.2R  A A A ); for the benchmark test in Fig. 4b, the
rectangular loading area has a corresponding size of width ( 2 /R L in the y direction5) and
length ( /R L in the x direction). The size of R is deterministically assumed to be
0.1 and 0.2R  A A for the benchmark test, the tabulated results of which can be found in
APPENDIX A of Nevel (1965).
In each simulation, depending on the different values of L , the densely meshed loading area is
scaled accordingly (as shown in Fig. 4). In all calculations, a biased mesh is adopted to further
improve its efficiency. Because the maximum stress is expected within the loading area, a rather
dense mesh is implemented within the loading area (see Fig. 4). Based on a series of calculations
with different n (or K ) values, the function 2,radial,0 ( ) / ( )Z fF n t in Eq. (24) can be established.
3.2 Radial crack propagation within a finite size ice floe
Following the study in Section 3.1, radial crack propagation is studied in this section with a pre-
existing crack within the loading area. Specifically, we study the variation of the radial crack
propagation load ,radial,1( )ZF  with the normalised radial crack length  , as shown in Fig. 5. In
addition to the general assumptions stated in Section 2.3, some other important assumptions are
included in this study as follows:
Fig. 5 Radial crack propagation within a square thin plate on a Winkler-type elastic foundation.
 It is assumed that Linear Elastic Fracture Mechanics (LEFM) is applicable to this
problem; i.e., the Griffith criterion applies herein (Anderson, 2005). However, it should
be noted that the large grain size and creep effect of ice material would introduce
additional energy consumption at the crack tip apart from the energy needed to create
new surfaces, thus setting a size requirement for the applicability of LEFM to the ice
fracturing problem (Mulmule and Dempsey, 2000). Therefore, Mulmule and Dempsey
(2000) proposed a size requirement (i.e., 3 mL  or 200L d , d is the grain size) for
5 Only half of the width is shown in the symmetric plot of Fig. 4.
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the applicability of LEFM. For the current considered problem, the ice floe has a size
of 3/413.5L n nt A . For 1n  , when the ice thickness 0.14 mt  , this condition is
theoretically satisfied. Accordingly, for most floe sizes encountered in engineering
applications, the proposed criterion by Mulmule and Dempsey (2000) can be fulfilled.
Therefore, it is reasonable to assume the applicability of LEFM to the current problem.
 The applicability of LEFM also calls for a sufficiently large ligament size. In this paper,
we studied the radial crack propagation loads corresponding to varying crack lengths.
However, accurate theoretical formulations and numerical calculations are
implemented only up to a maximum crack size that is 80% of the floe size; i.e., the
ligament is always larger than 0.2L . For the crack propagation load to propagate a crack
beyond 0.8L , we simply adopt an extrapolation approach. Uncertainties and
inaccuracies reside in such an extrapolation. However, it will not impair the overall
accuracy of our analysis because radial crack propagation loads with crack lengths
larger than 0.8L are either too large or too small to have any sensible influence on our
classification of semi-infinite or finite size ice floes.
 In all classical fracture mechanics related analyses, there is always a pre-existing crack
(Anderson, 2005). In this radial crack propagation study, we assume the starting radial
crack length to be 0 /R L  ; i.e., for all floe sizes considered, the radial crack initiation
load can always propagate the radial crack to a distance of R (the boundary of the half-
circular loading area).
 We assume that the crack driving energy is always in balance with the crack resistance
energy; i.e., the radial crack always propagates in a stable manner. This is not true in
reality because crack in ice usually propagates in a uncontrolled manner (DeFranco and
Dempsey, 1994). However, assuming such a balanced state allows us to theoretically
study the relationship between the radial crack propagation load and the radial crack
length, i.e., how ,radial,1( )ZF  varies with different crack length  .
 It is assumed that there is only one radial crack; multi-crack propagation and
interactions are not considered in this paper. Moreover, this crack propagates in a self-
similar manner, as in Fig. 5.
 Possible crack closure effect within the radial crack is neglected. The crack closure
effect (or wedging effect, dome effect) has been mentioned and treated in previous
literature for an infinite ice floe (Bažant, 2002; Bažant and Kim, 1998a; Bažant and
Kim, 1998b; Kerr, 1976; Sodhi, 1995; Sodhi, 1996; Sodhi, 1997) and for a clamped
circular plate (Dempsey et al., 1995). The presence of the radial crack closure effect
would increase ,radial,1( )ZF  . However, for a finite size ice floe, it is reasonable to neglect
the crack closure effect because the in-plane confinement is supposed to be small.
3.2.1 Formulation of radial crack propagation problem
For a thin plate on an elastic foundation under an edge loading, as in Fig. 5, the driving force
behind the radial crack propagation is from the total moment created by the downward acting
(i.e., positive Z - direction) force ,radial,1ZF and the corresponding upward acting (i.e., negative
Z - direction) fluid reaction force. To solve this problem, we first focus on calculating the
corresponding energy release rate fG for a given crack length A . Irwin’s (1956) energy
approach is adopted to solve this Griffith like fracture. Considering the fluid base and the elastic
plate as one system, its potential energy  is defined in Eq. (26).
U T   (26)
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where U is the strain energy and the elastic foundation’s stored elastic energy and T is the
work done by the external force, i.e., the evenly distributed edge pressure with a magnitude of
2
,radial,1 / ( / 2)Z Zq F R . Assuming that for a given crack length A , Zq is a constant, we are in a ‘load
controlled’ scenario. Therefore, we can express T as Eq. (27).
( )
( ) ( , , )
i j
i i Z
x , y SS
T A w x , y x, y A q dxdy

  (27)
where the physical meaning of ( , , )i iw x,y x , y A is the same as that defined in Eq. (6), but a new
variable A (the radial crack’s physical length) is introduced into the solution. Following the
first row of Eq. (10) and Maxwell’s reciprocal law, we can also define
( )
( , ) ( , , )
i j
total i i
x , y S
w x, y A w x , y x, y A

  . Moreover, because we have assumed that it is a linear elastic
system (both the plate and elastic foundation), we can express U as Eq. (28).
1( ) ( ) ( , )
2 2
Z
total
S
q
U A T A w x, y A dxdy   (28)
For a square thin plate with a given radial crack length under an evenly distributed edge pressure
within a half circular area, we further define a corresponding average deflection 0 ( )w A under
the loading area as Eq. (29).
0
( , )
( )
total
S
w x, y A dxdy
w A
S


(29)
Using the definition in Eq. (29), Eqs. (27) and (28) can be rewritten as Eq. (30), which has a
more straightforward physical meaning (i.e., work=force displacement).
,radial,1 0
,radial,1 0
( ) ( )
1( ) ( )
2
Z
Z
T A F w A
U A F w A

 (30)
Accordingly, the potential energy can be calculated using Eq. (31).
,radial,1 0
1 ( )
2 Z
F w A   (31)
According to Irwin (1956), the energy release rate fG can be calculated with Eq. (32).
,radial,1 0 ( )1
2
Z
f
F dw AdG
t dA t dA
   (32)
Recalling the definition of the normalised deformation ( )W ,  in Eq. (13), the same
normalisation procedure as in Section 3.1.1 with /A L  can be utilised to simplify 0 ( )w A in
Eq. (29) to Eq. (33).
0
0 2
,radial,1
( )
( )
Z
w DW
F L
  (33)
Solving 0 ( )w  from Eq. (33) and inserting it into Eq. (32) leads to Eq. (34).
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Z Z
f
F L F LdW dWdG
tD d dA tD d
 
   (34)
Expressing the flexural rigidity D explicitly and utilising Eq. (16), Eq. (34) can be rearranged
as Eq. (35). A detailed derivation is made in Appendix B.
1 3 3/8
,radial,1 8 8
2 2
0
( ) ( )
108 1 ( )
Z
f
F k E tG
t dWn
d
 


  (35)
A similar expression for an infinite ice floe can be found in Bažant (1992a). Differently, the
derivation in Eq. (35) features a parameter n that has been introduced to reflect the effect of
finite floe sizes. Note that Bažant (1992a) normalised an infinite plate with the characteristic
length A . If we follow the same normalisation as Bažant (1992a), i.e., assigning our
normalisation length L  A leads to 1n  , Eq. (35) thus reduces to the derived Eq. [21] in Bažant
(1992a). This signifies the correctness of the above derivations.
To compare the results of radial crack initiation and propagation, Eq. (35) is rearranged
according to Eq. (24) into Eq. (36).
1 3 3/8
,radial,1 8 8
2 2
0
( ) ( )
108 1 ( )
fZ
ff
GF k E t
t dWn
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
  (36)
The RHS of Eq. (36) can be further separated into three different components as 3/80 1C C t . The
first component
1 3
8 8
0 2( ) ( )108 1
f
f
Gk EC    depends purely on ice material properties; the second
component 01
( )
1 /
dW
C n
d

 is a non-dimensionalised value that depends on the relative crack
size  and ice floe size /n L A . If the nominal strength of ice is defined as the LHS of Eq.
(36), the third component demonstrates that the radial crack resistance of a plate on a Winkler-
type elastic foundation is scaled by the ice thickness to a power of 3 / 8 . The task now is to
calculate the non-dimensional value of 1C . A similar numerical set-up is adopted and described
in the next section.
3.2.2 Numerical set-up to study radial crack propagation
To calculate 1C , a similar numerical set-up as in Fig. 4 is introduced in Fig. 6. In the new
numerical set-up, a ‘crack’ is introduced in the centre line (i.e., CL). Only the region with the
uncracked area (in yellow colour) is assigned symmetric boundary conditions, as in Eq. (25).
The ‘cracked’ region in the centre line is set free.
To accurately capture the loading area’s average deflection 0 ( )w A , a rather dense mesh has been
assigned within the loading area, as in Fig. 6. It is also expected that a rather large stress gradient
exists around the crack tip. Therefore, a dense mesh is also implemented around the crack tip.
However, the current numerical set-up is not a special-purpose scheme to calculate a fracture
mechanics problem. Special purpose programs are those specially designed to address cracks
and determine the Stress Intensity Factor (SIF) directly (Bažant and Planas, 1998). The
numerical set-up in Fig. 6 is purely an elasticity problem with different boundary conditions
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such that the term 1C can be numerically approximated from an energy point of view. Its
rigorousness and accuracy is tested in Section 4.2.1 in a benchmark study for which analytical
solutions are available.
A Python script has been implemented to construct the corresponding biased mesh with
different crack lengths  . All of the other geometries not shown are the same as those in Fig.
4. In terms of the material properties, loading magnitude and mesh size considerations, the same
inputs as those in Table A. 1 have been implemented. For each crack length i , we extract the
corresponding normalised average displacement 0 ( )iW  within the loading area according to Eq.
(33). With exaggeration, Fig. 6 illustrates two successive crack lengths and their corresponding
boundary conditions and loading area. Using a series of i and 0 ( )iW  values calculated by
FEM, ‘Richardson’s extrapolation (Yang et al. (2005), p. 211)’ has been implemented to
calculate the derivative of 0 ( ) /dW d  with an truncation error of 4( )O  .
Fig. 6 Numerical set-up to study radial crack propagation (note that the actual mesh in the calculation is much
denser and the step + is much smaller than those shown in the figure; the ice floe’s physical size in this figure
is 3A ).
4 Results
This section presents the results of radial crack initiation and propagation based on the
methodologies introduced in Section 3.
4.1 Results for radial crack initiation within a finite size ice floe
Based on the methodology described in Section 3.1, a square ice floe under an evenly
distributed edge pressure over a half circular area ( 0.05 , 0.1 , and 0.2R  A A A ) is calculated in
this section. The primary results are the RHS of Eq. (24). According to the numerical set-up in
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Fig. 4, we have calculated the normalised Mises stress 0( )M n ’s distribution within an ice floe
of varying size. As an intuitive example (i.e., with loading radius 0.2R  A ) showing an ice floe’s
boundary influences, Fig. 7 illustrates the comparative stress field with varying floe sizes. It
should be noted that the colour bar values in these nine subplots are not consistent. That is, the
same red colour in subplot ( 1n  ) does not have the same value in subplot ( 2n  ). The
normalised Mises stress colour spectrum should only be understood as comparative values
within each subplot in Fig. 7.
Fig. 7 Illustration of the distribution of the normalised Mises stress within ice floes of varying sizes with
0 .2R  A (note that a rainbow spectrum is utilised to illustrate the comparative stress values, with red and violet
corresponding to the maximum and minimum values; the Mises stress in the figure should only be understood as
comparative values within each subplot).
For the benchmark problem in Fig. 4b, the same stress distributions as in Fig. 7 were observed.
Moreover, based on Eq. (24), we calculated the normalised radial crack initiation load for
square ice floes of different sizes. For this purpose, a quantitative validation was made against
analytical solutions of Nevel (1965), as in Fig. 8. Nevel’s (1965) solutions are presented as
tabulated results6 in the paper’s APPENDIX A with a Poisson ratio equal to 1/3.
Following this rather satisfactory benchmark validation, the same procedures were
implemented for the numerical model in Fig. 4a. The normalised radial crack initiation load in
this loading scenario (i.e., within a half circular area) is presented in Fig. 9.
6 As an example, to make the results comparable, we have chosen 0.2  and 0.4v  in Figure. 4 of Nevel (1965)
according to its own notation (corresponding to 0.2R  A in Fig. 4b of the current paper). Based on the second
table in APPENDIX A, this leads to / 0.4639xM P  and, accordingly, 26 / ( ) 1/ 0.4639xP t  . This eventually
leads to 2/ ( ) 1 / 0.4639 / 6 0.3593f fP t   , as in Fig. 9 of the current paper (i.e., the red solid horizontal line).
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Fig. 8 Benchmark validation of the normalised radial crack initiation load for a square ice floe of varying size
under a rectangular edge loading area.
Fig. 9 Normalised radial crack initiation load for a square ice floe of varying size under half circular edge
loading.
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In addition to the normalised radial cracking load, the normalised deflection at point 0, 0  
is presented in Fig. 10.
Fig. 10 Normalised deflection at ( 0, 0   ) for a square ice floe of varying size under half circular edge
loading.
4.2 Results for crack propagation within a finite size ice floe
The basic non-dimensional formula to handle radial crack propagation within a finite size ice
floe was derived in Eq. (35). The key solution to this formula is 0 ( )1 / dWn
d

 . Before directly
presenting the results according to the numerical set-up in Section 3.2.2, we first present a
benchmark validation for the ice floe splitting problem in which analytical solutions are
available.
4.2.1 Benchmark test for the splitting crack propagation within a finite size ice floe
The fundamental theory to derive Eq. (32) in Section 3.2.1 is applicable to any other
loading/deformation scenario as long as the body under consideration is linear elastic. As a
benchmark test, we consider an in-plane splitting problem, as shown in Fig. 11a: a square ice
floe with an existing crack A being opened by a pair of splitting forces YF . The conjugate
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deformation to each of the splitting loads is denoted as 0 ( )u A . Following the same methodology
to derive Eq. (32), the splitting fracture problem in Fig. 11a can be derived as Eq. (37)7.
0 ( )1 2
2
Y
f
du AFdG
t dA t dA
   (37)
Here, it is convenient to introduce the non-dimensional compliance function given in Eq. (38) .
0 ( )( )
( / )Y
u A E
C A
F t
 (38)
Introducing /A L  and further considering the relationship in Eq. (39), Eq. (37) can be
transformed into Eq. (40).
I fK G E (39)
1 ( )Y
I
Fd dCK
t dA dLt


   (40)
Equating the Stress Intensity Factor (SIF) with the fracture toughness I IcK K , the critical
splitting load can be derived as Eq. (41) according to Eq. (40).
( )1 /Y
IC
F dC
dtK L

 (41)
Fig. 11 Splitting of an ice floe: a) problem formulation; b) numerical set-up.
Similarly, it is the derivative of the normalised compliance function ( ) /dC d  that should be
calculated in Eq. (41). As a benchmark test, we tested a similar numerical set-up for the radial
crack propagation as that in Fig. 6. This is illustrated in Fig. 11, in which we adopted the same
meshing style, same boundary conditions and same element type, except that the external
loading is changed from ZF in Fig. 5 to YF in Fig. 11b. Note here that instead of using a
concentrated load as in Fig. 11a, which poses certain numerical difficulties, we have evenly
7 Note here that the additional coefficient ‘2’ in the RHS of Eq. (37) is because there is a pair of YF contributing
to the potential energy through external work.
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distributed YF within an infinitesimally small area near the crack mouth, as in Fig. 11b. A
similar Python script is implemented to advance the crack tip during the calculation, as shown
in Fig. 11. Afterwards, a series of i and 0( )iu  is available. 0( )iu  is further non-dimensionalised
as ( )iC  according to Eq. (38). Eventually, the same ‘Richardson’s extrapolation (Yang et al.
(2005), p. 211)’ is employed to calculate the derivative of ( ) /dC d  . Accordingly, Eq. (41) is
solved.
The splitting process with varying relative crack length  , together with the stress
concentration, is illustrated in Fig. 12. Correspondingly, the normalised splitting load (i.e., LHS
of Eq. (41)) is compared with LEFM analytical solutions (Dempsey et al., 1994; Lu et al.,
(Accepted on November 12th 2014)) for the same problem in Fig. 13. Although an approximate
numerical scheme has been utilised, the same numerical set-up (except the external loading)
appears to reasonably capture the splitting crack’s propagation with its corresponding splitting
load.
Fig. 12 Concentration of the Mises stress at the crack tip with varying splitting crack length (note that the crack
opening displacement is exaggerated; the same rainbow spectrum as in Fig. 7 has been utilised; the Mises stress
in these plots should only be understood as comparative values).
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Fig. 13 Benchmark comparison of the current numerical scheme with the analytical solution.
4.2.2 Results for radial crack propagation within a finite size ice floe
Before presenting the quantitative results of 1C within Eq. (36), we took the loading radius
0.2R  A as an example and visualised the stress concentrations within a radially cracked ice
floe of varying size and crack length. Similar inputs as in Table A. 1 were utilised with the
numerical set-up in Fig. 6. The calculated Mises stress is illustrated for three groups of ice floe
sizes with different radial crack lengths in Fig. 14. These Mises stresses should only be
understood as comparative values that visualise the location of the maximum stress (stress
concentration).
In addition, based on the derivations in Section 3.2.1 and FEM calculation results, the
normalised average deformation 0( )W (as defined by Eq. (33) ) within the loading area is
illustrated in Fig. 15. Eight different floe sizes with varying crack lengths were calculated. A
huge difference in the vertical deformation was calculated for different floe sizes. Therefore,
the presented curves in Fig. 15 were scaled with constant numbers such that different curves
could be fitted in the same figure. It is, however, the trend (i.e., 0( ) /dW d  ) of these curve that is
most interesting.
Based on the calculated 0( )W versus  , ‘Richardson’s extrapolation (Yang et al. (2005), p. 211)’
is employed to calculate 0( ) /dW d  . Therefore, 1/201 ( )( )dWC n d


 within Eq. (36) is illustrated in Fig.
16. The results in are universal for the corresponding loading area S , as in Fig. 5. Additional
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parameters that relate geometric and material information can be included, together with the
results in Fig. 5, according to Eq. (36), such that the radial crack propagation load is calculated.
Fig. 14 Concentration of the Mises stress with different ice floe sizes and radial crack lengths (N.B., the same
rainbow spectrum as in Fig. 7 has been utilised; the Mises stress in these plots should be understood as
comparative values) (with 0.2R  A ).
Fig. 15 Scaled value of average normalised deformation 0( )W  within the loading area with varying ice floe sizes
and crack lengths ( 0.2R  A ).
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Fig. 16 1C for radial crack propagation with varying ice floe sizes (note that the Y axis is in logarithmic scale).
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4.3 Competition between radial crack initiation and propagation
The results of radial crack initiation and propagation have been presented separately in Sections
4.1 and 4.2. The main focus of this paper is to study the radial-crack-initiation-controlled
fracture of an ice floe. Therefore, these two separate loads have to be compared, and the
boundaries between Scenarios #1 and #2 in Fig. 2 should be quantified.
Formulae to calculate radial crack initiation and propagation were presented in the same format
in Eqs. (24) and (36). Moreover, the corresponding key unknowns were calculated and
presented in previous sections (i.e., 01/ M for the radial crack initiation problem, and 1C for the
radial crack propagation problem). Now, it is possible to quantify such competition and identify
radial-crack-initiation-controlled fracture. The criterion for radial-crack-initiation-controlled
fracture was presented in Eq. (4). Following the formula derivations in Sections 3.1.1 and 3.2.1,
we further define the following piecewise criterion in Eq. (42) to study the maximum radial
crack extension induced by a radial crack initiation load. For an arbitrary relative crack length
 in the range [ ,1]R/ L and for a varying floe size expressed by n , three different cases can be
expected, as shown in Eq. (42).
,radial,0 ,radial,1
max2 2
,radial,0 ,radial,1
max2 2
,radi
( ) ( , )
1 Radial crack initiation controlled fracture;
( ) ( , )
maximum radial crack length under radial crack initiation load;
Z Z
f f
Z Z
f f
Z
F n F n
t t
F n F n
t t
F
  
  
  
 
al,0 ,radial,1
max2 2
( ) ( , )
/ Radial crack initiation load cannot extend radial crack.Z
f f
n F n
R L
t t
  
   
(42)
Corresponding to Eq. (42), a conceptual illustration is made in Fig. 17 to further interpret the
relationship between these loads in different cases sequentially following Eq. (42).
Fig. 17 Conceptual illustration of three different cases comparing the radial crack initiation load and the radial
crack propagation load.
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Fig. 18 Maximum radial crack length induced by the radial crack initiation load.
In Eq. (42), the value of the normalised radial crack initiation load 2,radial,0 ( ) / ( )Z fF n t is
numerically calculated and presented in Fig. 9. For the value of the normalised radial crack
propagation load 2,radial ,1( , ) / ( )Z fF n t  , further calculations are needed to include material
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properties and ice thickness information. In addition, the value of 1C has only been formulated
and calculated within the crack length [ , 0 .8]R / L  . As an approximation, data
extrapolation has been implemented in Fig. 16 to ensure that all curves cover a range of
[ ,1]R / L .
The results calculated according to Eq. (42) are presented in Fig. 18. Notably, while calculating
2
,radial ,1( , ) / ( )Z fF n t  (defined in Eq. (36)), among all of the undetermined values, there exist
controversies regarding the exact value of the energy release rate (or fracture energy) fG for
sea ice. Also, the ice thickness t introduces significant variability in the calculated results of
2
,radial ,1( , ) / ( )Z fF n t  . Therefore, we present in Fig. 18 two groups of comparisons with two
different fG values, and the major variable (i.e., horizontal axis) is chosen to be the ice thickness.
Plots in the left column of Fig. 18 have taken 1N/mfG  according to laboratory experiments,
e.g., (Schulson and Duval, 2009); the right column in Fig. 18 features the fracture energy
15 N/mfG  according to field measurements (Adamson et al., 1995; Dempsey et al., 1999a;
Dempsey et al., 1999b). Other commonly encountered and accepted material properties are
listed in Table A. 1.
5 Discussions
Results for both radial crack initiation and propagation were presented in Section 4. A further
discussion of these calculated results is presented in this section. The focus is placed on how
the floe size influences radial crack initiation and propagation. Collectively, we attempt to
answer the question proposed in the beginning of this paper: “how small/large should an ice
floe be to be treated as a finite size/semi-infinite ice floe?”
5.1 Discussion about radial crack initiation within a finite size ice floe
Fig. 7 illustrates the distribution of the normalised Mises stress 0M (as defined in Eq. (23))
within an ice floe of varying size. It is obvious from these plots that when an ice floe is relatively
small (e.g., 7n  ), the stress distribution is influenced by its boundaries, whereas the stress
mainly concentrate in a small portion of a large ice floe (e.g., 8n  ).
The benchmark comparison with Nevel’s (1965) solution in Fig. 8 demonstrates that the
normalised radial crack initiation load decreases rapidly towards the solutions of a semi-infinite
plate when the floe size 4L  A . When a square floe’s size 9L  A , the solution for a finite ice
floe with free boundaries has already appeared to converge to the solution of a semi-infinite ice
floe. This signifies the correctness of the employed numerical model in Fig. 4b. Based on the
satisfactory validation, the numerical model in Fig. 4a was utilised to study our loading scenario
of interest (i.e., edge loading within a half circular area, as in Fig. 3). The calculated results
were illustrated, together with analytical solutions by Lubbad and Løset (2011), in Fig. 9. The
same trend as the radial crack initiation load converging to semi-infinite plate solutions was
also observed in Fig. 9. In practice, this implies that for a (nearly) square ice floe whose physical
size is more than 9 times its characteristic length A , it can be treated as a semi-infinite ice floe,
for which relevant solutions for radial crack initiation apply.
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Moreover, for all of the considered loading sizes ( 0.05 , 0.1 , and 0.2R  A A A ), it is interesting to note
in Fig. 9 that when 4L  A , the normalised radial crack initiation load is larger than that predicted
by the semi-infinite ice floe solution. This is considered to be due to the effect of the free
boundaries. For a small size ice floe, in addition to the energy needed to arouse sufficient
flexural deformation, another type of deformation (e.g., rigid body rotation) is also present
because of the free boundaries. This is further confirmed by the deflection study presented in
Fig. 10; i.e., a larger deflection is expected for smaller ice floes. Therefore, more energy, in
comparison with a semi-infinite ice floe, is needed to initiate the radial crack. In practice, this
means that using Nevel’s (1965) or Lubbad and Løset’s (2011) solutions for radial crack
initiation calculations is not always conservative.
With respected to the maximum deflection of an ice floe presented in Fig. 10, the size of the
loading area appears to have a relatively minor effect on the normalised deflection value.
Because large deflections are found for smaller ice floe, we further analysed the possibility of
flooding on top of an ice floe before the radial crack initiation. We introduced a known
coefficient 2( 0, 0) / ( )f Zc W D F    A , as plotted in Fig. 10. By assuming that a vertical load
,Z floodingF will lead to the flooding of an ice floe, the following relationship in Eq. (43) can be
established.
2 2
,
( 0, 0)( 0, 0)( ) floodingf
Z Z flooding
W DW Dc n
F F
      A A (43)
in which ( 0, 0) (1 / )flooding i wW t       is the freeboard of an ice floe. The normalised form of
,Z floodingF can therefore be expressed as Eq. (44).
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 
  
 A (44)
With typical material properties, as in Table A. 1, we calculated 2, / ( )Z flooding fF t and compared it
with the normalised radial crack initiation load in Fig. 19. The general trend shows that a smaller
and thinner ice floe needs a lower load to have a deflection larger than its freeboard. However,
based on elastic analysis, for the floe sizes and thicknesses of engineering application interests,
Fig. 19 shows that the critical radial crack initiation load was reached much earlier than any
flooding can occur. Because no flooding occurs before radial crack initiation, the adopted
Winkler elastic foundation theory is thus substantiated in the current elastic analysis.
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Fig. 19 Radial crack initiation load versus load that can introduce flooding on top of an ice floe.
5.2 Discussion about radial crack propagation within a finite size ice floe
For the problem of concern, based on Irwin’s (1956) energy release rate approach, the radial
cracking/ice splitting problem has been transformed into calculating the derivative of a non-
dimensional deformation/compliance function over the crack length (see Eqs. (36) and (41),
respectively).
In the benchmark test of the splitting of a square ice floe shown in Fig. 12, stress concentration
always occurs at the crack tip with varying crack length. Fig. 13 further quantified that the
normalised ice splitting load first increases with crack length. Afterwards, it reduces
dramatically with crack length to maintain a balance between crack driven force and resistance.
Most importantly, by comparison with analytical solutions, the favourable agreement in Fig. 13
corroborates the similar numerical set-up in Fig. 6 with which radial crack propagation is to be
studied.
For radial crack propagation, the comparative Mises stress’s visualisation shown in Fig. 14
(with 0.2R  A as an example) demonstrates that stress concentration does not always occur at
the radial crack tip. Depending on the floe size, for a small size ice floe (e.g., 1n  in Fig. 14),
stress appears to concentrate at the crack tip; however, for a large size ice floe (e.g., 8n  in Fig.
14), stress concentration tends to occur at the location where a circumferential crack is to be
developed. The latter case implies that further increasing the load ,radial,1ZF shall initiate a
circumferential crack instead of propagating the existing radial crack.
The above visual observation is further quantified in Fig. 15 by the average normalised
deflection under the loading area. To better interpret Fig. 15, by referring to the definition of
0( )W in Eq. (33), we assume that ,radial,1ZF is fixed in all simulations (though it does not necessarily
need to be a constant). Thus, the radial propagation in Fig. 15 is load controlled. For any crack
increment under the load controlled situation, an increase in deflection (i.e., 0( )dW  ) represents
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the energy available to propagate the corresponding radial crack. For a small size ice floe (e.g.,
3n  in Fig. 15), 0( )W is monotonically and rapidly increasing with radial crack extension. This
implies that sufficient energy is available to propagate the crack. In contrast, for a large size ice
floe (e.g., 5n  in Fig. 15), 0( )dW  obviously decreases with increasing radial crack length,
particularly after the radial crack is over 30% of the floe size. The energy available to propagate
the radial crack, under the load controlled scenario, thus decreases dramatically with radial
crack extension. In this situation, to further maintain sufficient energy to propagate the radial
crack, the load ,radial,1ZF should not be fixed and should instead be increased. However, ,radial,1ZF
cannot be increased arbitrarily. It is highly possible that ,radial,1ZF reaches the magnitude required
to initiate a circumferential crack (i.e., ,circum 0 ,radial,1Z , ZF F ), and therefore, the radial crack ceases
to propagate and gives way to circumferential crack formation.
Without including any material properties and thickness information, Fig. 16 presents, in a way,
the non-dimensional radial crack propagation load versus crack length for different size ice
floes. A similar trend to that discussed above is shown here. For a small size ice floe (e.g., 3n 
Fig. 16), less load is needed to propagate the radial crack. For a large size ice floe (e.g., 5n 
Fig. 16), similar to that discussed above, an increasing load is needed to propagate the radial
crack. Particularly, the curves with 7n  and 8n  were truncated at approximately
30% ~ 40%  in all of the subplots in Fig. 16. This is because the deflection curves, as in Fig.
15, flattened off for a large size ice floe and their numerical derivatives lost meaning by dividing
nearly zero values.
Furthermore, note that in Fig. 16, the Y axis is in logarithmic scale. This implies that the load
required to further propagate the radial crack increases exponentially. In view of this
exponential increasing trend, and considering the fact that the circumferential crack initiation
load (or breakthrough load) is only several times larger than the radial crack initiation load (see
empirical formulae presented in Eqs. (1) and (3)), it is reasonable to assume that the radial
propagation load will soon give way to circumferential crack initiation. This is also the main
reason that we conservatively categorised the out-of-plane bending failure of an ice floe into
Scenario #1, which is controlled by radial crack initiation (see Fig. 2a), and Scenario #2, which
is controlled by circumferential crack initiation (see Fig. 2b); i.e., radial-crack-propagation-
controlled fracture has been conservatively grouped into Scenario #2.
5.3 Discussion about radial-crack-initiation-controlled fracture
The calculated results in Fig. 18 show how long the radial crack can propagate once radial crack
initiation starts. Because of the piecewise equation defined in Eq. (42), these curves are not
smooth enough. Nevertheless, the left column of Fig. 18 shows that when 1 N/mfG  , for any
floe with size 3L A and with a thickness in most engineering application ranges (e.g., 0 .3 mt  ),
the radial crack initiation load is large enough to propagate the radial crack through the whole
floe body. In contrast, when 15N/mfG  , in the right column of Fig. 18, such size requirement
is 2L  A . In total, both columns in Fig. 18 demonstrate that when 2L  A , for the typical ice
material properties listed in Table A. 1, a nearly square shaped ice floe can fail at radial crack
initiation. Fig. 18 also shows that a larger loading area tends to propagate longer radial cracks.
However, such a difference is minor and would not influence the above general observation.
Collectively, we are therefore able to draw a conclusion that for a nearly square ice floe smaller
than 2A , it can be treated as a finite size floe whose failure is controlled by radial crack initiation;
otherwise, it can be conservatively treated as a semi-infinite ice floe.
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In practice, depending on the exact material properties and ice thickness, the same comparison
as in Fig. 18 can be utilised to quantify the optimum floe size in the downstream of ice
management. If fracturing of ice floes is unavoidable for the protected vessel downstream,
ensuring that most of the ice floes fail by radial-crack-initiation-controlled fracture can largely
reduce its overall ice load.
Note also that the characteristic length A is largely influenced by the ice thickness. Thicker ice
means that there are larger ice floes (recalling the empirical relationship 3 / 413 .5tA ) whose
failure is controlled by radial crack initiation. In practice, this means that during ice
management, it is possible to generate larger size ice floes downstream if thicker ice is
encountered. The detailed quantification could be made according to the comparison made in
Fig. 18. As a crude estimation without considering ice concentration and ice pressure, for
typical ice material properties, it is reasonable to say that if managing most ice floes with a size
3 / 42 27L t A , a much smaller ice breaking load can be expected for the protected structure. As
an example, for a 2-metre-thick ice floe, managing it into an ensemble of ice floes with sizes
less than 45 metres would be a mechanically preferred approach. According to the theoretical
analysis in this paper, these floes can fail at radial crack initiation. Such a floe size requirement
appears to be a reasonable estimation according to the ‘floe size versus ice thickness’ studies in
the relevant ice management literature (Hamilton et al., 2011; Keinonen, 2008; Keinonen et al.,
2007). In addition, corroboration can also be found in ice management practice. e.g., the ice
management tests reported by Keinonen et al. (2006) in relation to a coring operation in the
Central Polar Pack showed that two icebreakers (i.e., ODEN and Sovetskiy Soyuz) successfully
managed the 2-metre-thick ice into floes with an average size of approximately 10~20 m and
maximum floe sizes of 20~40 m; in the meantime, the protected vessel (i.e., Vidar Viking) was
also recorded to have successfully ‘split’ ice floes of approximately 30~40 m in diameter.
5.4 Discussion about the size effect in radial crack propagation
Another trend that can be observed, particularly from Fig. 18, is that the maximum radial crack
is inversely proportional to the ice thickness t ; i.e., longer radial crack extension is expected at
crack initiation for thicker ice. This is mainly because of Eq. (36), where the radial propagation
load 2,radial,1 / ( )Z fF t is scaled with 3 /8t  , while the value of 2,radial,0 /Z fF t is independent of the ice
thickness.
The same size effect was previously derived by Bažant (1992a; 1992b) while studying an
infinitely large ice floe’s fracture due to thermal effects or due to a concentrated load’s
penetration. Further interpretation of this peculiar 3 / 8 power scaling number was made by Li
and Bažant (1994). This is because, according to classical LEFM, the nominal strength (defined
as 2critical load / (characteristic length) (Bažant, 2005)) is scaled with 1/2(characteristic length) (e.g., in
Eq. (41), 2 1/2/YF L L ). Li and Bažant (1994) argued that ice thickness is a third dimension ( Z 
direction) for the radial crack propagation problem in Fig. 5, but it is formulated as a two-
dimensional problem in the x y plane. Therefore, the ice thickness t should not be viewed as
a characteristic length, and there is no violation of the classical scaling of
1/2norminal strength (characteristic length) .
It should be noted that there is a fundamental assumption behind the derivation of Eq. (35) in
this paper and its counterpart Eq. [21] in Bažant (1992a); i.e., the radial crack closure effect has
been neglected. After including the crack closure effect, Bažant (2002) managed to derive that
an infinite ice floe’s nominal strength corresponding to its breakthrough is proportional to
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1/2(ice thickness) , as in Eq. [18] of Bažant (2002). As opposed to the fracture mechanics approach,
Sodhi (1995; 1997) considered the crack closure effect by assuming ‘plastic hinges’ developed
within radial cracks, and the theory of plastic upper limit (Chen and Han, 1988) has been
employed to study the breakthrough of an ice cover. A thoughtful discussion regarding the scale
effect was presented by Dempsey et al. (2000) without a general agreement among the
participants. However, the inherent conflicts and criticisms within the crack closure effect do
not influence our current study. This is because we are interested in the fracture of a ‘finite’
size ice floe, and less confinement (closure effect) is expected within the considered radial crack.
Therefore, our derivation of Eq. (35) has a sound physically based assumption. Nevertheless,
further experimental validation is needed to ensure Eq. (35)’s correctness in practice.
5.5 Discussion of the methodology and its limitations
One major contribution of this paper is the adopted methodology, based on which we have
studied radial crack initiation and propagation within a finite size ice floe. Specifically, we have
derived non-dimensional Eqs. (24) and (35), based on which rather simple but effective
numerical set-ups were proposed and validated. The limitations of our quantitative comparisons
appeared to be limited to special cases, such as a square shaped ice floe with deterministic
loading radiuses 0.2 , 0.1 and 0.05R A A A . In addition, our quantitative conclusions seem to be further
confined by ‘typical ice material properties’, as in Table A. 1.
However, the derivations of Eqs. (24) and (35) are universal for arbitrary ice floe shapes. In
addition, the proposed and validated numerical set-up is applicable for an arbitrary symmetric
geometry under various types of symmetric loading; i.e., the proposed methodology can easily
be extended to other ice floe geometry and loading cases.
6 Conclusion
Out-of-plane failure of an ice floe has been studied extensively for decades. However, previous
studies are based primarily on a theoretical idealisation of treating the concerned ice floe as
either an infinite or semi-infinite thin plate on a Winkler-type elastic foundation. A literature
review shows that a knowledge gap exists in terms of the failure of a finite size ice floe.
Theoretically, the failure of a finite size ice floe is a more general scenario. Practically, a typical
ice field in the Arctic is far from continuous, and recent Arctic offshore structures are usually
supported by ice management. Therefore, the failure pattern, failure process and failure load of
a finite size ice floe interacting with a sloping structure is of practical importance. Based on a
detailed literature review relating to previous studies on out-of-plane failure of infinite and
semi-infinite ice floes, we conservatively categorised two different scenarios under which a
finite size ice floe would fail: Scenario #1: floes that fail at radial crack initiation, and Scenario
#2: floes that can be treated as semi-infinite ice floes.
To quantify the boundary between these two scenarios, a complete methodology was proposed
and presented sequentially in this paper. This methodology involves the non-dimensionalisation
of controlled PDEs and establishing simple but effective numerical models. Using the proposed
methodology, we studied radial crack initiation and propagation separately. The extracted radial
crack initiation and propagation loads were compared to determine our scenario of interest:
radial-crack-initiation-controlled fracture.
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Recalling the main objectives of this paper, based on our studies and calculated results, the
following conclusions can be drawn.
1) Regarding establishment of a verified methodology to study radial crack initiation and
propagation within a finite size ice floe:
 Non-dimensional Eq. (24), together with its numerical calculation set-up described in
Section 3.1.2, was validated against Nevel’s (1965) and Lubbad and Løset’s (2011)
solutions. Its main results, presented in Fig. 9, can be used to estimate the radial crack
initiation load for similar loading cases (i.e., a nearly square shaped ice floe and a
loading area with radius 0.2 , 0.1 and 0.05R  A A A ).
 Irwin’s (1956) energy approach was adopted to derive the radial crack propagation load,
as in Eq. (35), in a non-dimensional form together with its numerical calculation set-up
described in Section 3.2.2. As a benchmark test, a similar problem (i.e., in-plane
splitting of an ice floe) with the same energy-approach based derivation and with a
similar numerical set-up was validated against analytical solutions. The results verified
the correctness of Eq. (35) and its numerical set-up for studying radial crack
propagations.
 With two different particularly assumed loading scenarios (i.e., rectangular and half-
circular loading areas), we studied the physical size effect on radial crack initiation and
propagation loads. For a square ice floe with physical length 9L  A , its radial crack
initiation load has already converged to that of a semi-infinite ice plate solution (e.g.,
(Nevel, 1965) and (Lubbad and Løset, 2011)) . It was also found that during radial crack
propagation, stress concentration does not always occur at the radial crack tip. As an ice
floe’s physical size increases (e.g., 4L A), stress concentration starts to occur at the
location where a circumferential crack would initiate.
 For other more general floe geometry and loading conditions, the same non-dimensional
Eqs. (24) and (35), in combination with newly adapted numerical set-ups, can be
utilised to study radial crack initiation and propagation within a finite size ice floe.
2) Regarding the floe size requirement for radial-crack-initiation-controlled fracture:
 For typical ice material properties (e.g., those listed in Table A. 1), a square ice floe
with its physical length 2L  A tends to fail at radial crack initiation under an edge load.
 Considering that radial-crack-initiation-controlled fracture of an ice floe required less
effort (i.e., a smaller ice load exerted on a sloping structure) compared with continuous
circumferential crack formations, from a mechanically preferred point of view and
without considering floe concentration and its confinement, it is suggested to produce
ice floes of size 3/42 27L t A downstream of an ice management operation to reduce the
possible ice breaking load on the protected vessel.
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Appendix A Inputs for numerical calculations with FEM
For a particular problem applying FEM analysis, it is generally required to set up the exact
geometric size, material properties, boundary conditions and loading amplitudes. In the current
paper, we have derived non-dimensional formulae such that the intended FEM calculation
results are non-dimensional values independent of exact geometric size, material properties,
and loading amplitude. However, a numerical calculation requires numbers. Here, we present
the input numbers we have utilised in all of the FEM analyses.
Table A. 1 Inputs for FEM analysis of radial crack initiation (Fig. 4) and propagation (Fig. 6)
Input value Description
0.01t  We choose this value simply for numerical accuracy reasons (e.g., Hibbitt
et al. (2013) propose that accurate numerical results regarding thin plate
bending can be achieved with a plate thickness /15t  A ; for the chosen
value 0.01, this condition can be fulfilled several times better).
1025 9.81 10055.25wk g    This is the physical elastic foundation modulus.
95.5 10 PaE  , 0.3v  This leads to the flexural rigidity 503.663D  and 0.4731A according
to Eq. (6) and the definition of D in Eq. (6).
4K n According to Eqs. (16), this is the major input controlling the size of an
ice floe.
max min/5 /100l l   A maxl and minl represent the maximum and minimum mesh sizes in Fig.
4 and Fig. 6. After several numerical trials, the numerical results (i.e.,
maximum Mises stress) converge with the minimum mesh size minl ,
which is smaller than / 50A . Here, we choose an even smaller mesh size
that equals /100A to ensure the convergence, which is confirmed in both
Figs. 8 and 9.
1ZF  According to the middle term of Eq. (23), the load magnitude can be an
arbitrary value; we consistently choose 1ZF  in all numerical
calculations.
550 kPaf  Flexural strength of considered ice.
3920kg/mi  Ice density.
For the benchmark test in Fig. 11b, we have inputted the same material properties as in Table
A. 1. Because there is only one length scale L in the problem of Fig. 11, we have taken the
biased mesh as max min/5 /1000l l L   . In addition, according to Eq. (38), we have employed
1YF  as a numerical input, and this value allows for an easier calculation of the corresponding
( )C from the calculated 0( )u  .
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Appendix B Derivations of the size effect of a finite size ice floe’s
bending problem
The derivation of Eq. (35) is presented herein. Similar derivations can be found in the literature
for an infinite ice floe (Bažant, 1992a; Bažant, 1992b). For the finite size ice floe bending
problem, after normalising the controlling Partial Differential Equation (PDE in Eq. (6)) by its
physical length L and after a series of derivations in the paper, we arrive at Eq. (34), which is
repeated in Eq. (45).
2
,radial,1 0 ( )
2
Z
f
F L dW
G
tD d

 (45)
We can equivalently introduce the characteristic length A to normalise Eq. (45), as in Eq. (46).
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,radial,1 0 ( )
2
Z
f
F dW LG
tD d

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In Eq. (46), by replacing /L nA and explicitly expressing A according to Eq. (7), we can
obtain Eq. (47).
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Replacing 3 2/[12(1 )]D Et v  in Eq. (47), we can obtain Eq. (48).
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Rearranging Eq. (48) and solving for 2,radial,1 /ZF t , we can obtain Eq. (49).
1/ 2 1/8
, radial,1 3/8 1/ 2 3 /80
2 3/8 2
( )2 [ ] [ ]
12 (1 )
Z
f
F dWk EG n t
dt v


   (49)
Thus, Eq. (35) is derived.
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Abstract
Sloping structures have gained increasing interests in recent years due to their capability of
breaking the incoming level ice in a dominant bending failure mode. However, ‘level ice’ is a
theoretical simplification. A typical ice field in the Arctic is not continuous. Rather, it frequently
consists of discontinuous ice features, such as ridges, leads and ice floes of varying sizes, which
form a broken ice field. As Arctic exploration and exploitation advance into deeper waters,
floating structures are usually employed with support from ice management operations, i.e.,
these structures primarily operate in a broken ice field. Therefore, a general approach for the
evaluation of ice - sloping structure interactions, in which the floe size is considered to be a
major variable, is proposed in this paper. Two failure modes have been frequently observed
during floe ice - sloping structure interactions, i.e., the local out-of-plane flexural failure mode
and the global in-plane splitting failure mode. This paper investigates the two failure modes
and develops criteria for their occurrence. The present study assumes that the occurrence of one
failure mode alleviates/supresses the occurrence of the other failure mode. Based on theoretical
analyses the out-of-plane flexural failure mode can be categorised as: 1) direct rotation of a
small ice floe, 2) radial/circumferential cracking of a finite size ice floe, and 3) circumferential
crack formation within a semi-infinite ice floe. These categories together with the in-plane
failure mode make a total of four possible scenarios for floe ice failures.
The first contribution of this paper is the search for analytical closed-form solutions to evaluate
the occurrence of any of the aforementioned scenarios. Substantial efforts have focused on
deriving an analytical solution to the deformation of a finite size ice floe with free edges and
resting on a Winkler-type elastic foundation. This new solution was employed to attain a
conservative estimation of the critical force that causes the radial/circumferential cracking
failure scenario. Previously published analytical solutions were compiled to examine the critical
force that causes the remaining three failure scenarios, i.e., direct rotation, failure of a semi-
infinite ice floe and the splitting failure mode.
With analytical solutions to the critical force that causes the four failure scenarios available, it
is therefore at our disposal to quantify their competitions. Within the context of floe ice - sloping
structure interactions, it is found that for typical ice material properties, with a fracture energy
of 1 N/m, a global splitting crack can travel through nearly square-shaped ice floes which are
smaller than 70 m, 300 m, 1.1 km, and 2.5 km for ice thicknesses of 0.5, 1, 2 and 3 m,
respectively. In addition to ice material properties, floe size and ice thickness are important for
determining the salient failure mode. Therefore, a failure map is quantitatively constructed
according to these two variables. Generally, thicker ice has a higher tendency to fail in global
splitting failure mode for a given contact property, e.g., thicker ice features demand a
significantly larger floe size to maintain the local bending failure mode. Practically, these
analytical solutions can be easily implemented within a multi-body dynamic simulator to
examine the performance of sloping structures in an ice field covering a large temporal and
spatial scale.
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1 Introduction
When considering global ice actions on structures, three limiting mechanisms have to be
evaluated according to the code (API_RP2, 1995; ISO/FDIS/19906, 2010), including 1) limit
stress, which denotes the failure of an ice feature in various failure modes; 2) limit energy,
which characterises the kinetic energy of the ice feature; and 3) limit force, which describes the
environmental driving force of an ice feature. To obtain a ‘rational’ estimation of ice loads on
structures, these limiting mechanisms, in principal, should be evaluated separately and
collectively in combination with probabilistic theory. However, because of the often scarce
information and the varying nature of the detailed ice conditions and also to be conservative,
most engineering designs directly adopt the ‘limit stress’ criterion. Utilising this methodology
as a theoretical study of the fracture of an ice floe, this paper focuses on cases purely under the
‘limit stress’ scenarios. Further application of the developed theories with all three limiting
mechanisms will be studied in a separate paper with the support of a multi-body dynamics
simulator (Lubbad and Løset, 2011).
Within the ‘limit stress’ mechanism, many failure modes (e.g., crushing, bending, buckling,
shearing, spalling and splitting) exist depending on the characteristics of the considered ice
feature (e.g., ice thickness, floe size, concentrations and ice material strength), structural
characteristics (e.g., sloping, vertical, wide or narrow structures), and interaction details (e.g.,
aspect ratio, interaction rate and contact properties) (API_RP2, 1995; Hallam, 1986;
ISO/FDIS/19906, 2010; Løset et al., 2006; Michel, 1978; Palmer and Croasdale, 2013; Palmer
et al., 1983; Sanderson, 1988; Timco, 1987). Historically, it is the failure modes such as
crushing, spalling, bending, and buckling that are mostly studied. The reason is partly because
these failure modes usually produce higher ice loads compared with global splitting failure and
partly due to an implicit priori assumption of a ‘level ice’ condition, which rules out the splitting
failure modes. The term ‘level ice’ is frequently used to describe a large uniform ice floe, in
which global failure is less likely to occur during ice - sloping structure interactions. However,
a typical ice field in the Arctic is not continuous, it is typically composed of discontinuous
features such as ice ridges, leads and ice floes of various sizes (e.g., 10 m to 10 km according
to Leppäranta (2011)), which form a broken ice field. As Arctic exploration and exploitation
advance into deeper waters, floating Arctic offshore structures are usually preferred with
support from ‘ice management’ operations due to limitations in mooring lines or dynamic
positioning (DP) (Palmer and Croasdale, 2013). This is to say, for most of the time, these
structures are operating in a broken ice field with minimal confinement. Therefore, the failure
modes of an ice floe, which has a finite size with free boundaries, should be revisited.
Within the context of floe ice - sloping structure interactions, two dominant failure modes from
a new perspective are anticipated: the out-of-plane flexural-type failure of an ice floe and the
in-plane splitting failure of an ice floe. Based on field observations regarding icebreakers
transiting in a broken ice field, these two failure modes are frequently observed. A competing
mechanism between these two failure modes is hypothesised, i.e., the occurrence of one failure
mode supresses/alleviates the presence of the other failure mode.
The first contribution of this paper is the analytical evaluation of these two frequently observed
failures modes to theoretically establish the competing mechanisms. The analytical evaluation
is driven by the long-term implementation of the pertinent framework and derived formulas
into the multi-body dynamic simulator (Lubbad and Løset, 2011) to assess the performance of
a sloping structure that operates in a level/broken ice field covering a large spatial and temporal
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scale, e.g., an ice management operation may last for several hours on a spatial scale that
extends approximately several kilometres. Among these two frequently observed failure modes,
the in-plane splitting failure of an ice floe has been analytically studied in a previous paper (Lu
et al., (Accepted on November 12th 2014)). Out-of-plane flexural type failures, however, are
further complicated by floe size. Generally, three different failure scenarios can be identified—
Scenario #1: direct rotation of a small ice floe without fracture; Scenario #2:
radial/circumferential cracking of a finite size ice floe; and Scenario #3: circumferential
cracking forming within a semi-infinite ice floe. From numerical studies of radial crack
initiation and propagation within a square-shaped finite size ice floe, Lu et al. ((submitted in
July, 2014)) have conservatively identified the size border between Scenarios #2 and #3. As an
extension, this paper focuses on obtaining the corresponding analytical solutions of Scenario
#2 based on relevant studies.
With known analytical solutions for different failure scenarios, the second contribution of this
paper is the established framework, in which the competition among different failure scenarios
within a relatively ‘open’ ice condition was investigated. This analytical framework can help
us to construct a failure map to determine the corresponding failure patterns and failure loads
of an ice floe depending on the floe size, the ice thickness, the material strength, and the contact
properties.
To achieve the previously mentioned research goals, we have performed the following tasks: 1)
derivation and recommendation of analytical solutions for the out-of-plane flexural failure of a
finite size ice floe; 2) compilation of existing analytical solutions for the in-plane-splitting
failure of an ice floe, the direct rotation of a small ice floe and the out-of-plane failure of a semi-
infinite ice floe; 3) investigation of the competition between out-of-plane flexural failure and
in-plane splitting failure for varying floe sizes, ice thicknesses, and contact properties.
2 Problem description
2.1 ‘Local’ out-of-plane flexural failure and ‘global’ in-plane splitting
failures
In the context of a sloping structure interacting with a large ice floe, an ice floe fractures at
different scales. In the vicinity of the contact zone, a layer of ice fractures in crushing failure
mode. This fracturing process occurs in the order of the grain sizes (e.g., 3-15 mm). Afterwards,
proportional to the contact area, an increasing contact force is transferred to the ice floe. This
contact force leads to either a local failure mode or a global failure mode. Here, the terms ‘local’
and ‘global’ are used to emphasise the spatial variations in an ice floe’s fracturing process.
In this paper, ‘local failure’ is used to describe fracturing processes that occur within a distance
that is approximately 30 times the ice thickness (i.e., approximately two times the characteristic
length of a plate on an elastic foundation). The majority of the previously mentioned failure
modes (i.e., crushing, bending, buckling, shearing, and spalling) occur at this scale. Due to the
brittle nature of ice materials at a high loading rate, the traditional strength theory is usually
applied to these local failure modes. The considered ice feature fails instantly while the
maximum stress within an ice floe attains its material strength. From a fracture mechanics point
of view, these local failure modes are controlled by fracture initiation. For sloping structures in
this paper, we focus on local bending failure mode, which is considered to be a type of local
out-of-plane flexural failure.
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The ‘global failure’ of an ice floe is specifically utilised to describe the splitting failure mode
in this paper. The splitting failure mode is considered to be an in-plane Mode I fracture, which
has been explored in a separate paper (Lu et al., (Accepted on November 12th 2014)). The
splitting crack can easily travel an order of magnitude larger than the structural size (Bhat et al.,
1991). These large cracks are generally controlled by fracture propagation. A fracture
mechanics approach is required to calculate the driving force behind crack propagation (Bhat,
1988; Bhat et al., 1991; Dempsey et al., 1994).
2.2 Observations of two dominant failure modes
During floe ice - sloping structure interactions, both the local bending failure and global
splitting failure are frequently observed in physical model tests (refer to Fig. 1a) and in the field
(refer to Fig. 1b).
Fig. 1 Global splitting and local bending failure for a) a conical structure in the model ice tank, HSVA and b)
Oden in the Greenland Sea (September, 2012).
To model a level ice condition, physical model tests in an ice tank usually strive to supress the
splitting failure mode by either tempering the ice (i.e., mainly to scale the flexural strength of
the ice and partially to make the model ice easier to fail in local bending failure mode) or adding
confinement along the boundaries to suppress global splitting failure. When boundary
conditions permit, splitting failure occurs. Aerial photos of the interaction of Oden with finite
size ice floes (e.g., in Fig. 1b) highlights the frequent presence of global splitting failure during
a voyage into the Greenland Sea between eastern Greenland and Svalbard during the summer
(Lubbad et al., 2012; Lubbad et al., 2013).
Competition exists between continuous local bending failure and global splitting failure. This
competition is documented by a video camera system installed on the bow of the KV Svalbard
in a voyage to the Northern Greenland Sea in March (Lubbad, 2012). During this period of time,
first-year sea ice forms a relatively large and uniform ice field. The icebreaker primarily
travelled within a large ice floe with continuous local bending failure (refer to Fig. 2a). This
dominant flexural failure mode is featured by the initial contact with ice that is crushed and the
subsequent formation of cusp- and wedge-shaped ice blocks. When conditions permit (e.g.,
relatively small ice floe or an ice floe with minimal confinement), the global splitting failure
tends to overtake dominant local failure mode. The continuous local bending failures were
subsequently alleviated and the structure tended to travel within the ‘lead’ created by the global
splitting. The splitting failure was presumed to act as a load-releasing mechanism compared
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with continuous local failure. This notion is limited to a relatively ‘open’ ice condition, e.g., in
an ice field with a high ice concentration or ice pressure (Croasdale, 2012), the global ice
resistance is not expected to decrease even if the splitting of an ice floe occurs. In this paper, an
open and broken ice field with minimal confinement is considered.
Fig. 2 Continuous local bending failure and global splitting failure of the KV-Svalbard in the Northern
Greenland Sea (March, 2012).
2.3 Holistic model for floe ice - sloping structure interactions
As a sloping structure/icebreaker impacts with an ice floe, as shown in Fig. 3(1) to (2), a
complicated stress field forms within the contact area. From a global perspective, three different
force components can be isolated with the global coordinate system (refer to Fig. 3(3)): the
vertical force component ZF produces a potential out-of-plane flexural failure mode; a pair of
horizontal forces YF produce a potential in-plane splitting failure; and the in-plane force
component XF increases the compression within the ice floe. The actual failure patterns and
failure loads2 are jointly affected by these global force components and the local stress field.
As a simplification, we have decoupled these global force components and separately analysed
them in previous relevant publications (Lu et al., (Accepted on November 12th 2014); Lu et al.,
(submitted in July, 2014)).
In this paper, we focus on the force components ZF and YF , which are considered to be the
direct source for the dominant out-of-plane failure and in-plane failure, respectively. This paper
focuses on the search for their respective analytical solutions; their potential competition is
emphasised, as shown in Fig. 3(4).
2 The required force component’s magnitude, which produces the corresponding failure mode.
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Fig. 3 Simplified global contact force components and their subsequent failures.
If a sloping structure interacts with a relatively large ice floe (e.g., level ice), if an ice floe’s
lateral boundary confinement is significant, or if ice-structure contact produces a dominant
vertical force component, the ice floe’s dominant failure mode is expected to be the local out-
of-plane flexural-type failure, as shown in Fig. 4. On the other hand, for a relatively small ice
floe, a floe with limited/no lateral confinement, or the contact property that induces a
significantly large horizontal splitting force pair, the ice floe’s dominant failure mode is
expected to be in a splitting failure mode, as shown in Fig. 5.
Fig. 4 Dominant local out-of-plane flexural failure.
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Fig. 5 Dominant global in-plane splitting failure.
However, the local out-of-plane flexural failure is not as straightforward as illustrated in Fig. 4.
Depending on the floe size, Fig. 6 illustrates three out-of-plane flexural failure scenarios for a
nearly square-shaped ice floe.
Fig. 6 Conceptual plots of three out-of-plane flexural-type failure scenarios for a square-shaped ice floe.
According to Fig. 6a, a sufficiently small ice floe can be directly tilted by the vertical force ZF
prior to the occurrence of a significant fracture. Strictly speaking, this is not a material failure
mechanism. From the perspective of ice load calculations, once the floe rotation process enables
the inundation, the vertical force ZF ceases to increase (if no rubble accumulates beneath the
ice floe as assumed in this paper). For theoretical completeness, we consider this situation to be
one of the out-of-plane flexural failures. Relevant studies to this scenario have been conducted
under the terminology ‘ice rotating phase’ in several literatures dealing with ice and sloping
structure interactions (Lu et al., 2014; Lu et al., 2013; Lu et al., 2012b; Valanto, 2001).
As the floe size continues to increase and if the flexural-type failure is inevitable, the ice floe’s
failure patterns are significantly influenced by its free boundaries, as demonstrated by the
scenario in Fig. 6b for a square-shaped ice floe. Lu et al. ((submitted in July, 2014)) examined
a radial crack’s initiation and propagation within a square-shaped ice floe (see Fig. 7a). They
determined that the failure of a square-shaped ice floe is controlled by radial crack initiation if
its size L is less than two times its characteristic length, i.e., 2A (with A defined in Eq. (3)). In
this study, this finding for a square-shaped ice floe is extended to a rectangular ice floe with
arbitrary width-to-length ratios, i.e., wide and long ice floes shown in Fig. 7b and c. In both
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scenarios, either the width or the length of the considered floe is less than 2A and their
respective failure is highly influenced by their free boundaries. Wide ice floes with lengths less
than 2A and long ice floes with widths less than 2A are assumed to fail at radial crack initiations
and circumferential crack initiations, respectively. Analytical solution towards the out-of-plane
flexural failure of a finite size ice floe (i.e., with either length or width less than 2A ) are pursued
in this paper.
Fig. 7 Out-of-plane flexural failure of a finite size ice floe with a radial or circumferential crack.
As the floe size increases, i.e., both its width and length exceed 2A , it can be conservatively
classified as a semi-infinite ice floe (Lu et al., (submitted in July, 2014)). The failure of this ice
floe is featured by sequentially forming radial and circumferential cracks, as shown in Fig. 6c.
Its eventual failure is assumed to be controlled by circumferential crack initiation.
The structure and flowchart of this study are detailed in Fig. 8. For floe ice - sloping structure
interactions, two dominant failure modes are expected: the local out-of-plane flexural failure
and the global in-plane splitting failure. Depending on the major variables in this paper, i.e.,
floe size, ice thickness and contact property, four detailed failure scenarios are anticipated.
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Fig. 8 Structure and flowchart of the study.
To extend previous studies, we seek analytical solutions to the four failure scenarios in Fig. 8.
Available analytical solutions from previous studies, which are labelled with a sign in Fig.
8, comprise analytical solutions for the global splitting failure mode (Dempsey et al., 1993; Lu
et al., (Accepted on November 12th 2014)), for the circumferential crack formation within a
semi-infinite ice floe (Lubbad and Løset, 2011; Nevel, 1958; Nevel, 1961; Nevel, 1972), and
for the direct rigid rotation of a small ice floe (Lindseth, 2013; Lu et al., 2014; Lu et al., 2013).
Therefore, we concentrate on deriving relevant formulae to calculate the critical vertical force
ZF that produces the out-of-plane flexural failure of a finite size ice floe with a radial or
circumferential crack, as shown in Fig. 7.
3 Research methods and assumptions
The research rationale is straightforward. We decouple the four failure scenarios that are
illustrated in Fig. 8. The corresponding failure load ZF (for 3 different out-of-plane flexural
failures) and failure load YF (for the in-plane splitting failure mode) are separately analysed.
Depending on a simplified ice floe - structure contact relationship, ZF and YF are converted to
comparable values to determine which failure mode dominates for certain ice conditions (i.e.,
floe size, ice thickness, material strength and contact properties).
While studying the competition among the dominant failure modes, which are shown in Fig.
3(4), the following general assumptions are made:
 A relatively open broken ice field is assumed. Within this ice environment, the failure
of a single ice floe is explored in this paper. It is admitted that ice concentration and
floe-floe interactions generate different boundary conditions. However, we do not
further quantify these influences in this paper as they are addressed in a separate paper
with the support of a multi-body dynamic simulator (Lubbad and Løset, 2011) and the
general solutions obtained in this paper;
 Regarding the interaction depicted in Fig. 3, similar as in early literatures (Bhat, 1988;
Bhat et al., 1991), a conservative head-on contact scenario is assumed. However, the
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developed formulae can be applied to other general and eccentric contact scenarios by
superposing the effects from additional force components;
 Timokhov and Kheysin (1987) (as cited by Leppäranta (2011) on p. 30) pointed out that
sea ice floes are convex with a typical rectangular shape during winter and exhibit a
rounded shape during the summer. For theoretical simplicity, a rectangular geometric
shape is assumed for the ice floe in this study. With a varying width-to-length ratio of a
rectangular ice floe, the majority of the ice floes in nature are conservatively
approximated;
 The ice material is assumed to be homogeneous, isotropic and response elastically
without any creeping effect. The appropriateness of these assumptions has been
discussed in a separate paper (Lu et al., (submitted in July, 2014)). For such assumptions
to be valid, a fast loading rate is generally required. However, we further neglect any
dynamic response from the ice floe and the fluid beneath the ice floe. Although a static
approach has been applied to this problem, modifications can be made to the current
approach to involve the dynamic effects to certain extend (e.g., Some literatures (Lu et
al., 2012a; Lubbad et al., 2008; McKenna and Spencer, 1993) have employed an added
mass coefficient to account for the hydrodynamic effect from the fluid foundation);
 While exploring the competition between different failure scenarios, the dominant
failure mode is assumed to be the mode that contributes to the smallest ice load (i.e., the
smaller value of the comparable3 ZF and YF values) in Fig. 6;
 The contact property between the ice floe and the structure is highly idealised in this
paper. First, we neglect the complicated stress field within the loading area in Fig. 3(3).
Only the force components in the global coordinate direction are considered. Second,
the subsequent failure mode of an ice floe is assumed to be independently influenced by
these corresponding force component, i.e., these force components are decoupled. These
different force components (i.e., YF and ZF ) are related by a straightforward load ratio.
Contact force decomposition in different directions (i.e., X , Y , and Z ) is highly
dependent on the contact geometry, material and rate. Without using contact mechanics
to analyse the stress distribution within the contact zone for specific structure geometries,
we circumvent this problem by assuming a series of deterministic load ratios (i.e., XY ,
XZ , and YZ ) in different directions, as shown in Eq. (1).
;
;
;
Y
YX
X
X
XZ
Z
Y
YZ YX XZ
Z
F
F
F
F
F
F


  


 
(1)
The definitions of different force components are shown in Fig. 9.
These load ratios can be theoretically extracted for a given contact scenario based on
contact mechanics or a simple geometric overlapping analysis (Lubbad and Løset, 2011;
Su et al., 2010). However, this subject is beyond the scope of this paper. In the specific
case in which a vertical cylinder interacts with an ice floe, 0.5YX  has been adopted
by Bhat (1988) according to a study of ceramics. To derive the most conservative ice
3 Note here that these two force components are in different directions. By ‘comparable’, we mean that these two
forces should be projected in the same direction according to the ice-structure contact relationship introduced in
the following section.
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resistance XF based on the ‘no crack closure’ condition and a finite element analysis
(FEM), Bhat (1988) calculated the minimum value ,minYX , which is a variable of the
crack length. In a similar scenario, in which the ice floe’s inertia is not considered, Sodhi
et al. (1993) attained a value of 0.3YX  based on a FEM analysis. The load ratio YZ
represents the ratio of the loads that cause global splitting failure to the loads that cause
local bending failure. As a further simplification and for quantitative comparison
purpose, we select 0.5YZ  in most quantitative presentations. However, this specific
simplification does not violate the generality of the proposed theoretical framework.
Fig. 9 Illustration of the load ratio and different force components: a) the side view and b) the bird view.
We define in the following the symbols that are utilised throughout this paper:
For the structure (force components in dark colour in Fig. 9):
 Ice resistance XF : the total ice load in the opposite X direction in the global coordinate
system, as shown in Fig. 9;
 ZF : the ice load in the vertical direction.
For the ice floe (force components in red colour in Fig. 9):
 Ice floe’s flexural failure load ZF : the force required to initiate local bending failure
on the ice floe;
 Ice floe’s splitting failure load YF : appears as pair of force components acting in
opposite directions with equal magnitude.
3.1 Out-of-plane flexural failure of a finite size ice floe
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The main focus of this study, i.e., analytical solutions towards out-of-plane flexural failure of a
finite size ice floe (in Fig. 7), is introduced. In addition to the previous general assumptions, the
following assumptions are further made for this failure scenario:
 A finite size ice floe can be idealised as a thin plate on a Winkler-type elastic foundation.
To validate the thin plate theory, the characteristic length A of the plate should be more
than 10 times the plate thickness t , i.e., 10tA (Ventsel and Krauthammer, 2001).
Considering that the characteristic length of the sea ice A can be approximated as
3/ 413.5tA (Gold, 1971), we can obtain an approximate thickness range in which our
developed theory applies, i.e., 3.32 mt  . This thickness range covers first-year ice (i.e.,
30 cm 2 mt  ) and the majority of multi-year ice (Wadhams and Horne, 1980);
 The thin plate theory also establishes a lower bound requirement for the physical size
L of the considered ice floe, i.e., L  A . In a separate study (Lu et al., (submitted in July,
2014)), a conservative size border, i.e., 2L  A , has been drawn between the failure
scenarios of Fig. 6 b and c for a nearly square-shaped ice floe. This size border which
signifies substantial influence from an ice floe’s free boundaries, is extended to arbitrary
rectangular ice floes. For arbitrary rectangular ice floes, we primarily consider ice floes
with lengths/widths in the range of or 2L B A A (refer to Fig. 7b and c), i.e.,
approximately 3/4 3/413.5 or 27t L B t  , e.g., for a typical first-year ice floe with thickness
1 mt  , we consider a rectangular ice floe with its length or width in the range of 13–27
m;
 While considering the failure pattern of a finite size rectangular ice floe, as previously
introduced, a wide ice floe (Fig. 7b) is assumed to fail at radial crack initiation and a
long ice floe (Fig. 7c) is assumed to fail at circumferential crack initiation. This
assumption is a crude extension of previous numerical studies conducted on a square
ice floe (Lu et al., (submitted in July, 2014)). As shall be discussed in Section 3.1.1.3, a
conservative failure criterion is introduced for the failure patterns in Fig. 7. There
accordingly, even if some inaccuracies were involved regarding the herein assumed
potential failure patterns, the final results of the maximum force needed to fail a finite
ice floe shall not be jeopardised.
3.1.1 Analytical solutions of rectangular ice floe subjected to a concentrated force
3.1.1.1 Mathematical model
Consider a rectangular plate resting on a Winkler-type elastic foundation with a local coordinate
system, as shown in Fig. 10. Based on Kirchhoff’s plate bending theory, its formulation is
expressed in Eq. (2) as a Partial Differential Equation (PDE) (Nevel, 1965; Timoshenko et al.,
1959; Ventsel and Krauthammer, 2001).
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Fig. 10 A finite rectangular thin plate on a Winkler-type elastic foundation and the local coordinate system.
4
0 0( ) ( ) ( )ZD w kw F x - x y - y    (2)
where
( )w x, y is the lateral deflection of the plate in the z -direction;
3
212(1 )
EtD  
is the flexural rigidity of the plate;
E is Young’s modulus of the plate;
t is the thickness of the plate;
 is Poisson ratio;
4 4 4
4
4 2 2 4( ) 2x x y y
       
is the biharmonic operator;
k is the foundation modulus. For the fluid base wk g , where w
and g are the fluid density and the gravitational acceleration,
respectively;
( )x is a Dirac function.
There are two length scales in Eq. (2):, one is the physical length L of the rectangular ice floe
and the other is the characteristic length A as defined in Eq. (3).
4
D
k
A (3)
To highlight the influence from the physical length of an ice floe, the PDE in Eq. (2) is
normalised by introducing /x L  , 0 0 /x L  , /y L  , 0 0 /y L  and noting that
 ( ) ( ) /L L          . Eq. (2) is subsequently transformed into Eq. (4).
24
4
0 0( ) ( ) ( )Z
F LkLw w - -
D D
        (4)
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The new biharmonic operator is defined as
4 4 4
4
4 2 2 4( ) 2   
         . Introducing the concept
of the normalised foundation modulus 4 /K kL D and the normalised deflection
2( ) / ( )zW wD F L , the original formulation for a finite size rectangular thin plate on a Winkler-
type elastic foundation is transformed into Eq. (5)
4
0 0( ) ( ) ( )W KW - -        (5)
where 0 1  and 0    and  is the width-to-length ratio /B L  . Solutions for different
sizes of the rectangular plate can be obtained by varying the value of the normalised foundation
modulus K . The complexity of the solutions to Eq. (5) is highly dependent on the plate’s
boundary conditions. Traditionally, a semi-inverse approach is adopted to solve the above PDE,
i.e., a trial function that satisfies the boundary condition is inserted into Eq. (5) to simplify the
original PDE. For example, in 1820, Navier assumed a double trigonometric series to be the
solution to Eq. (5), in which the four boundaries of the rectangular plate are simply supported.
In 1900, Levy assumed a single series solution and transformed Eq. (5) into an Ordinary
Differential Equation (ODE), in which at least two opposite edges of a rectangular plate are
simply supported (Timoshenko et al., 1959). In the next section, a symplectic approach is
introduced to solve Eq. (5) with four free edges (i.e., zero moment and shear force distributions
along the boundaries of the plate). The normalisation procedure introduced above has been
proved efficient in implementing the algorithms.
3.1.1.2 A brief description of a symplectic approach towards analytical solutions
As an idealised mathematical model of a floating rectangular ice floe, the solution to a plate
resting on a Winkler-type elastic foundation with four free edges was pursued. This problem
has been analytically solved by a symplectic superposition approach (Li et al., 2013). The
symplectic methodology is a mathematical approach that has extensive applications in research
fields such as relativity, gravitation, and quantum mechanics (Lim and Xu, 2010). Its
application in elasticity was proposed in the early 1990s; it has substantially extended analytical
solutions within the field of classic mechanics (Yao et al., 2009; Zhong and Williams, 1993;
Zhong and Zhong, 1993). In this paper, a general three-step description of the analytical
derivations based on the symplectic method is briefly presented. For detailed derivations and
formulations, one is refer to the original work of Li et al. (2013).
Step 1: Formulation of the Hamilton canonical equation
Arbitrarily selecting the y (or  ) direction as the derivative direction of the basic argument and
based on the symplectic approach, Li et al. (2013) formulated the Hamilton canonical equations,
as shown in Eq. (6), for the basic plate bending problem on an elastic foundation, as shown in
Fig. 10 (equation (2.13) in the original paper).

  
Z HZ f (6)
where [ , , , ]TW V M  Z includes all major unknowns, such as the deflection W , the rotation
angle W 
  , the equivalent shear force
3 3 3
3 2 2[ (1 ) ]
W W WV D     
           and the moment
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is a 4 4 Hamiltonian operator matrix with several
tempting characteristics (e.g., summarised by Yao et al. (2009) on p.254). These favourable
characteristics were utilised in the following derivations (particularly for solving Eq. (8) and
deriving Eq. (10)). The components of H are
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where T0 0[0, 0, ( ) ( ), 0]       f and 0 0( ) ( )       represents the location of a
concentrated force, as shown in Eq. (5).
Step 2: Analytical solution to the base case problem
Using the basic Eq. (6), Li et al. (2013) solved a base case with boundary conditions, as shown
in Eq. (7) . Referring to the normalised coordinate system in Fig. 11a, the plate’s two edges
along 0  and 1  are slidingly clamped for the base case problem. The solution serves as a
preparation for further development of free-boundary solutions.
0,1
0,1
0 and 0W V 
 
   (7)
The method involves the separation of variables such as ( ) ( )  Z χ , which represents the
variation in major unknowns in the  direction and  direction, respectively. The solution
procedures are as follows: First, ( ) ( )  Z χ was inserted into the homogeneous equation

 
Z HZ to produce two separate equations, in which the eigenvalue in Eq. (8) is a major
concern.
( ) ( )  Hχ χ (8)
where  is the eigenvalue and ( )χ is the corresponding eigenvector4. After solving Eq. (8)’s
characteristic equation, and assigning the boundary condition in the base case (i.e., Eq. (7)),
( )χ can be explicitly solved, as shown in Eq. (9), as an ensample of trigonometric functions
with 1, 2,3,... ...,n N   (Note that the explicit solutions for each component are detailed in
equations (3.12) to (3.19) in Li et al. (2013)).
4 (4 4 ) 1 2 3 4 1 2 3 4( ) [ ( ), ( ), ( ), ( ), ... ..., ( ), ( ), ( ), ( ), ... ...]N n n n n          χ χ χ χ χ χ χ χ χ (9)
Second, ( ) ( )  Z χ was inserted into the inhomogeneous Eq. (6). Utilising Eq. (8) and the
approach ‘expansion by symplectic vectors ( )χ ’, the original PDE in Eq. (6) was transformed
into an ODE as shown in Eq. (10),
( )d
d


   M G (10)
4 It is also termed as a symplectic eigenvector, which satisfies the symplectic conjugacy and orthogonality (refer
to e.g., summarised by Yao et al. (2009) in p.254).
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where M is a (4 4 ) (4 4 )N N   diagonal matrix in which its elements are the eigenvalues i of
Eq. (8) and G is a (4 4 ) 1N  matrix with its components obtained by expanding f with the
symplectic vectors ( )χ as
1 1
T T
0 0
( ) ( ) ( )d d     χ Jχ G χ f , where 2
2
0
0
    
I
J
I
is the unit
symplectic matrix with 2I as a 2 2 unit matrix. The explicit solutions of G are presented in
equation (3.12) of Li et al. (2013). The solutions of ( ) in Eq. (10) are obtained, as shown in
Eq. (11) (Note that the explicit solutions for each component can be obtained from equation
(3.30) in Li et al. (2013)).
(4 4 ) 4 1 1 2 2 3 3 4 4
T
1 1 2 2 3 3 4 4
( ) [ ( , ), ( , ), ( , ), ( , ), ... ...,
( , ), ( , ), ( , ), ( , ), ... ...]
N
n n n n n n n n
c c c c
c c c c
    
   
      
    (11)
As no boundary conditions in the y (or  ) direction has been introduced in this derivation, a
series of unknowns (i.e., 1 2 3 4 1 2 3 4, , , , ... ..., , , , , ... ...n n n nc c c c c c c c ) within ( ) remain. If
known boundary conditions in the y (or  ) direction are introduced, ( ) can be solved and
the solution to the original problem in Eq. (6) can be obtained, as shown in Eq. (12).
1 1 2 2 3 3 4 4
1 1 2 2 3 3 4 4
1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
[ ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )]
N
n n n n n n n n
n
       
       

       
       
Z χ χ χ χ
χ χ χ χ (12)
Additional boundary conditions are introduced in the third step based on the concept of
superposition.
Step 3: Superposition of different boundary conditions towards the analytical solution
To obtain the analytical solutions for a rectangular plate with four edges free, the method of
superposition has been implemented in Li et al. (2013). Specifically, three sets of different
boundary conditions were solved and summed to yield the final free-edge solution shown in
Fig. 11.
While deriving analytical solutions for the boundary conditions (BCs) (1), (2) and (3) in Fig.
11, Li et al. (2013) considered the analytical solutions for the base case, as shown in Eqs. (9)
and (11), e.g., new boundary conditions along 0  and   , as shown in Fig. 11b, can be
employed to obtain unknown values within ( ) of Eq. (11) (i.e.,
1 2 3 4 1 2 3 4, , , , ... ..., , , , , ... ...n n n nc c c c c c c c ). Therefore, 1Z with fully slidingly clamped boundary
conditions is solved. Similar procedures can be applied to solve 2Z and 3Z , which correspond
to the solution of the BCs (2) and (3) in Fig. 11. However, note that the rotational angle
boundary conditions for BCs (2) and (3) in Fig. 11 are unknown. The rotational angle can be
expressed as a trigonometric series, as shown in Eq. (13).
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Fig. 11 Superposition of different boundary conditions.
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(13)
where /1n n  and /n n   . The obtained solution of the BCs (2) and (3) are functions with
the unknown variables 0 0 0 0, , , , , , , andn n n nE F G H E F G H . The solutions can be expressed as shown
in Eq. (14).
1 2 0 0 0 0 3 0 0 0 0( , , , , , , , ) ( , , , , , , , )n n n n n n n nE F G H E F G H E F G H E F G H  Z Z Z Z (14)
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As one of the solutions of Z , the deflection W can be extracted from Eq. (14), as shown in Eq.
(15).
1 2 0 0 0 0 3 0 0 0 0( , , , , , , , ) ( , , , , , , , )n n n n n n n nW W W E F G H E F G H W E F G H E F G H   (15)
The expressions of 1 2 3, , andW W W are given in equation (4.2), (4.4) and (4.6), respectively, in
Li et al. (2013). However, 4 4N unknowns (i.e., 0 0 0 0, , , , , , , andn n n nE F G H E F G H ) remain
within Eq. (15). These unknowns can be solved by enforcing the moment distributions along
all four boundaries equalling 0. The enforcing equations were obtained from equation (4.7) to
(4.14) in Li et al. (2013).
3.1.1.3 Implementation and validation
The previously described formulations have been implemented in a MATLAB script to
calculate the deflection W . The calculated results are compared with the relevant Finite
Element Method (FEM)-based simulation, as shown in Fig. 12.
Fig. 12 Validation of the symplectic approach based analytical solutions against the FEM simulations.
Fig. 12a illustrates the mesh pattern at the loading area in the numerical model. As a
concentrated load is numerically challenging, a distributed pressure within a small area (i.e.,
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the radius5 of the half-circular load area 0.01r  A ) is implemented. The same numerical model
employed in a separate paper (Lu et al., (submitted in July, 2014)) has been utilised in this paper.
Fig. 12b contains the analytical solution obtained based on the symplectic approach described
in the previous section. The contour plot represents the deflection of a 2 2A A floating ice floe.
We are particularly interested in two deflection curves: curve ‘1’ along 0  and curve ‘2’
along / 2  . Critical deflection/stress values on curve ‘1’ and curve ‘2’ represent the radial
crack initiation and the circumferential crack initiation, respectively. The favourable mutual
agreement between the numerical simulation and the analytical solutions in Fig. 12c and d
signifies the accuracy of the implementation.
3.1.2 An equivalent loading system and failure criteria
The derivations in Section 3.1.1 were dedicated to a concentrated force acting on an ice floe.
For the interaction between a sloping structure and a finite ice floe, a contact force smearing
within a loading area should be considered for the following reasons: 1) theoretically, a
concentrated load induces infinite stress beneath the loading point and 2) a smeared contact
pressure with a specific size is more representative while considering the floe ice-structure
contact. Therefore, the original problem in Fig. 13a is replaced with a statically equivalent
loading system, as shown in Fig. 13b. The same approach has been implemented in a previous
study (Lubbad and Løset, 2011) to obtain analytical solutions of the stress within a semi-infinite
ice floe.
Fig. 13 A statically equivalent loading system.
Despite this equivalent loading system, satisfactory stress calculations can only be obtained if
the floe sizes exceed 3A . Relatively large discrepancies regarding stress calculations by the
FEM and the symplectic approach are identified for a small ice floe. This large discrepancy is
considered due to the slow convergence rate in the stress calculations by this particular
symplectic approach. As noted by Li et al. (2013), stress calculation results converge much
slower than deflection calculation results. Recalling that our interested application range of floe
5 In previous relevant publications by the same author, another symbol R has been utilised for the radius of the
loading area. However, in the literature of Li et al. (2013), R has been employed for a different purpose. To
prevent confusion, this paper utilises r to represent the radius of the assumed half-circular loading area.
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size is approximately 2L A A , we abandon the stress criterion and resort to another
conservative failure criterion.
As the analytical approach in Section 3.1.1.2 can yield accurate deflection results, a
displacement-based criterion is adopted. We have selected the freeboard of an ice floe at point
( 0, / 2x y B  ) as the critical deflection, i.e., the radial or circumferential crack only begins
after the deflection at point ( 0, / 2x y B  ) attains the critical value (1 / )flood i ww t   , which is
induced by the critical vertical force _z radial / circumferential_crackingF . Note that this displacement-controlled
failure criterion is conservative for ice load calculations.
Considering the definition of the normalised displacement in Eq. (5), this failure criterion can
be characterised as in Eq. (16); thus, the critical force can be expressed as in Eq. (17) with W
calculated by Eq. (15).
2 2
_ _
(1 )flood i
wz radial / circumferential_cracking z radial / circumferential_cracking
w D DW t
F L F L

   (16)
where i is the ice density.
_ 2 (1 )
i
z radial / circumferential_cracking
w
DF t
WL

  (17)
The calculated _z radial / circumferential_crackingF shall be conservatively utilised for the failure patterns, as
shown in Fig. 7, for a rectangular ice floe with its length or width in the range of 2L A A or
2B A A .
3.2 Methodology and assumptions for the direct rotation of a small ice floe
After introducing the methods utilised to investigate the failure pattern, as shown in Fig. 7, we
need to obtain analytical solutions to describe the failure patterns, as shown in Fig. 6a and c.
This section presents methods that have been employed to characterise the failure pattern, as
shown in Fig. 6a, in which the expected floe size is L  A .
Consider a rectangular ice floe with width B and length L , as illustrated in Fig. 14. A
sufficiently small ice floe (i.e., L  A ) can simply be tilted with no significant material failure.
To obtain simplified analytical solutions to this type of failure mode based on previous studies,
additional assumptions are made as follows:
 It is assumed that the current problem can be described by the two-dimensional theory
of a finite beam on a Winkler-type elastic foundation (Hetényi, 1946);
 It has been assumed that the floe length L  A in this failure. According to the literature
(Hetényi, 1946, p. 46), if the length of a finite beam / (4 )L   , it can be treated as a
short beam and its deflection can be neglected. Recall the definition of  as in Eq. (18)
(Hetényi, 1946, p. 4), in which 3 /12I Bt . After some manipulations, considering the
expression for flexural rigidity D in Eq. (2) and the expression for A in Eq. (3), the
requirement for the short beam theory can be rewritten, as shown in Eq. (19).
4
4
Bk
EI
  (18)
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24/ (4 ) 4(1 ) 1.08
4
L v    A A (19)
where 0.3v  is assumed. Eq. (19) implies that the considered ice floe in Fig. 13a with
length L  A can be treated as a short beam with its flexural deflection neglected;
 To apply the short beam theory, the width B  A is assumed such that the deflection in
the width direction can be neglected and a two-dimensional treatment is applicable. For
the case in which B  A , the theory introduced in Section 3.1.1 is applicable with Eq.
(17);
 When the deflection at the loading end is below the waterline, the required rotation force
is assumed to decrease. Potential ventilation effect, which increases the rotating force
(Lu et al., 2014; Lu et al., 2013; Valanto, 2001), is not considered in this paper.
Fig. 14 Direct rotation of a small ice floe and its theoretical simplification.
Based on these assumptions and the selection of the freeboard (1 / )i w t  as the critical
deflection at the loading point, the maximum force that is required to rotate a small ice floe with
length L  A is expressed in Eq. (20). This formula is derived from Eq. (65) in the reference (Lu
et al., 2014) by changing the ‘critical rotation angle’ into the ‘freeboard divided by rotation
length’, in which the same short beam theory has been applied under similar assumptions.
_
1 (1 )
4 4
i
Z direct_rotation flood w w
w
tF w gBL gBL    (20)
3.3 Methodology and assumptions for failures of a semi-infinite ice floe
In terms the failure mode in Fig. 6c, extensive research has been conducted in history. A detailed
literature review has been performed in a separate paper (Lu et al., (submitted in July, 2014)).
As documented by (Kerr, 1976), the bearing capacity of a semi-infinite ice floe was tested by
Panfilov (1960) with varying loading areas. Panfilov (1960) proposed two empirical formulae
to calculate the upper and lower bounds of the bearing capacity of a semi-infinite ice floe. The
upper-bound empirical formula was recommended for icebreaker designs (Kerr, 1976).
Analytically, Nevel’s (1958; 1961) solutions regarding infinite wedge beam have been utilised
to calculate the local bending failure during level ice - sloping structure interactions (Kotras et
al., 1983; Lubbad and Løset, 2011; Milano, 1972; Nevel, 1992). However, a simplified version
that approximates the original formulation is employed in this paper, as shown in Eq. (21)
(according to equation (1) in Nevel (1972)).
2 3
_
2 tan( ) [1.05 2.0( ) 0.50( ) ]
6 2Z wedge_bending f
m r rF t
m
   A A (21)
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where m is the number of wedge beams produced within a semi-infinite ice floe while
circumferential crack forms. Note that the coefficient (2 / 6) tan( / (2 ))m m is a monotonically
decreasing function and converges to the value ( / 6) as m   . According to the description
of an out-of-plane flexural failure pattern of a semi-infinite ice floe (Kerr, 1976), m exhibits a
small value. To be conservative and consistent regarding the experimental description
according to Kerr (1976), 2m  is assumed in Eq. (21). Thus, Eq. (22) is obtained to
conveniently calculate the critical vertical force _Z wedge_bendingF to initiate circumferential cracks
in a semi-infinite ice floe, as shown in Fig. 15.
2 3
_
2 [1.05 2.0( ) 0.50( ) ]
3Z wedge_bending f
R RF t  A A (22)
Fig. 15 Failure of a semi-infinite ice floe by forming two independent wedge beams (after Kerr (1976)).
3.4 Methodology and assumptions for global splitting failure
The analytical framework for calculating the ice splitting load has been evaluated in a separate
paper (Lu et al., (Accepted on November 12th 2014)). A pre-existing cracked initiated by ‘radial
cracking’ has been assumed in this study. Various methods have been employed to study the
force required to propagate this pre-existing crack. A major conclusion from that study is that
Linear Elastic Fracture Mechanics (LEFM) is usually sufficient to describe the splitting failure
of an ice floe at engineering scales (i.e., approximately larger than 3 m). Therefore, the
analytical formula based on LEFM and the weight function method (Bueckner, 1970; Rice,
1972) is presented in Eq. (23) for subsequent comparisons.
( ) 1
( ,0)
Y
IC
F
HtK L

 (23)
The main symbols are illustrated in Fig. 16 and defined as follows:
( )YF  is the ice splitting load with the normalised crack length /A L  ;
A is the crack length;
t is the ice floe thickness;
ICK is the fracture toughness of sea ice;
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( , 0)H  is a weight function for the crack body with the splitting force acting at the
crack mouth.
Fig. 16 LEFM-based approach to calculate the global splitting failure of an ice floe.
4 Results and discussions
Analytical solutions for the four failure scenarios in Fig. 8 were introduced in the previous
sections, i.e., Eqs. (17), (20), (22), and (23) for radial/circumferential cracking of a finite size
ice floe, direct rotation of a small ice floe, circumferential crack formation in a semi-infinite ice
plate and global splitting failure of an ice floe, respectively. Now it is at our disposal to evaluate
the competition among these different failure scenarios. But before that, out-of-plane flexural
failures of rectangular ice floe in Fig. 7 are presented as follows.
4.1 Out-of-plane flexural failure of a finite size ice floe
Although four different failure scenarios’ analytical solutions were given in Section 3, the major
focused failure scenario of this paper is in Fig. 7. Assuming a conservative failure criterion, i.e.,
a displacement-controlled criterion, the deflection of a rectangular ice floe for different width-
to-length ratios is illustrated in Fig. 17.
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Fig. 17 a) deflections of long ice floes and b) deflections of wide plates.
Fig. 17 illustrates the comparison of the maximum normalised deflection between the numerical
results and the analytical solutions for long ice floes and wide ice floes, respectively.
Satisfactory agreement is achieved for a rectangular ice floe with various width-to-length ratios.
The calculated defection W in Fig. 17 can be inserted into Eq. (17) to obtain the critical vertical
force _z radial / circumferential_crackingF for the out-of-plane flexural failure of a finite rectangular ice floe.
The rectangular ice floes considered in Fig. 17 are floes with its width or length in the range of
A and 2A ; the other side varies with different width-to-length ratios. According to the
assumptions discussed in Section 3.1, long ice floes in Fig. 17a and wide ice floes in Fig. 17b
will fail at circumferential cracking and radial cracking, respectively. Note that this assumption
is approximate as neither crack initiation nor propagation has been substantially investigated
for arbitrary rectangular ice floes. While calculating the critical failure load _z radial / circumferential_crackingF ,
a conservative displacement-controlled criterion was adopted (refer to the discussion in Section
3.1.2). In a separate study (Lu et al., (submitted in July, 2014)), a comparative study of the
critical stress criterion and critical deflection criterion on a square shaped ice floe was
performed. Based on the stress criterion, radial crack initiation occurs prior to the occurrence
of the critical deflection. Similarly, for a beam-like ice floe (e.g., long ice floe in Fig. 17a),
previous studies of a beam on a Winkler-type elastic foundation also show that flexural failure
occurs much earlier than the inundation of the considered ice floe (Lubbad et al., 2008). In
summary, for both potential failure modes in Fig. 7, a displacement control failure criterion is
proposed and validated for various width-to-length ratios in Fig. 17.
Fig. 17 also shows that the results begin to converge to certain values for long/wide floes with
width-to-length ratios smaller/larger than certain values (e.g., 0.2  and 5  for long and
wide rectangular floes, respectively).
4.2 Floe size influences the local out-of-plane flexural failure of an ice floe
After verifying the symplectic approach, Eqs. (17), (20), and (22) can be utilised to
quantitatively illustrate the variation in critical vertical force with floe size for different failure
scenarios (refer to Fig. 6). Fig. 18 illustrates the normalised critical vertical force 2/ ( )Z fF t and
the corresponding failure scenario for a square ice floe with varying size from 1 m to 10 km.
Four curves are plotted in Fig. 18; each represents different ice thicknesses. Within each curve,
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three sections can be identified: 1) direct rotation of a small ice floe with L  A , 2) radial
cracking of a square ice floe with size 2L A A , and 3) failure of semi-infinite ice floes ( 2L  A )
with bending of infinite ice wedges. As an example, different sections were applied with
transparent colours for the case in which the ice thickness 0.5 mt  . As different failure criteria
have been assumed for these three failure scenarios, a nonsmooth transition is identified
between radial cracking for a finite size ice floe and infinite wedge bending for a semi-infinite
ice floe.
Fig. 18 Out-of-plane flexural failure of square ice floes of varying sizes and thicknesses.
Note that the plots in Fig. 18 only depict square ice floes. If similar plots are constructed for
nonsquare-shaped rectangular ice floes, the same relevant formulae can be utilised. However,
the failure pattern of a finite size rectangular floe may vary between radial or circumferential
cracking depending on the width-to-length ratio (refer to Fig. 7). Using the derived formulae,
Fig. 18 quantified critical vertical forces that correspond to different failure scenarios based on
two major variables, i.e., the floe size and the ice thickness. Noticeably, even a conservative
criterion has been assumed for the radial cracking of a square ice floe, the critical vertical force
( _z radial / circumferential_crackingF ) required to initiate failures in a finite size ice floe is still smaller than its
counterpart ( _Z wedge_bendingF ) needed to initiate failures in a semi-infinite ice floe.
4.3 Local out-of-plane flexural failure versus global in-plane splitting
failure
With the simplified contact properties assumed in Section 3 with Eq. (1), all developed
formulae to calculate different failure scenarios can be plotted in a single figure to quantify the
competition. This finding is demonstrated by Fig. 19 for square ice floes of varying size and
with a contact property 0.5YZ  .
- 27 -
As stated in Section 3, the failure mode is determined by the smaller critical vertical force.
Therefore, with all the floe size considered, the dominant failure mode that yields a smaller
failure load (i.e., normalised value of / ( )YZ ZF Lt or / ( )YF Lt ) can be identified.
Fig. 19 Competition between different failure modes for a square ice floe of varying sizes and thicknesses
( 0.5YZ  ).
As mentioned in Section 3.4, the ‘LEFM + weight function’ method is applicable for the
majority of field-scale engineering applications. Therefore, for the normalised ice splitting load
/ ( )YF Lt , this method has been employed for the comparison in this study. In Fig. 19, two solid
curves (with a slope 1:2) represent plots of the normalised ice splitting load versus floe size.
These two curves were calculated with different fracture energy inputs. The lower black solid
curve is calculated with the fracture energy 1 N/mfG  , which is based on laboratory tests (e.g.,
(Schulson and Duval, 2009)); and the upper blue solid curve is calculated with the fracture
energy 15 N/mfG  , which is based on field measurements (Dempsey et al., 1999).
Controversies regarding the fracture energy of sea ice exist. Advocates of these two values
criticise each other for using an inappropriately subsized test sample in the laboratory to obtain
1 N/mfG  or for using a loading rate that is too slow that creep effect was falsely introduced
within the large test sample to obtain 15 N/mfG  . Testing the validity of these two numbers is
beyond the scope of this paper due to scarce test data. However, in utilising the field test data,
Mulmule and Dempsey (1998,1999) have indeed accounted for the creeping effect (at least in
the bulk material) by applying the viscoelastic fictitious crack model. This model considers the
secondary creeping effect in the bulk material (not inside the Fracture Process Zone (FPZ)) by
a viscoelastic model. The fracture energy, which is back calculated by their algorithm based on
their test data, is anticipated to be minimally influenced by the creep effect of ice. From an
engineering application point of view, we present both results here and leave it to the reader’s
judgment to choose for their specific applications.
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In addition, the same four curves that represent out-of-plane flexural failures with different ice
thickness 0.5,1, 2, 3 mt  in Fig. 18 are plotted in Fig. 19 by multiplying the load ratio YZ for
comparison. To interpret Fig. 19, the intersections between the black solid curve ( 1 N/mfG  )
and the red dashed curve with 0.5 mt  are highlighted to show the dominant failure scenarios
over the considered floe size range (1 m–10 km). In addition, the intersection between the
splitting failure curves with the wedge bending curves of the semi-infinite ice floe indicate the
size requirement for an ice floe to be considered as level ice at the initial contact (i.e., dominated
by local bending failure). Using the black solid curve with 1 N/mfG  as an example,
intersections with the wedge bending failure curves occur at the floe sizes of 70 m, 300 m, 1.1
km, and 2.5 km for ice thickness 0.5,1, 2, and 3 mt  , respectively, i.e., a larger floe is required
for thicker ice to be considered as level ice.
Regarding the influences from the idealised contact properties, Fig. 19 demonstrated the
competition among different failure scenarios with the deterministic contact forces ratio
/ 0.5YZ Y ZF F   . If a different contact relationship is encountered, the corresponding curves in
Fig. 19 can be scaled up and down to reflect the influence of different contact force components,
e.g., for contact scenarios that produce a larger YZ , the floe size range for an in-plane global
splitting failure mode in Fig. 19 (in grey colour) is accordingly expanded.
In addition to the material properties (e.g., fracture energy), Fig. 19 shows that the dominant
failure mode is significantly influenced by floe size and ice thickness. These two parameters
are investigated here to create a failure map with typical material constants in Fig. 20.
First, the border _ ( )splitting bendingL t between the splitting failure of an ice floe and the circumferential
crack formation within a semi-infinite ice floe can be obtained from the equality _YZ Z bending YF F  .
By inserting relevant formulae from Eqs. (22) and (23) into this equality, _splitting bendingL can be
calculated by Eq. (24) and plotted, as shown by the black curves in Fig. 20.
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Assuming _ _YZ Z radial cracking YF F  and inserting relevant formulae from Eqs. (17) and (23), the
border _ ( )splitting crackingL t between the splitting failure and the radial/circumferential cracking of a
finite rectangular ice floe can be obtained as demonstrated by Eq. (25) and plotted as red curves
in Fig. 20. Note that the solution of _splitting crackingL is implicitly expressed in Eq. (25), for which a
numerical approach is necessary.
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In terms of the border between the direct rotation and radial/circumferential cracking of a finite
ice floe, a straightforward criterion, i.e., L  A for direct rotation and 2B A A or 2L A A for
radial/circumferential cracking, has been adopted to plot the purple curves in Fig. 20.
Fig. 20 entails an ice thickness range of 0.3–3.3 m and a floe size range of 1 m–10 km. A
deterministic contact property with 0.5YZ  and two fracture energy input values were
employed to create the failure map. For other contact properties and material properties, Eqs.
(24) and (25) can be employed for the same purpose. Fig. 20 is plotted at a logarithmic scale
and shows that a higher possibility exists for the in-plane global splitting failure mode as the
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ice thickness increases. This finding is understandable as the critical vertical force, which
produces an out-of-plane flexural failure increases with (thickness)2, i.e., 2t , where the ice
splitting force YF t . Thicker ice has a greater chance of failing in splitting failure mode.
Fig. 20 Failure maps of the interaction of a square ice floe with a sloping structure, where 0.5YZ  .
5 Conclusions
This paper examined the fractures of an ice floe on both global and local scales. The effect of
floe size on the salient failure modes and failure load is theoretically highlighted. Based on field
observations in a relatively ‘open’ ice condition, e.g., a broken ice field, different failure modes
of an ice floe were observed. Specifically, the global in-plane splitting failure and local out-of-
plane flexural failures are assumed to be the two primary failure modes within the context of
floe ice - sloping structure interactions. In addition, a competing mechanism exists between
these two primary failure modes, i.e., the occurrence of one failure mode alleviates/suppresses
the occurrence of the other failure mode. This competing mechanism is analytically quantified
in this paper by studying each possible failure scenario in a decoupled manner.
Specifically, three different local out-of-plane flexural failure scenarios have been theoretically
identified:
 Scenario #1: direct rotation of a small ice floe.
 Scenario #2: radial/circumferential cracking of a finite size ice floe, and
 Scenario #3: circumferential crack formation within a semi-infinite ice floe.
Within these three failure modes, the major focus of this paper is to tender a possible analytical
solution towards the second scenario, i.e., radial/circumferential cracking of a finite size ice
floe. This task is achieved based on the already available solution of a rectangular plate with
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free edges resting on a Winkler-type elastic foundation. This analytical solution is implemented
and validated with the current application (i.e., a finite size rectangular ice floe of varying
width-to-length ratios). As this method is limited in yielding satisfactory stress calculations for
ice floes within the interested floe size range, an alternative failure criterion, i.e., a
displacement-controlled failure criterion, is conservatively employed to deduce Eq. (17) for
calculating the critical vertical force under which a finite size ice floe fails at
radial/circumferential cracking. Based on previous studies, Eqs. (20) and (22) were proposed
for failure Scenarios # 1 and # 3. With these analytical formulae, the critical vertical force that
produces different types of out-of-plane flexural failures of an ice floe, which encompass a large
floe size range (i.e., from 1 m to 10 km), can be calculated. Specifically, the following
conclusions for a rectangular ice floe can be formed:
 The direct rotation of an ice floe is anticipated if 3/4floe size 13.5(ice thickness) . This size
border6 is established mainly for the reason that thin plate theory is not valid within this
size range;
 Radial or circumferential cracking of a finite size rectangular ice floe is expected if the
floe length or width falls in the range of 3/ 4 3/ 4(13.5(ice thickness) ~ 27(ice thickness) ) . A
conservative calculation of the relevant critical vertical force can be obtained with Eq.
(17);
 Ice floes with both its length and width larger than 3/427(ice thickness) can be considered
as a semi-infinite ice floe; their failure is featured by sequentially forming radial and
circumferential cracks. Nevel’s (1971) approximate solutions were utilised in this paper;
they demonstrate that this failure mode leads to the largest critical vertical force among
the previously mentioned out-of-plane flexural failure scenarios.
Afterwards, the known solution (i.e., Eq. (23)) regarding the splitting failure of an ice floe is
incorporated into the comparison based on a highly idealised contact relationship. The
competition between the out-of-plane failure and the in-plane failure is examined for a large
range of floe sizes (i.e., from 1 m to 10 km). This competition reveals when the global splitting
failure yields to the local bending failure at the initial contact; it reveals how large an ice floe
must be to be considered as level ice. Based on a quantified competition with a fracture energy
of 1 N/m and an idealised contact relationship7 (i.e., 0.5YZ  ), the size of an ice floe has to
exceed 70 m, 300 m, 1.1 km, and 2.5 km for ice thicknesses of 0.5, 1, 2, and 3 m , respectively, to
be considered as level ice at the initial contact with the sloping structure. Floes less than these
sizes with the corresponding thicknesses will fail with global splitting cracks.
In addition to the material properties, two major geometrical inputs (i.e., floe size and ice
thickness) serve an important role within this quantified competition. Using typical material
properties, a failure map was plotted for an ice floe with varying floe size and ice thickness.
The general trend indicates that thicker ice has a greater chance of failure in global splitting
failure mode. Detailed quantifications can be achieved with the formulae developed and
proposed in this paper.
6 In order to obtain a more sensible understanding, 3/413.5(ice thickness) is utilised herein to approximate the
characteristic length A for a floating ice floe according to Gold (1971). However, a detailed formulation of the
characteristic length of A is given in Eq. (3).
7 Please refer to Eq. (1) and Fig. 9 for the physical meaning of the symbol 0.5YZ  .
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Interaction mechanism
Wide sloping structures havemany applications in ice-infestedwaters because of their ability to fail the incoming
ice in a bending failure mode. However, the poor ice clearing ability of such structures could lead to ice rubble
accumulation in front of the structure, which subsequently alters the interaction mechanism. In this paper, the
mechanism of level ice interacting with wide downward sloping structures was explored through a theoretical
model and a series of physical model tests. Emphasis has been placed on the effects of the rubble accumulation.
Based on the observations and previous theoretical ice load calculationmodels, a new theoreticalmodel that cou-
ples the rubble accumulation's effects with all of the other interaction processes was proposed in this paper. In
addition, this model enables us to effectively construct the ice load's spatial and temporal variationswith respect
to level ice interacting with downward wide sloping structures. Afterward, the theoretical model was validated
by two sets of physical model tests. One of the physical model tests featured a tactile sensor that was installed on
a slopingplate,whichwas pushed through themodel level ice. The ice load's spatial and temporal variationswere
measured and compared to the theoretical predictions. Another physical model test set-up was a wide sloping
structure thatwas equippedwith load cells tomeasure the global ice load. Based on both the experimental results
and theoretical model, it was concluded that the rubble accumulation in front of the sloping structure introduces
additional pressure on both the incoming ice sheet and the structure itself; this pressure greatly inﬂuences the
intact level ice's failing mechanism and consequently the ice load. Furthermore, the common results from both
the experimental measurements and theoretical model elucidate several important aspects of the interaction
mechanisms. For instance, themaximum ice load is detected slightly below thewaterlinewithin the undeformed
level ice's thickness region; the ice rotating process together with the rubble effects further transmit the ice load
downward to a distance ofmore than three times the ice thickness; and the rubble effects togetherwith possible
secondary ice breakings during the ice rotating process were theoretically demonstrated to reduce the eventual
ice breaking length.
© 2014 Elsevier B.V. All rights reserved.
1. Introduction
Wide sloping structures have many applications in ice-infested
waters. Compared to narrow structures, this rather intuitive word
‘wide’ reﬂects many different mechanisms that occur during the
level ice and sloping structure interactions. Some examplemechanisms
are a circumferential crack before radial cracks (Løset et al., 2006), rub-
ble accumulation, and scaling effects (Sanderson, 1988). Based on the
waterline diameter, Timco et al. (2000) set an order of 100 m and 10
m to separate the wide structures from the narrow structures, respec-
tively, whereas Yue et al. (2007) refer to a narrow cone as a structure
without rubble accumulation. However, insufﬁcient data are available
for a precise structure classiﬁcation (Løset et al., 2006). In the current
paper, the term ‘wide structure’ is used to highlight the rubble-
accumulation effects. In addition, the sloping surface of the structure
can be conical, multifaceted, or ﬂat (ISO/FDIS/19906, 2010), and the
structure can have either downward or upward sloping surfaces. As
fundamental research to investigate the rubble accumulation's effect
on the overall interaction mechanism, the current study is simply con-
ﬁned to a ﬁxed two-dimensional wide structure with downward, ﬂat
sloping surfaces.
In the development of theoretical models regarding the interaction
between level ice and a sloping structure, it has long been recognised
that the ice load comprises at least two components, namely, the ice-
breaking component and the ice ride-up/down component (termed as
rubble accumulation in this paper) (Ralston, 1981). The maximum load
that a sloping structure encounters could even be due to the rubble-
accumulation part rather than the ice breaking part (Määttänen and
Hoikkanen, 1990; Paavilainen and Tuhkuri, 2013). Because of the rela-
tively limited clearing capability of awide sloping structure, the presence
of rubble greatly inﬂuences the entire interaction mechanism. However,
in the current ISO standard (ISO/FDIS/19906, 2010), such an inﬂuence is
merely mentioned, whereas the recommended principal methods
(Croasdale and Cammaert, 1994; Ralston, 1980) treat the rubble accu-
mulation load and ice breaking load separately without explicitly
Cold Regions Science and Technology 101 (2014) 40–72
⁎ Corresponding author.
E-mail address: wenjun.lu@ntnu.no (W. Lu).
0165-232X/$ – see front matter © 2014 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.coldregions.2014.01.007
Contents lists available at ScienceDirect
Cold Regions Science and Technology
j ourna l homepage: www.e lsev ie r .com/ locate /co ld reg ions
accounting for their possible coupling in the bending failure. To account
for the fact that the piled rubble rests on both the sloping structure and
intact incoming ice, Määttänen and Hoikkanen (1990) introduced addi-
tional rubble pressure in their elastic-foundation beam formulation,
which was solved with the ﬁnite element method (FEM). Mayne
(2007) derived analytical formulas to consider the rubble pressure's in-
ﬂuence on the ice breaking process for two basic cases, namely, the
triangle-shaped rubble pressure distribution and the uniform rubble
pressure distribution. The presence of rubble alters the location of the
maximum bending moment and thus changes the ice breaking load
and ice breaking length. Most of these efforts have been dedicated to
identifying the maximum ice load that the relevant structure would
encounter.
From a different approach, sophisticated numerical theories and
tools have been developed to study the interaction in a proceduralman-
ner. These tools include the combined ﬁnite element and discrete ele-
ment method (DEM) (Paavilainen et al., 2009), the cohesive element
method (CEM) (Gürtner et al., 2008; Lu et al., 2012a), continuum dam-
age mechanic (CDM) basedmethod (Kolari et al., 2009), etc. In contrast
to the abovementioned theoretical methods, these numerical methods
allow the progressive failure of the ice to be simulated. Themajor inter-
action processes are simulatedwith the ice loadhistory calculated in the
time domain. The rubble accumulation and its effects become a natural
output from the simulations. In these simulations, different processes
are typically difﬁcult to quantify separately. Furthermore, these tools
are computationally exhaustive compared to simpliﬁed theoretical
models.
In parallel to studying the interaction mechanismwith the presence
of rubble accumulation, the current paper also seeks to tender a theoret-
ical model that is situated between the above two approaches (i.e., the
conventional theoretical models that focus on the single design ice
load and the sophisticated numericalmethods that simulate the process
as a whole to account for the ice load history). This theoretical model
is capable of predicting both the spatial and temporal variation of
the ice load in a two-dimensional setting. It is also efﬁcient because of
its theoretical simpliﬁcations. However, the interaction between
the level ice and sloping structures is rather complicated because of
the presence of rubble accumulation. Different assumptions and formu-
las are applicable only at certain interaction stages. For example,
Croasdale (2012) identiﬁed three different stages and proposed differ-
ent ice load prediction formulas for different interaction scenarios.
Thus, one of the goals for the current paper is to adapt the new theoret-
ical model to different interaction stages that has been observed in the
physical model tests.
The current paper is composed of three major parts. In the ﬁrst part,
the theoretical model is proposed and derived in detail. In the second
part, physical model studies to validate this theoretical model are intro-
duced and the results are compared to the theoretical predictions. Final-
ly, in the third part, the important ﬁndings based on both the theoretical
model and physical model are discussed and conclusions are drawn.
2. A theoretical model for level ice interacting with wide sloping structures
The developed theoretical model is presented in this section. First, the interactionmechanism is developed based on previous knowledge and ob-
servations. Then, the derivation of the theoretical model within each of the interaction processes is described. Lastly, how different interaction pro-
cesses are linked to construct the ice load's spatial and temporal variations are elucidated.
2.1. The interaction mechanism
Frederking and Timco (1985) discerned three different ice load components for level ice interacting with sloping structures (i.e., breaking, rotat-
ing, and sliding) and proposed formulas to calculate them. These components were conservatively added up to obtain themaximum design ice load.
With respect to the interaction process, Croasdale (2011, 2012) identiﬁed three stages. In the ﬁrst two stages, the incoming level ice fails against
the sloping structure, and in the third stage, the incoming ice fails against the accumulated ice rubble. The ISO 19906 (2010) recommended formulas
(Croasdale and Cammaert, 1994) are valid only for the ﬁrst two stages. The third stage is analogous to the ridge building process; and the ice load on
the structure can be calculatedwith the recommended ridging load (Croasdale, 2009; Palmer and Croasdale, 2013). Based on the physical model test
observations, the above mentioned two different cases (i.e., incoming ice, case 1: fails against the inclined structure; and case 2: fails against the ac-
cumulated rubble) are included in the current theoretical model. However, the possibility of grounding the accumulated ice rubble is excluded from
the initial assumption.
With similar deﬁnitions for the above-mentioned load components and interaction processes, and in analogy to the research on ship and level ice
interactions (Kotras, 1983; Lindqvist, 1989; Valanto, 2001), in the current paper, the interaction processes are categorised into the ice breaking pro-
cess (i.e., the process in which the intact level ice breaks in bending failure mode), ice rotating process (i.e., the already-broken ice block is further
rotated until it becomes parallel to the sloping surface), and rubble accumulation process (i.e., instead of being cleared, part of the ice rubble accu-
mulates in front of the structure, leading to an additional ice load).
Based on the ice basin and ﬁeld1 observations and the above classiﬁcation, the interaction process can be simpliﬁed, as shown in Fig. 1. The inter-
action sequence is assumed to be the following: ➊, ➋, ➌ and ➍, as shown in an anticlockwise sequence in Fig. 1.
The incoming level ice ﬁrst failed against the sloping structure in a bending failure mode under the inﬂuence of rubble pressure (i.e., buoyancy)
from beneath, as shown in Fig. 1➊.
Then, in the ice rotating process, the ice started to be gradually rotated downwards. The recorded ice load slides down along the sloping plate. This
process is illustrated in Fig. 1➋. Note here that the rotating ice block is ‘jumping’ out of the water during the rotating process. This phenomenon has
been observed both in the current physical model test (see the left ﬁgure in Fig. 2) and in the ﬁeld (see the right ﬁgure in Fig. 2). A similar ﬁeld ob-
servation has also been stated by Valanto (2001).
Previous studies have noted that elastic-foundation beam or plate theory tends to over-predict the ice breaking length than the lengths that have
actually been observed (Michel, 1978). Some investigators attribute the shorter ice breaking length to a dynamic effect (Lubbad et al., 2008), and
others propose that other failure modes play a role, such as shearing failure with thicker ice (Lau et al., 1999; Määttänen et al., 1996). In the current
paper, another possibility is introduced: the rubble pressure inﬂuence and possible secondary breaking of an ice block in the ice rotating phase, as
shown in Fig. 1➌. First, aswill be shown later, the presence of rubble accumulationwould lead to a shorter ice breaking length. Moreover, depending
1 Mainly based on observations on the icebreaker ODEN, which has a rather ﬂat downward sloping bow (with a 31 m beam width) interacting with ice at a rather low speed (e.g.,
1–2 knots).
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on the length of the rotating ice block, the amount of rubble accumulation, and the ventilation phenomena (Lu et al., 2012b), a secondary ice breaking
phenomenon can be expected theoretically. Such secondary ice breaking during the ice rotating phase has been observed by Timco (1984) during
model tests with an upward sloping plate. It is difﬁcult to observe such phenomena in the current test set-up with the downward sloping plate
which has a rather limited size. However, as shown in Fig. 3, the secondary ice breakings are frequently observed when the icebreaker ODEN transits
in level ice. Furthermore, with the same algorithm for ice rotating process, it has been shown by Lu et al. (2013a) that there is a high possibility for
such phenomena to occur under the inﬂuence of rather high rubble pressure for typical ice properties.
As more ice rubble accumulates in front of the structure, the ice fails onto the rubble instead of onto the sloping structure. This phenomenon is
shown in Fig. 1➍. This processwas referred to as a ‘rubbling’ failuremode by Croasdale (2011), and it was categorised in the third stage of interaction
based on Croasdale (2012). Croasdale further discerned three different cases with respect to the rubbling failure mode (i.e., footing failure, ride up,
and ride down). In the current test set-up, however, only the ride-up failure mode was observed (i.e., the incoming level ice fails against the accu-
mulated rubble by bending and is further pushed upward, as shown in Fig. 1➍). Such an observation is illustrated in Fig. 4.
By assuming that the ice fails in bending against the rubble with a random rubble sloping angle, Kry (1980) derived a formula to calculate the ice
load during rubble formation as a fraction of the ice load required to buckle or crush an incoming ice beam. However, during the current test set-up,
Fig. 2. The observed rotating ice ﬂoes are jumping up (left: the physical model test set-up #1 in the current paper2, and right; ﬁeld observation.
Fig. 1. Level ice and wide sloping structure interaction mechanism (refer to Table 1: FB denotes the ice breaking load; FR represents the ice rotating load; Fsrb stands for the load due to the
rubble pressure).
2 In the second part of this paper, two test set-ups (test set-ups #1 and #2)will be introduced in detail. Both test set-ups are considered to bewide sloping structures. For the discussion
in this section, because the focus is on the interaction mechanisms, the test set-up details were not introduced beforehand. However, interested readers are referred to the details in the
second part of this paper.
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the upper part of the rubble is quite compact, and the sloping angle of the rubble is rather stable. Therefore, in the current study, when deriving the
bending failure of the incoming level ice against the accumulated ice rubble, a deterministic rubble sloping angle was calculated based on static
analysis.
2.2. The overall structure and basic assumptions of the theoretical model
Fig. 5a illustrates that the theoretical model is composed of three modules, namely, the ice breaking module, ice rotating module, and rubble ac-
cumulationmodule. Among thesemodules, depending on the amount of rubble accumulation, the ice breakingmodule is further classiﬁed into phase
1 and phase 2 ice breaking stages (see also Figs. 1➊, ➍ and 4). Possible secondary ice breaking is considered in the ice rotating module (see Fig. 1➌).
Within each module, considerable attention has been paid to the importance of the rubble accumulation's effects. Based on the current physical
model test observations (Lu et al., 2013b; Serré et al., 2013b), and also the observationmadeby Timco (1991), the accumulated rubble has been found
to inﬂuence the failing mechanism signiﬁcantly. Thus, a coupled description of the rubble accumulation and intact ice interaction is essential during
the level ice and wide sloping structure interactions.
From a temporal perspective, the current theoretical model situates between those conventional theoretical models which calculate one single
design ice load irrespective of its temporal information; and those sophisticated numerical models which simulate the global ice load at each time
step so as to construct the ice load history. The current theoretical model does not solve any dynamic equation to advance the solution in time. In-
stead, in analogy to the methods used by the ice–ship interaction researchers (Kotras, 1983; Valanto, 2001), we split the interaction into different
procedures (i.e., different modules) and solve corresponding governing equations in a sequential manner to construct the ice load history. Fig. 5b
Fig. 4.Thephase 2 ice breaking scenario: the incoming ice sheet fails in upward bending before reaching the sloping structure (a) physicalmodel test set-up#1; (b) physicalmodel test set-
up #2.
Fig. 3. One of the often-observed secondary ice breakings near the bow of the icebreaker.
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schematically illustrates how different modules are activated at a particular time point τi in order to obtain the corresponding ice load in the time
domain. Here an important reference time point τi has been introduced (see Fig. 5b). It can be understood as a reference time point τi at which
the rubble height had a stepwise change into hr,i1 (i.e., the boundary conditions of eachmodule). From τi to τi+ 1, the physical processes are the break-
ing off of an ice block from the intact ice sheet and also the rotation of this broken ice block. During this period, it is simply assumed that the rubble
height is a constant value hr,i1 . From τi to τi+ 1, the ice breakingmodule and ice rotationmodule are activated sequentially to calculate the correspond-
ing ice load history to ﬁll up this time gap. In Section 2.3, formulas to calculate the changing rubble height hr,i1 will be given. Afterwards, the detailed
algorithm to calculate the ice load based on eachmodule at a reference time point τiwill be introduced. Then in Section 2.4, how these calculated ice
loads can be generalised at arbitrary time t is given. Finally, these different load components' spatial variation is also introduced.
In developing this theoretical model, the following assumptions have been made:
• The theoretical model is developed in a two-dimensional space (see Fig. 1). In the structure's width direction, the ice is assumed to fail simulta-
neously (i.e., non-simultaneous contact is not considered; potential size effect in the width direction is not considered);
• Due to the relatively low interaction speed in most tested cases (i.e., around 0.2 m/s in full scale), this theoretical model is based on quasi-static
mechanics;
• Only the bending failure mode is considered in the current theoretical model. Other possible failure modes, such as shearing and buckling failures
are not considered. However, as illustrated by the numerical simulation of Paavilainen et al. (2010), the major failure modes are dominated by
bending failure during ice and wide sloping structure interactions. Nevertheless, caution should be made when applying this model to thick ice
conditions since shearing failurewas not included. The current bending failure assumptionwould over-predict the ice breaking load and ice break-
ing length for thick ice conditions. This will further increase the ice rotating load and eventually the global ice load. Caution should also bemade for
the application of the current model to structures with rather steep sloping angle due to the possible events of buckling failures. The underlying
assumption of this theoretical model is that bending failure is the dominant failure modes. Once other failure modes (crushing, shearing or buck-
ling) start to override, modiﬁcations to the current model are necessary;
• The intact ice is assumed to fail instantly when the tensile stress in the upper surface reaches the ﬂexural strength of the ice. The progressive frac-
turing process (Lu et al., 2012c) is not considered here;
• During the formulation of the bending failure problem, the axial force is not considered. The presence of axial forcewould increase the ice breaking
load. However, as demonstrated by a detailed study inAppendixA.3, the simpliﬁcationmade to neglect the axial force inmost cases (i.e., structure's
sloping angle smaller than 60° and ice–structure friction coefﬁcient less than 0.3)would not under-predict the calculated ice breaking load bymore
than 10%;
• Within the ice rotation module, it is assumed that there is no contact between the rotating ice block and the intact level ice sheet (as shown in
Fig. 1➋);
• Upon the completion of the ice rotation, it has been assumed that a new contact with the intact ice sheet occurs immediately and the ice breaking
module is activated (see Fig. 5b);
• A continuum assumption is made for the accumulated ice rubble. Therefore, the ice rubble's inﬂuence is considered by adding additional pressure
in the formulation of the ice breaking and ice rotationmodules. The porosity of the rubble is taken from the measurements conducted in the same
test (Serré et al., 2013b). Although the rubble's discrete nature is lost by assuming that it is a continuum, this approach avoids the low-porosity
problem that is created by a two-dimensional DEM simulation, as mentioned by Paavilainen et al. (2010);
• A bilinear rubble proﬁle with constant repose angle has been assumed during the whole rubble accumulation phase.(details of the rubble proﬁle
are presented in the next section).
Fig. 5. (a) The overall structure of the current theoretical model; (b) the time domain activation/deactivation of each module.
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• There is no grounding effect for the accumulated rubble because the grounding rubble typically lowers the ice load (Palmer and Croasdale, 2013).
• The rubble clearing effect is considered only by setting amaximumrubble height hr,max as a threshold beyondwhich the ice rubble is assumed to be
cleared instantly. Themaximum rubble height hr,max in the current study is chosen based on the structure's geometry (e.g., distance fromwaterline
to the location where the rubble deﬂecting skirt is located).
2.3. The geometry of the rubble accumulation proﬁle
Instead of simulating the rubbling process and predicting the rubble proﬁle's history as Paavilainen et al. (2010), the current paper focusesmainly
on the overall effects of rubble accumulation. Therefore, the rubble proﬁle is simply assumed to be a bilinear shape (see Fig. 6) based on the obser-
vations in the current test campaign (Lu et al., 2013b). The bilinear rubble proﬁle is also proposed byMayne (2007) based on observations from the
confederation bridge pier. Furthermore, it is also assumed that the repose angle θ″ remains unchanged when the rubble volume is growing due to
rubble accumulation (e.g., see the two different rubble proﬁles (i.e., case 1 and case 2) at different times in Fig. 6).
Although the shape of the rubble proﬁle has been largely simpliﬁed by assumption, it should be noted here that the appropriate choice of a con-
stant slope to approximate the rubble volumeworkswell irrespective of its actual rubble proﬁle (Palmer and Croasdale, 2013). Based on the rubbling
process's simpliﬁcation, the volume change V(t) in the ice rubble accumulation is described by Eq. (1).
V tð Þ ¼ max vt− hs
sin αð Þ ;0
 
h
1
1−ηð Þ ð1Þ
where
vt is the ice penetration; v is the interaction velocity; and t is the interaction duration;
hs is the height of the underwater part of the sloping surface and is a constant for a speciﬁc sloping structure;
α is the sloping angle of the structure;
hs
sin αð Þ is the length of the sloping surface. Based on experimental observations, the broken ice usually slides further along the sloping surface be-
fore they rotate upwards to form the rubble accumulation. Therefore, this length is subtracted from the ice penetration vt. In anotherword,
the ﬁrst hssin αð Þ length of the ice sheet is not considered a part of the ice rubble;
h is the thickness of the incoming level ice;
η ¼ Vsea waterVsea waterþVpure iceþVbrine pockets is the rubble's macro porosity Vsea_water, Vpure_ice and Vbrine_pockets are the volume of sea water, pure ice and brine
pockets respectively. In this paper, the calculation of the macro porosity is calculated based on Serré et al. (2013b).
The rubble height at the level ice and structure's contact point is denoted as hr1, in which the index 1 represents the ﬁrst value in the spatial
discretisation of the rubble proﬁle hr(x) (see Fig. 6). In Fig. 6, two different cases can be discerned depending on the rubble volume. Moreover,
based on assumption, there is a threshold value hr,max to account for the rubble clearing efﬁcient. The rubble height hr1 can be expressed by Eq. (2)
for three different cases.
h1r tð Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2V tð Þ= 1
tan θ″
þ 1
tan α
 s
h1r b hs
h1r tð Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
h2s
tan θ″
tanα
 2
þ tan θ″
tanα
 
þ 2V tð Þ tan θ″
s
−hs
tan θ″
tan α
h1r ≥hs
h1r tð Þ ¼ hr;max h1r ≥hr;max
ð2Þ
θ″ is the repose angle of the ice rubble.
The rubble proﬁle hr(x) can be expressed by Eq. (3):
hr x; tð Þ ¼ h1r tð Þ
l−xð Þ
l
ð3Þ
x is the coordinate system of the rubble proﬁle, 0 ≤ x ≤ l (see Fig. 6).
l is the rubble span (see Fig. 6).
Fig. 6. Simpliﬁed bilinear rubble proﬁle: (a) theoretical idealisation; (b) physical test observation.
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Eqs. (2) and (3) above are continuous in time. The green dashed curve in Fig. 5b illustrates the rubble height hr1(t) ' s variation. However, the
rubble is assumed to increase in a stepwisemanner in the calculations. The actual rubble height thatwas involved in the calculation remains constant
from t= τi until t= τi + 1. This leads to the value of hr1(τi) = hr,i1 (see the solid green curve in Fig. 5b).
After introducing the assumption made for the rubble proﬁle, different load components are introduced separately in the following sections.
Before entering the following sections, it is helpful to introduce some general conventions that are used throughout the remainder of this paper.
• Different ice load components are expressed in a general form as FX, in which X can be replaced to obtain the different load contributors, as in
Table 1;
• The different load components, FXH and FXV, represent the horizontal and vertical components of FX, respectively. The positive direction of each load
components together with the contact normal and shear for both the structure and the ice beam area shown in Fig. 7. Considering the relative mo-
tion between the incoming level ice, accumulated ice rubble, and structure, these three load components can be related, as in Eqs. (4) and (5). Note
here that with the different considered bodies, structure or ice, the load has a same magnitude but opposite direction according to Newton's 3rd
law.
FXH
FXV
¼ sin α þ μs cos α
cos α−μs sinα
ð4Þ
FX ¼
FXH
sin α þ μs cos α
¼ FXV
cos α−μs sin α
ð5Þ
μs is the ice–structure friction coefﬁcient.
s (in Fig. 7) is the positive shear direction in the ice–structure contact interface.
n (in Fig. 7) is the positive normal direction in the ice–structure contact interface.
When any one of these three load components is known, the other two can be derived based on Eqs. (4) and (5). In the following model devel-
opment, the focus will be placed on calculating only one of the load components without elaborating on how each of the other load components is
obtained.
• In this paper, discrete values in the spatial domain are distinctively written in index form with an upper index (e.g., the rubble proﬁle at a certain
time, i.e., hr(x, t= 0) = hr,1k . k is a spatial discretising index);
• Values in time domain are written in vector form with bold letters (e.g., the load history FX and ice beam's tip deﬂection ZB). If the time domain
value has to be written with index notation, lower index is utilised (e.g., FX(t= tj) = FX,j, with j being a temporal discretising index).
2.3.1. The ice breaking module
The ice breaking module is further separated into two phases. The load components on the structure considered in each phase are illustrated in
Fig. 8.
Fig. 7. (a) Positive contact force components, contact normal and shear direction for both the structure and the ice; (b) positive kinematic terms in the ice breaking module in a ﬁxed
Cartesian coordinate system (W(x) is the vertical ice beam deﬂection); (c) positive kinematic terms in the ice rotation module in a co-rotational coordinate system (θR is the angle of
the ice beam's rotation).
Table 1
Expressions for the different load components.
Fx General format of the different total ice load component expressions
FB Total ice breaking load in the ice breaking module
FR Total ice rotating load in the ice rotation module
Fp Total load that is required to push the ice movements toward the structure in the ice accumulation module
Fsrb Total load due to the rubble accumulation's stationary buoyancy pressure
against the structure in the ice accumulation module
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Fig. 8a illustrates that the rubble pressure (in the shaded area) introduces an additional bendingmoment in the incoming ice sheet. The ice break-
ing load FBV in the phase 1 ice breaking scenario represents the load that is required to fail the incoming ice sheet in bending with the presence of
additional rubble pressure beneath it.
When formulating the ordinary differential equation (ODE) for the phase 1 ice bending scenario, FBV can be obtained by solving Eq. (6) at a ref-
erence time point τi.
EI
d4W xð Þ
dx4
þ ρwgDW xð Þ ¼−Dqr x; τið Þ0≤x≤ l þ FBV τið Þ  δ xð Þ ð6Þ
E is Young's modulus of the ice;
I is the area moment of the ice beam cross section;
x is the coordinate of the ice beam, see Fig. 6;
W(x) is the vertical deﬂection of the beam;
D is the width of the considered ice beam and is taken to be one here to calculate a line load;
qr(x, τi) is the rubble pressure proﬁle and can be expressed as in Eq. (7).
qr x; τið Þ ¼ ρw−ρið Þghr x; τið Þ 1−ηð Þ ð7Þ
ρw and ρi are the water density and ice density, respectively;
g is the gravitational acceleration;
δ(x) is a delta function with δ(x= 0) = 1 and δ(x≠ 0) = 0.
The value of τi and further temporal evolution of FBV is addressed in Section 2.4.1. The detailed solution methods and procedures of Eq. (6) are
provided in Appendix A. In general, the solutions of the beam deﬂection are obtained by superimpositions as in Eqs. (60) and (61). The value for
FBV(τi) is solved through Eq. (62) in an iterative manner (see the numerical scheme in Appendix A.3).
When solving Eq. (6), if the rubble pressure alone can already break the ice (see Fig. 4), then the phase 2 ice breaking scenario is activated, as
shown in Fig. 1➍ and Fig. 8b. In this situation, Eq. (8) is utilised to extract the ice breaking load. In Eq. (8), the inﬂuence from the rubble pressure
(i.e., the additional bending moment) is neglected (see Fig. 8b). The problem reduces to the conventional semi-inﬁnite beam on the Winkler foun-
dation under a free-end point load FBVδ(x).
EI
d4W xð Þ
dx4
þ ρwgDW xð Þ ¼ FBVδ xð Þ: ð8Þ
To calculate the ice breaking load in phase 2, the key value to determine is the angle of the rubble's upward slope θ′. In the current paper, a simple
localised static balance calculation is performed to determine this angle (see Fig. 9). Along the rubble proﬁle, the keel depth of the rubble hrk(τi) is
known (e.g., it can be discretised from Eq. (3)); a search is made to ﬁnd the point (i.e., the value of Xrk) where 1− ρrρw
 
hkr τið Þ ¼ Xkr tan αð Þ. Once
this point is found, the rubble proﬁle's upward sloping angle θ′(τi) is calculated, as in Eq. (9).
θ′ τið Þ ¼ tan−1
1− ρr
ρw
 
hkr τið Þ
l−Xkr
	 

2
664
3
775 ð9Þ
where ρr is the density of the ice rubble. For a downward sloping structure it can be calculated as in Eq. (10).
ρr ¼ 1−ηð Þρi þ ηρw: ð10Þ
Fig. 8. The two different phases of the ice breaking module: (a) phase 1 ice breaking scenario; (b) phase 2 ice breaking scenario.
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The horizontal ice load based on the solution of Eq. (8) is shown in Eq. (11) (Croasdale and Cammaert, 1994). The load action point of this load is
assumed to be at the water line area (see Fig. 8b).
FBH τið Þ ¼ 0:68Dσ f ξ τið Þ
ρwgh
5
E
 !0:25
ð11Þ
θ′(τi) is the angle of the rubble proﬁle above water, see Fig. 9;
ξ τið Þ ¼ sin θ′þμs cos θ′cos θ′−μs sin θ′ is the ratio between the horizontal and vertical loads on the upward rubble slope.
2.3.2. Outputs and discussion of the ice breaking module
In the above developed ice breaking module formulations, the axial force was not included. The presence of the axial force (see Fig. A.1)
could change the ODE as in Eq. (12) with an additional term NH ¼ FBH ¼ FBV  sin αþμs cos αcos α−μs sin α representing the axial compression:
EI
d4W xð Þ
dx4
þ NH
d2W xð Þ
dx2
þ ρwgDW xð Þ ¼−Dqr x; τið Þ0≤x≤ l þ FBV  δ xð Þ: ð12Þ
If coupling the axial force in the beam bending formulation as in Eq. (12), an additional bending moment was introduced. Furthermore, the
presence of the axial force NH would alter the tensile stress within the ice beam as in Eq. (13)
σ flexural ¼ EI
d2W xð Þ
dx2
 6
Dh2
σ compressive ¼
NH
Dh
¼ FBH
Dh
σ tensile ¼ σ flexural−σ compressive:
ð13Þ
The additional compressive stress to alleviate the ﬂexural stress in Eq. (13) was considered in the current ISO/FDIS/19906 (2010) in an iterative
manner to obtain the ice breaking load with the presence of axial force.
In the current paper, the effect of both Eqs. (12) and (13) are not included in the formulation for the purpose of obtaining closed form solutions for
beam deﬂections under triangular distributed rubble pressure (see Eqs. (54) and (55) in Appendix A). However, Eqs. (12) and (13) are studied in
Appendix A.4 to justify and caution the negligence of axial force in the current paper.
Based on all the assumptions made and also the proposed formulations, applying the ice breakingmodule calculations at a reference time τi, the
ice breaking load FB(τi) and ice breaking length LB(τi) can be constructed. Additionally, the ice breaking location ZB(τi) (which is the value ofW1 in at
the instance of bending failure) is also calculated and stored.
2.3.3. The ice rotation module
The ice rotation module denotes the process of rotating the already-broken ice block until it becomes parallel to the sloping surface. This process
has been analytically described in several papers in the literature, with different complexities (Aksnes, 2011; Frederking and Timco, 1985; Kotras,
1983; Naegle, 1980; Valanto, 2001). Compared with these models, the current ice rotation module is characterised by the following features:
• During the rotation process, the ice block tends to ‘jump’ out of the water (see Fig. 2). The rotating centre of the ice block can bemoving during the
rotation process3;
• By utilising the concept of elastic–plastic foundation, both the ventilation and backﬁll effect are considered in the formulation;
• The rubble accumulation's effects are considered in the ice rotating process;
• The tensile stress inside the rotating ice block is examined to produce possible secondary ice breakings.
3 As will be shown later, the rotating process was further separated into the rotation with elastic foundation and rotation with elastic–plastic foundation. The centre of rotation was
found to be ﬁxed based on the elastic foundation assumption and moving with the elastic–plastic foundation assumption.
Fig. 9. A simple search to ﬁnd the rubble proﬁle's upward slope angle (the dashed line represents the rubble proﬁle).
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The ice rotation module follows immediately after the ice breaking module to rotate the already-broken ice block. Lu et al. (2013a) have shown
that in the phase 1 ice breaking scenario, the ice breaking length decreases with increasing rubble accumulation. Therefore, the longest ice breaking
length that would be encountered theoretically is predicted by Eq. (14). Its derivation is given in Appendix A.3.
LB;max ¼
ﬃﬃﬃ
2
p
π
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EI
ρwgD
4
s
: ð14Þ
Because λLB,max= π/4 (see Eqs. (48) and (49)'s symbol explanations for the expression of λ); and LB,max is the longest ice breaking length that can
be expected, we shall have λLB b π/4 for typical sea ice properties. Therefore, the short beam classiﬁcation applies here (Hetényi, 1946). The already-
broken ice block's rotating motion can be treated as rigid body motion due to limited ﬂexural deﬂections even at the instance of the secondary ice
breakings.
The ice rotationmodule is further separated into the initial ice rotationwith an elastic foundation and subsequent ice rotationwith elastic–plastic
foundation. This separation is illustrated in Fig. 10 for a unit width ice block.
Fig. 10a assumed that the ﬂuid foundation behaves elastically both under and above water before the broken ice block's critical deﬂection δcr is
reached.However,when thebroken ice block's below-water deﬂection exceeds the critical value δcr, different scenarioswere encountered depending
on the degree of the ventilation and the backﬁll effect (Lu et al., 2012b). The ventilation and backﬁll phenomena denote howmuchwater is on top of
the rotating ice block (see the waterline in Fig. 11). A lowered water level above the rotating ice block leads to large pressure differences above and
below the rotating ice block. This phenomenon in turn inﬂuences the ice rotating load. In reality, this water level is not stationary; it depends largely
on the interaction speed and ice concentration. For the current simpliﬁed analysis and for theoretical completeness, a ventilation factor αv is intro-
duced to account for different scenarios.
If the full ventilation scenario (i.e., there is nowater on top of the rotating ice block) is assumed, thenαv=1and the ﬂuid's resistance continues to
increase with increasing underwater deﬂection. Full ventilation typically occurs at rather high interaction speeds (e.g., higher than 0.8 m/s) such
that the water does not have sufﬁcient time to backﬁll the ventilated area. This situation is typically the case for icebreakers that interact with
level ice at high speeds (Valanto, 2001). However, for level ice interacting with ﬁxed sloping structures, the ventilation phenomenon is combined
with a backﬁll process to alleviate the pressure difference. Such a combined effect is accounted for by the ventilation factor 0≤ αv≤ 1 in the current
study. When αv = 0, the resistance is left only with a constant static buoyancy, as (ρw− ρi)ghD (see Fig. 10).
Meanwhile, the above-water deﬂectionmight become sufﬁciently large to reach the gravity load intensity ρigh. Here, h is the thickness of the ice.
Fig. 11. Free-body diagram of the ice rotating process.
Fig. 10. The ice rotation module with elastic–plastic foundation.
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Fig. 10b shows thatδcr ¼ ρw−ρið Þρw h is the freeboard of theﬂoating ice block. Before this critical deﬂection is reached, the ice rotatingprocess iswithin
the elastic foundation range. Based on static mechanics, the ice rotating load in the vertical direction FRV can be calculated by Eq. (15). Relevant der-
ivations are presented in Appendix B.1.
FRV ¼
1
6
θRl
2
RρwgD ð15Þ
θR is the broken ice block's rotating angle, as shown in Fig. 11;
lR is the general expression of the length of the broken ice block.
The temporal information in Eq. (15) is included in θR and lR. These two values change with varying time. This will be further discussed in
Section 2.4.2. The maximummoment can be calculated by Eq. (16).
MRotation max ¼
2
81
θRρwgl
3
RD θR≤θcr : ð16Þ
Maximum ﬂexural stress can be accordingly derived through Eq. (16) based on simple beam theory; and the possibility of secondary ice breaking
can be evaluated.
When the ice block's rotation angle θR N θcr, a new formulation is required to account for the possible ‘plastic region’ above and below the water
level. Fig. 11 illustrates the situation inwhich the ice block's rotation enters the ‘plastic foundation region’. In this case, the far end part of the ice block
tends to jump out of water. Due to this observation, the current theoretical model has assumed no contact between the intact level ice and the ro-
tating ice block. Similarly, though Valanto (2001) pointed out such possible contact, his formulation neglected this contact force. However, it should
be borne inmind that there are at least two force components which results in such rotatingmotion. One is the possible contact force Fc between the
incoming intact level ice and the rotating ice block; another is the friction Ff between the accumulated rubble (with a rollingmotion) and the rotating
ice block (see Fig. B.2). However, these two undetermined force components were all neglected in the free body diagram in Fig. 11 in order to esti-
mate a reasonably conservative ice rotation load. The justiﬁcation of such assumption is validated in Appendix B.2.
In Fig. 11, d denotes the length of the beam that is above thewater level. Additionally, qw and qr1(τi) represent thewater pressure and rubble pres-
sure at the contact point with the structure. These variables can be expressed by using Eqs. (17) and (18) when θR≥ θcr, 0≤ x^≤ lR−d and 0≤ αv≤ 1
(i.e., the top area of the rotating ice block can be partially ventilated):
qw x^ð Þ ¼ αvρwg lR−d−x^ð Þ sin θRD ð17Þ
and
q1r τið Þ ¼ ρw−ρið Þ 1−ηð Þgh1r τið ÞD: ð18Þ
Based on the drawing in Fig. 11, the force in the vertical direction and the momentum balance can be written as in Eq. (19), respectively.
αv
2
ρwg lR−dð Þ2 sin θRð Þ cos θRð ÞDþ ρw−ρið Þgh lR−dð ÞDþ q1r lR−dð Þ cos θRð Þ2D ¼ FRV þ ρighdD
αv
6
ρwg lR−dð Þ3 sin θRð ÞDþ ρw−ρið Þgh
lR−dð Þ2
2
cos θRð ÞDþ q1r
lR−dð Þ2
2
cos θRð ÞD ¼ ρighd lR−
d
2
 
cos θRð ÞD:
ð19Þ
There are two unknowns in Eq. (19): FRV (i.e., the ice rotating force projected in the vertical direction) and d (i.e., the length of the rotating
ice block that ‘jumps’ out of the water). The rotation angle θR varies from θcr to the sloping angle of the structure, α. A relatively conservative
solution for FRV can be obtained by assuming a static equilibrium for the rotation process, as illustrated in Fig. 11. Analytical solutions for FRV and d
within Eq. (19) are possible; however, they are too lengthy. Instead, from an engineering point of view and without worrying too much about efﬁ-
ciency, in the current theoretical model development, a search algorithm4 is adopted to identify the value of d and the corresponding FRV under each
rotation angle θR based on Eq. (19). Consequently, the relationships of FRV,j and dj in correspondence to θR,j are constructed. Here the index j is a
discretization in the time domain. It describes the process of the rotation. Thereafter, the moment distribution of Mrotation; j x^ð Þ can be obtained with
Eqs. (20) and (21).
Mrotation; j x^ð Þ ¼ ρigh
lR−x^ð Þ2
2
cos θR; j
 
D x^≥ lR−dj ð20Þ
Mrotation; j x^ð Þ ¼ ρighdj lR−x^−
dj
2
 
cos θR; j
 
D−
q1r cos θR; j
 
lR−x^−dj
 2
2
D−
ZlR−d j
x^
x′−x^ð Þqw x′ð Þdx′D−
ρw−ρið Þgh
2
lR−x^−dj
 2
cos θR; j
 
D
ð21Þ
when 0≤ x^≤ lR−dj.
When themomentumdistribution along the rotating beam is known, the tensile stress distribution can be correspondingly constructed. During the
course of rotation, it is assumed that a secondary ice breaking occurs once the maximum stress reaches the ﬂexural strength of the beam. The general
procedures of using the above equations to construct the ice rotating load history involving secondary ice breakings are detailed in Appendix C.
4 Speciﬁcally, we utilized a MATLAB command ‘fminbnd’which is based on golden section search algorithm to solve the unknowns in the equation. However, other search algorithm
method in solving nonlinear equations would be equally well here.
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If we neglect the additional rubble pressure term and assume full ventilation (i.e., setting qr1= 0 and αv=1), the formulation in Eq. (19) reduces
to Valanto's (2001) solution without axial force in the rotating ice block.
Based on the formulations, a parameter study was conducted by Lu et al. (2013a) to study the inﬂuence of the ventilation effects and additional
rubble pressure on the ice rotationmodule. Itwas found that both the ventilation and rubble accumulation increase the ice rotating load and the pos-
sibility of secondary ice breakings. During the rotating process, the value of d increases initially and then decreases. These changes correspond to the
observation that the rotating ice block tends to ‘jump’ out of the water (i.e., d increases) before it submerges (i.e., d decreases). This process is in line
with the interaction mechanism drawing in Fig. 1➋.
2.3.4. Outputs of the ice rotation module
For a ﬁxed reference time point τi, running the ice rotationmodulewill help to construct the vectors FRV(τi, θR,j) and FRH(τi, θR,j), which denote the
vertical and horizontal ice rotating load history (i.e., from θR,0 = 0 to θR,m = α), respectively.
Based on Appendix C, the updated ice breaking length vector LR (with its element LR,i having a general expression form lR in the current paper, i=
1, 2, 3,…,M andM is the number of broken blocks) after a possible secondary breaking is obtained based on the original ice breaking length vector LB.
These values are further clariﬁed regarding its temporal evolution in Section 2.4.2.
The rotating ice block's deﬂection at the contact pointwith the structure ZR(τi, θR,j) is also constructed. This value carries the information on the ice
rotating load's action location, which will be utilised to construct the ice rotating load's spatial variation in Section 2.5.
2.3.5. The rubble accumulation module
In the previous sections, when discussing the ice breaking and ice rotation modules at a reference time τi, the rubble effect in the shaded area in
Fig. 8 has been explicitly considered by the value qrk(τi) (i.e., the rubble pressure proﬁle) and hrk(τi) (i.e., the rubble's geometric proﬁle) in discrete
forms in the spatial domain. In addition, the rubble's direct pressure on the structure, as shown in Fig. 12 (i.e., the rubble proﬁle under Area 1), should
also be considered. This load is denoted as Fsrb, where ‘srb’ stands for the stationary rubble pressure. The amount of rubble that rests directly on the
structure is initially large when the broken ice is about to be rotated (see the size of Area 1 in Fig. 12a) and starts to decrease during the ice rotating
process (see Fig. 12b). It can be assumed that the size of Area 1 is minimal when the rotating ice rubble becomes parallel to the sloping surface (see
Fig. 12c) and is then maximised immediately when a new rotating process begins.
To obtain analytical formulas for the rubble's pressure on the structure, it is assumed here that the rubble proﬁle's evolution is the same as the red
dashed line in Fig. 12. The size of Area 1 becomesminimal in Fig. 12c. It is assumedhere that the size of Area 1 changes linearly between themaximum
(i.e., Fig. 12a) and minimum values (i.e., Fig. 12c) during each single ice rotating cycle. Therefore, only two values (i.e., the maximum andminimum
values of the size of Area 1) are to be identiﬁed within each ice rotating process to construct the temporal variation of Area 1.
Under the current assumption, the widthWb1(τi) while Area 1 is maximum in Fig. 12a; and the widthWb2(τi + Δτi) while Area 1 is minimum in
Fig. 12c can be written by Eq. (22).
W1b τið Þ ¼
min h1r τið Þ;hs
 
tan αð Þ
W2b τi þ Δτið Þ ¼ max W1b τið Þ−lR cos αð Þ;0
  ð22Þ
in which Δτi = lR/v, and it has been implicitly assumed in these formulations that during Δτi, the rubble height hr1(τi) remain unchanged.
During the very initial stage of rubble accumulation, a situation could arise in which the rubble depth hr1(τi) is smaller than hs (see the dashed
rubble proﬁle in Fig. 6). In such situations,Wb1(τi) is calculated with the smaller value between hr1(τi) and hs as in the ﬁrst equation of Eq. (22).
Having obtained the values ofWb1(τi) andWb2(τi + Δτi), the size of Area 1 in these two cases are expressed in Eq. (23).
S1b τið Þ ¼ max h1r τið Þ−
hs
2
 
;
h1r τið Þ
2
 !
W1b τið Þ
S2b τi þ Δτið Þ ¼ max h1r τið Þ−lR sin αð Þ−
hs−lR sin αð Þ
2
 
;
h1r τið Þ−lR sin αð Þ
2
;0
 !
W2b τi þ Δτið Þ:
ð23Þ
Fig. 12. Panels (a), (b), and (c) illustrate the rubble proﬁle's evolution; panel (d) illustrates the ice rubble's load components with several abbreviations (COB stands for the centre of
buoyancy; RB1 stands for the rubble buoyancy in Area 1; and RB1_2 stands for the rubble buoyancy component that is transferred from Area 1 to Area 2).
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Based on the above area calculations, the corresponding rubble accumulation load can be obtained and projected in the horizontal and vertical
directions, respectively. Fig. 12d illustrates how the load components are related. The load component RB1_2 represents the rubble buoyancy that
has transferred from Area 1 to Area 2. This load does not act on the structure directly. If we view the ice rubble as a whole, this load component is
an internal load within the ice rubble.
In Eq. (24), the maximum and minimum horizontal rubble-accumulation load is presented separately.
F1srbH τið Þ ¼ ρw−ρið Þg 1−ηð ÞS1b τið Þ cos αð Þ sin αð ÞD
F2srbH τi þ Δτið Þ ¼ ρw−ρið Þg 1−ηð ÞS2b τi þ Δτið Þ cos αð Þ sin αð ÞD:
ð24Þ
As already assumed, the corresponding direct rubble pressure loading history can be attained by simple linear interpolation between the
maximum and minimum values as in Eq. (25).
FsrbH tð Þ ¼ F1srbH τið Þ þ
F2srbH τi þ Δτið Þ−F1srbH τið Þ
lR
v t−τið Þ τi≤tbτi þ Δτi: ð25Þ
Moreover, because of themotion of the incoming level ice, the ice rubble beneath (i.e., Area 2) is pushed against the structure resulting in an ad-
ditional horizontal force, which is termed as FPH in this paper. This load is mainly due to the friction between the incoming ice sheet and ice rubble
(see the green arrows in Fig. 13a and b). This load is thought to be the source of the observed rubblemotion (see Fig. 13c), and it is assumed here that
this load is eventually transferred onto the structure.
Initially, the frictional resistance is caused by the rubble buoyancy from beneath (see Fig. 13a). In this case, the horizontal ice pushing load FPH(t)
shares the same physical meaning as HP in Croasdale and Cammaert's (1994) model. However, as the rubble accumulation increases, the ice blocks'
gravity on top of the ice rubble becomes the normal force that leads to frictional resistance (see Fig. 13b). Considering the fact that an upper limit
exists for this pushing load, a cut-off is made for this load, as shown in Eq. (26).
FPH tð Þ ¼ min HP tð Þ; μ iρighl tð Þð Þ: ð26Þ
HP(t) is the ice pushing load, which shares a same physical meaning as in Croasdale's model (Croasdale and Cammaert, 1994) and can be calcu-
lated by Eq. (27). l(t) represents the rubble span and increases monotonically with time.
HP tð Þ ¼
μ iD
2
h1r tð Þl tð Þ ρw−ρið Þg 1−ηð Þ
l tð Þ ¼ h
1
r tð Þ
tan θ″
ð27Þ
in which θ″ is the repose angle of the rubble proﬁle, as shown in Fig. 6.
2.3.6. Outputs of the rubble accumulation module
The rubble accumulation module constructs a load history that is induced by the direct rubble pressure FsrbH(t) onto the structure. The action lo-
cation of this load is assumed to be evenly distributed between ‘the rotating block's contact point with the structure’ and ‘the bottom of the sloping
surface’. Moreover, a load history that denotes the ice pushing load FPH(t) is also constructed. The spatial distribution of this load is discussed in
Section 2.5.
2.4. Construction of the ice load's temporal variation
In this section,we illustrate how the global ice load is constructed in the time domain based on the theoretical assumptions and calculated results
from different modules (see Fig. 14). This ﬁgure is partly reproduced from Fig. 5b, however, with more details regarding how the time evolution is
made for each different calculation module.
The algorithm regarding how the calculated ice load is distributed in the time domain is introduced herein.
Fig. 13. The ice pushing load and its effect.
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2.4.1. Ice breaking module
For the ice breaking module, in the time domain, the value for the reference time τi is expressed as in Eq. (28).
τi ¼ t2i−2 ¼
Xi−1
a¼1
LB;a=v i ¼ 1; 2; 3 …; N; and t0 ¼ 0; a is a dummy indexð Þ ð28Þ
with known τi, the value for hr1(τi) and qr(x, τi) can be calculated by Eqs. (3) and (7). Inserting the results into Eq. (6) or (8) to obtain the value for
FB(τi), LB(τi), and ZB(τi). Further simplifying these notations as FB,i, LB,i (see left of Fig. 14b), and ZB,i. In the next reference time station τi + 1, according
to Eq. (28), with known LB,i, we have:
τiþ1 ¼ t2 iþ1ð Þ−2 ¼
Xiþ1ð Þ−1
a¼1
LB;a=v: ð29Þ
This leads to known FB,i + 1, LB,i + 1, and ZB,i + 1with Eq. (6) or (8). Eventually, we obtain vectors FB, LB, and ZB. These discrete values need further
be distributed in the time domain. Supposing the total ice penetration distance is L and there are in total N times of bending failures. According to
Fig. 14, the following relationships apply.
XN
i¼1
TB;i þ TR;i
 
¼ L=v ð30Þ
TB;i þ TR;i ¼ LB;i=v ð31Þ
TB;i ¼
ZB;i
v sinα
ð32Þ
where vsinα is assumed to be the deﬂection speed of the ice beam in the vertical direction.
t2i−1 ¼ t2i−2 þ TB;i i ¼ 1; 2; 3 …; N; and t0 ¼ 0; t2i−2 ¼
Xi−1
a¼1
LB;a=v ð33Þ
FB temporal tð Þ ¼
FB;i 
t−t2i−2
TB;i
t2i−2≤tbt2i−1
0 t2i−1≤tbt2 iþ1ð Þ−1
:
8<
: ð34Þ
A schematic illustration of the results of the ice breaking load in the time domain is givenwith the red curve in Fig. 15. Thus far, the discrete values
within FB have been distribute continuously in a time with function FB_temporal.
Fig. 14. Illustration of the global ice load's time domain construction.
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2.4.2. Ice rotation module
The ice rotationmodule results' temporal distribution ismore complex than the ice breakingmodule. Herewe ﬁrst consider the casewithout sec-
ondary ice breakings. The casewith secondary breakingswill be detailed in Appendix C, theprinciples behindwhich are similar.With the previous ice
breaking module, in each interaction process i, an broken ice block LB,i is produced. The length LB,i is the initial ice rotating block's length. If there are
no secondary ice breakings taking place, we have LR,i= LB,i (also LR= LB, see right of Fig. 14b and assuming no secondary ice breaking takes place).
Thereafter, the following equations can be obtained as inputs to Eqs. (15) and (19).
lR ¼ LR;i ð35Þ
θR; j ¼ θR; j−1 þ ΔθR j ¼ 1; 2; 3; …; m; and θR;0 ¼ 0; θR;m ¼ α ð36Þ
in whichm is an integer related to the step size of rotation angle ΔθR asm ¼ αΔθR
τi ¼
Xi−1
a¼1
LR;a=v LR;0 ¼ 0; i ¼ 1; 2; 3; …; M
 
ð37Þ
inwhich,M is the number of broken blocks after the ice rotation process. If there is no secondary breakings, Eq. (37) is identical to Eq. (28) andM=N.
Inserting Eqs. (35), (36), and (37) to Eqs. (15) and (19), FRV(τi, θR,j) and ZR(τi, θR,j) can be obtained. Using LR,i as the initial value togetherwith Eq. (37)
to obtain the next reference time τi + 1 leads to FRV(τi+ 1, θR,j) and ZR(τi + 1, θR,j). Converting FRV(τi+ 1, θR,j) into FR(τi+ 1, θR,j) according to Eq. (5) and
running the ice rotation module, the ﬁnal output FR is obtained with its elements shown in Eq. (38).
FR ¼ ½…; FR;i;1; FR;i;2; FR;i;3; … FR;i;m; FR;iþ1;1; FR;iþ1;2; FR;iþ1;3; … FR;iþ1;m; …FR;M;1; FR;M;2; FR;M;3; … FR;M;m: ð38Þ
The index notation here for the element of FR has amatrix ﬂavour. However, for the convenience of describing the temporal evolution and also in
the numerical storage implementation it is treated as a vector as in Eq. (38). This vector is to be further distributed in the time domain as in Fig. 14.
In the time domain, note that Eqs. (31) and (32) lead to:
TR;i ¼ LB;i=v−
ZB;i
v sinα
ð39Þ
t2 iþ1ð Þ−2 ¼ t2i−1 þ TR;i ði ¼ 1; 2;3 …N; and t1 ¼ TB;1; t2i−1 ¼
Xi−1
a¼1
LB;a=vþ TB;iÞ: ð40Þ
It has been assumed a stable ice rotation process and also that while the ice rotation process terminates, the structure has a new contact with the
intact ice sheet. Therefore, we can further separate TR,i intom sections and introduce a time stepΔti= TR,i/m. This leads to the expression for FR_temporal
as in Eq. (41).
FR temporal tð Þ ¼ FR;i; j þ
FR;i; jþ1−FR;i; j
Δti
 t− t2i−1 þ j−1ð ÞΔtið Þ½  t2i−1 þ j−1ð ÞΔti≤tbt2i−1 þ jΔti
0 t2i−2≤tbt2i−1
:
8<
: ð41Þ
Eq. (41) is a linear interpolation between those obtained m values for each rotation of an ice block LR,i. A schematic illustration of the above cal-
culation results in the time domain is shownwith the dark curves in Fig. 15. Furthermore, the typical shapes of the load curve for three different cases
Fig. 15. Schematic illustration of the ice breaking load (red) and ice rotating load (black) in the time domain (note that the curves are not in scale).
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are also illustrated. If there is no ventilation effect and no rubble inﬂuence, after θR ≥ θcr, FR_temporal becomes a constant value (in analogy to perfect
plastic foundation). For amore detailed quantitative comparison of these three different cases, please refer to Lu et al. (2013a). In the current paper's
validation against the experimental results (see the following Sections 4.1 and 4.2), only the ﬁrst two cases in Fig. 15 were utilised.
2.4.3. Ice accumulation module
The outputs from the ice accumulationmodule FsrbH(t) and FPH(t) have already been distributed in the time domain andwill not further described
herein.
2.5. Construction of the ice load's spatial variation
The presence of rubble accumulation complicates the ice load's spatial distribution. It has been observed that themajority of particles in a granular
material carry less than average load (Peters et al., 2005; Radjai et al., 1998). Under the context of ice rubble, Palmer and Croasdale (2013) stated that
within loaded particulatematerials (i.e., ice rubble), the load is far fromevenly distributed.Most of the load is transmitted by a small number of load-
ed particles that form a chain. The ice load's spatial distribution was studied by Paavilainen and Tuhkuri (2013) through the force chain concept. In
their study, the ice rubble was treated as a collection of discrete elements. The major ice load is carried by the force chain that branches onto the
structure. Typically, the maximum load occurs during the buckling of the force chain (Radjai et al., 1998).
However, in the current study, the rubble has been assumed to be a continuum. Focus has been placed on the overall inﬂuence of the rubble in-
stead of on its internal structure. Accordingly, the following idealisations have been adopted to identify the ice load's spatial variation.
First, the load history components of FB, FR, Fsrb, and FP are constructed. Naturally, the spatial variation of FB is based purely on the corresponding
ice action location vector ZB (i.e., the contact point at the instance of ice breaking); FR, and Fsrb are based on the value of ZR (i.e., the contact point
during the ice rotating process). This process is visualised in the schematic drawing in Fig. 16.
With a known ice breaking load FB and ice beam's tip deﬂection ZB, the red curve in Fig. 16 illustrates how the ice breaking load FB develops
both in time and space. When the ice breaking process steps into the phase 2 ice breaking scenario, the ice breaking load that acts far away is
assumed to be transferred to the structure at the water line (see Fig. 8b).
For the ice rotating process, a one-to-one relationship can be constructed between the ice rotating load FR and corresponding broken ice block's
deﬂection ZR. The orange curve in Fig. 16 depicts their evolution.
With respect to the accumulated rubble's static pressure Fsrb, the green solid line illustrates its distribution and how it develops over time. The
static pressure is assumed to act evenly in a region that is below the rotating ice block (i.e., below ZR, shown with the solid green line). As the ice
block is rotating downwards, the static pressure Fsrb on the area above ZR becomes zero due to loss of contact (i.e., the dashed green line). Instead,
the rubble pressure above ZR (i.e., the dashed green line) is transferred to the rotating ice block and is calculated in the ice rotating load component
FR.
Moreover, when seeding these spatial loads into pressure, the centre of the contact area is assumed to be at the load action point. The size of the
contact area is determined by the ratio of contact force and crushing strength of ice. This is to say, the local pressure cannot exceed the crushing
strength of the ice. Once the pressure is found to be larger than the crushing strength, the ice is assumed to be crushed, and thus, the contact area
is increased. The additional part of the pressure is smeared in the neighbouring areas to keep the total force in balance.
Seeding the ice pushing load FP into space is not as straightforward as the other three load components due to the continuum assumption for the
ice rubble. During the experiments, the ice rubblewas observed to roll around a centre, as shown in Fig. 13c and illustrated in Fig. 17a. A similar rubble
rolling observation was made in the physical model tests by Timco (1991) and the numerical simulations of Paavilainen et al. (2010). As discussed
above, the ice load is not evenly distributed spatially. The existence of a force chain to transfer the ice load onto the sloping surface has been sug-
gested (Paavilainen and Tuhkuri, 2013; Palmer and Croasdale, 2013). Furthermore, Paavilainen and Tuhkuri (2013) concluded that the peak ice
load resides near thewaterline for steep slopes and beneath thewaterline as the slopes becomemilder. Based on the description of force chainmeth-
od (Peters et al., 2005; Radjai et al., 1998) and basic buckling theory, it is noted that particles on either side of the force chains should carry relatively
smaller forces, but their presence stabilises the chains. This point has also been mentioned in Palmer and Croasdale (2013) under the context of ice
rubble load. Therefore, it can be reasonably inferred that the ice pushing load has a peak near thewaterline and gradually becomes attenuated in the
downward direction.
Based on both the observations made in Fig. 17a and the information regarding the force chain concept and also in analogy to the shear stress
proﬁle of a Newtonian ﬂuid between two oppositely moving plates (Irgens, 2008), it is ideally assumed here that the ice pushing load is linearly dis-
tributed over half of the rubble height hr1 in the vertical direction, as shown in Fig. 17b.
Fig. 16. Different ice load's spatial distributions based on one complete interaction procedure (without secondary breakings).
55W. Lu et al. / Cold Regions Science and Technology 101 (2014) 40–72
The theoretical model used to predict the ice load's spatial and temporal distribution has been described in the previous sections, together
with detailed implementations suggested in Appendices A–C. In the following, two types of physical model tests conducted in the Hamburg
Ship Model Basin (HSVA), Germany, are introduced. The measurements from these physical model tests are utilised to validate the above-
derived theoretical model.
3. Physical model tests
The physical model tests conducted in this test campaign aimed to
study the mechanisms through which level ice interacts with a down-
ward sloping structure in the presence of rubble accumulation. Two dif-
ferent test set-upswere utilised in the current study (Serré et al., 2013a,
2013b). The ﬁrst set-up (i.e., test set-up #1) is a box-shaped structure
that has a sloping plate installed within the box. This structure is fea-
tured by the utilisation of a tactile sensor to measure the local ice pres-
sure. Another test set-up (i.e., test set-up #2) is a wide sloping structure
with load cells to measure the ice load on the inclined plate. The tests
are introduced separately below.
As a common practice, both the Cauchy and the Froude scaling laws
were maintained throughout the experiments to scale the physical
model test results to full scale (Schwarz, 1977) with a geometrical
scale-factor of 20. Although there are controversies with and objections
against the concept of the currentmodel testwithweakened ice and the
pertinent similitude law (Atkins and Caddell, 1974; Palmer and
Dempsey, 2009), it is not the intention of the current paper to test the
validity of the utilised model ice and scaling law. Lau et al. (2007) re-
ported that most of the model ice typically has a higher fracture tough-
ness. This might lead to certain error in scaling the ice breaking load.
However, as introduced previously, the ice breaking load is only one
part of the total ice load. Other interaction processes, such as the ice
block rotation and rubble accumulation processes, are more dominated
by the effects of the inertia, gravity, and buoyancy forces. These effects
can be well characterised by the Froude scaling law. Therefore, it is
thought that one load component's (i.e., the ice breaking load) possible
inaccurate estimation would not ruin the validity of the full-scale load
based on the current model ice and scaling law. Croasdale also tends
to agree with the usefulness of model tests for sloping sided structures
in which bending and clearing (or accumulation) processes are domi-
nant (Palmer and Croasdale, 2013).
In this paper, unless otherwise stated, all of the numbers are given in
full scale based on a combination of Cauchy and Froude scaling laws.
3.1. Test set-up #1: sloping plate with a tactile sensor to measure the local
ice track
Timco (1991) studied the ice pressure's distribution upon a seg-
mented platewith several load cells instrumented separately in the ver-
tical direction. This study shows that for a downward sloping structure,
the maximum ice load occurs slightly lower than the waterline (i.e. in
segment 3 in the original paper). In order to achieve higher resolution
in ice load's spatial distribution, Izumiyama et al. (1998, 1999)
pioneered the application of tactile sensor measuring system in ice en-
gineering. The measurement conducted upon an icebreaker showed
that a line-like ice pressure can travel down below water level for
approximately 30% of the ship draft (Izumiyama et al., 1999). An exam-
ination of the same work shows that the maximum ice load locates at
about 10% of the ship draft below water. Izumiyama et al. (1999) sche-
matically attribute this measurement to the ice rotation process. Later
tactile sensor applications were mainly conducted in ice crushing sce-
narios (Määttänen et al., 2012; Sodhi, 2001; Sodhi et al., 1998). With
tactile sensor, the present study aims to measure the ice load's spatial
and temporal variations on a sloping plate to shed light on the interac-
tion mechanisms.
This test set-up involves a sloping ﬂat plate that is mounted with a
tactile sensor. Moreover, this sloping plate is conﬁnedwithin two trans-
parent vertical walls tomimic a two-dimensional scenario by restricting
the horizontal movements. These two vertical walls are also equipped
with cleavage cutters to alleviate the boundary effects on the incoming
ice. By pushing this ‘box’ through the level ice, the rubble was perfectly
trapped in the box and accumulated gradually. The geometry of the test
set-up and the tactile sensor's location are shown in Fig. 18. In the cur-
rent test, the tactile sensor was mounted in the centre of the sloping
plate. Due to the limited size of the sensor, the plate was only partially
covered (44% of the plate in the vertical direction), as shown in
Fig. 18b. Vertically, the plate is positioned such that two thirds of the
tactile sensor was below the waterline. The tactile sensor is composed
of 44 × 55 sensels, which are used to measure the local ice pressure.
The ice load's spatial resolution is determined by the size of each sensel,
as shown in Fig. 18b. Temporally, the sensor scans at a frequency of
10 Hz during each experiment. This frequency is adopted due to the
consideration of both the storage capacity and test purpose. In ice
crushing research, a rather high scanning frequency is required to cap-
ture the randomly developed hot spots. In contrast, the purpose of the
current test is to identify different ice load components (i.e., the ice
breaking load, ice rotating load, and rubble-accumulation load) in dif-
ferent interaction processes. Such a complete interaction process re-
quires a much larger time scale to develop; therefore, we adopted a
lower scanning frequency.
The installation and calibration of the tactile sensor has been de-
tailed in Lu et al. (2013b). The tactile sensor does not have the same ac-
curacy in the entire pressure range (Tekscan, 2003). This nonlinear
nature has been discussed in Izumiyama et al. (1998). In his work the
measured data was only qualitatively analysed. Due to the complexity
of the ice and structure interactions, the ice pressure in nature covers
a very wide range of possible values. In the current tests, based on the
chosen sensitivity and saturation pressure, the tactile sensor tends to
capture the ice pressure that repeats most often (i.e. to more accurately
report a pressure in a range that would be around the mean ice pres-
sure). However, the tactile sensor's accuracy is questionable for extreme
values. Nevertheless, the merits of using a tactile sensor in the current
mission should not be discredited because the tactile sensor will output
the contact area (i.e., the load's spatial variation) and the comparative
Fig. 17. Spatial distribution of the ice pushing load FPH.
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pressures regardless of the possible errors within its measured maxi-
mum values (Sodhi et al., 1998). However, the measured mean value
should be given a higher degree of conﬁdence comparedwithmeasure-
ments of the extreme values.
3.2. Test set-up #2: sloping plate with load cells
The above tests were based only on the tactile sensor's measure-
ments. However, the tactile sensor's results are not accurate in all of
the possible load ranges, especially at a high load range, due to the cur-
rent calibration. Therefore, it is necessary to introduce a test in which
the ice load is measured with a more mature technique. Because of
their versatility, load cells are frequently used in various ice load mea-
surements (Palmer and Croasdale, 2013). This section introduces the
test set-up that utilised load cells to measure the ice load.
In the second set-up, the ice was allowed to ﬂow around the struc-
ture (an aspect ratio of approximately 50, see Fig. 19), and the forces
on the two individual sloping panels were measured with load cells.
The load cells did not provide the spatial pressure variation, but they
do provide a more precise load estimate than the tactile sensor. An un-
derwater video demonstrated that the rubble accumulation reached the
rubble deﬂection skirt without a considerable amount of rubble ﬂowing
around the structure. Thus, we also consider these experiments to be
two-dimensional (or at least semi-two-dimensional).
3.3. Test matrix
Therewereﬁve ice sheets prepared inHSVA. Theﬁrst digit in the test
series number denotes the number of the ice sheet. The ice properties of
the different ice sheets are listed in Table 2.
The test matrices for both test set-ups are provided in Table 3.
4. Validation of the theoretical model with the physical model tests
In the previous two sections, the development of the theoretical
model and the physical model test set-ups were described in detail.
In this section, the theoretical model is validated by comparing the
physical model test results with the predictions of the theoretical
model. Speciﬁcally, the horizontal load components (i.e., the X direc-
tion, see Fig. 18) of both the measured ice loads and the predicted ice
load were extracted for comparison. In the following, unless other-
wise stated, the ice load refers to the load in the horizontal direction.
The ice load in the vertical direction follows a similar trend.
Fig. 18. (a) Schematic drawing of the test set-up and (b) geometrical details of the tactile sensor.
The drawing is not according to scale, and a full-scale size is labelled in brackets after the model scale size, other detailed geometric information can be found in Serré et al. (2013b).
Fig. 19. Geometry of a wide sloping structure.
Model scale size and full-scale size in brackets, other detailed geometric information can be found in Serré et al. (2013a).
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Two groups of validation were developed. First, the theoretical
model's results are compared to themeasurements by the tactile sensor
(i.e., in test set-up#1) to verify the theoreticalmodel's capability in con-
structing the ice load's spatial and temporal variation. Afterwards, the
current theoretical model's global load prediction capability is com-
pared with the load cell's measurements in test set-up #2.
4.1. Spatial and temporal load prediction versus measurements by the
tactile sensor
The inputs for the current theoretical model are shown in Table 4.
The unspeciﬁed values in Table 4 can be found in Tables 2 and 3, or in
the references. The rubble proﬁle is expressed separately in Eq. (3).
For the tactile sensor measurements, all of the recorded normal
pressures by each sensel were later multiplied by the sensel's area and
projected in the horizontal direction (opposite of the X direction, see
Fig. 18). These measurements were stored as a third-order tensor M
with componentsMijk. Here, i and j represent the row and columnnum-
bers of the tactile sensor's sensel, respectively, and k is the number of
scans, representing the recording time. This ice load tensor M is
summed in the horizontal j direction to highlight the ice load variation
in the vertical direction (i.e., the z direction) (see Eq. (42)).
FmH z; tð Þ ¼
Xn j
j¼1
Mijk ð42Þ
where
FH
m(z, t) is the measured horizontal ice load at time t and at the vertical
location z [kN];
nj is the number of recordings in the horizontal direction,
nj = 55.
The result of the current theoretical model is written as FHp (z, t)
which is the horizontal ice load at time t and at the vertical location
z [kN].
In the following comparisons, the above two ice loads FHm(z, t) and
FH
p(z, t) are written indiscriminately as FH(z, t) when they are under
the same manipulations.
• Ice load's spatial variation comparisons.
To highlight the spatial variation, at a speciﬁc location z, themean ice
load FH z; tð Þ and maximum ice load max(FH(z, t)) in the time domain
were calculated. Then, the corresponding mean and maximum ice
load measured or calculated at each of the vertical locations were plot-
ted in Figs. 20 and 21. The shaded area in these two ﬁgures represents
the location of the undeformed level ice. The tactile sensor covered
only a part of the sloping plate; therefore, the theoretical predictions
have a larger vertical coverage than the measurements.
• Temporal variation comparison.
To highlight the ice load's time domain variation, FH(z, t) is summed
in the z direction to obtain an ice load history FH(t) that represents the
total horizontal ice load in the range of the size of a tactile sensor.
FH
p(z, t) has not been summed over all of the calculated values in the z
direction. Only those values within the height of a tactile sensor were
summed for comparison purposes.
Instead of showing the entire measured and calculated ice load his-
tory, for illustration purposes, the obtained ice load histories were
sectionalised by a characteristic length (Lu et al., 2013b). Within each
section, the ice load's mean and maximum values were calculated as
in Eqs. (43) and (44) to illustrate their respective temporal variations
(see Fig. 22). This characteristic length is chosen to be LB, as in
Eq. (14), because this length is expected to be sufﬁciently long to
encapsulate the main interaction procedures (i.e., breaking, rotating,
and sliding) during each interaction cycle.
FH t;nð Þ ¼ FH n−1ð Þ
LB
v
≤ t≤ nð Þ LB
v
 
¼ Δt  v
LB
Xt¼nLB=v
t¼ n−1ð ÞLB=v
FH tð Þ ð43Þ
max FH t;nð Þð Þ ¼ max
n−1ð ÞLB=v≤ t≤nLB=v
FH tð Þð Þ ð44Þ
where n=1, 2, 3,…, ⌈L/LB⌉; ⌈L/LB⌉ is the rounded-up integer value of L/LB,
which represents the number of the section; and L is the total ice pene-
tration during the interaction. Since both the experimental measure-
ments and the current theoretical model yields load history in discrete
format,Δt represents time interval between theoretical ice load calcula-
tions and 1/Δt represents the sampling frequency during the experi-
mental measurements.
4.2. Global ice load prediction versus measurements by the load cells
The inputs of the current calculation include the geometry of the
structure (shown in Fig. 19). In addition to the inputs provided in
Table 4, some additional inputs are listed in Table 5.
The theoretical model's prediction and actual load cell's measure-
ments are compared in Fig. 23 for Test 3140. The mean and maximum
loads are compared in Table 6. Except for test #4140, the current
Table 3
Test matrices for test set-up #1 and test set-up #2 (FS: full scale; MS: model scale).
Speed Travelling distance
FS: [m/s] MS:[mm/s] FS: [m] MS: [m]
Test series with test set-up #1 (measured by a tactile sensor)
1210 0.2 44.7 200 10
2210 0.89 199.0 400 20
3210 0.2 44.7 200 10
4210 0.09 20.1 200 10
5210 0.2 44.7 200 10
Test series with test set-up #2 (measured by load cells)
3130 0.2 44.7 240 12
4140 0.29 64.8 200 10
5130 0.2 44.7 200 10
Table 2
Ice properties in the different tests (FS: full scale; MS: model scale).
Test series Flexural strength Ice thickness Young's modulus Ice density
FS MS FS MS FS MS FS,MS
[kPa] [kPa] [m] [mm] [MPa] [MPa] [kg/m3]
1000 1060 53 0.86 43 1220 61 906
2000 1164 58.2 0.86 43 1060 53 902
3000 1092 54.6 0.94 47 1760 88 806
4000 914 45.7 1.22 61 2060 103 928
5000 942 47.1 0.82 41 620 31 894
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theoretical model appears to slightly underestimate the mean load
(i.e., within 1.0% for test #3140 and 10.6% for test #5130), whereas
it is relatively conservative for the maximum ice load predictions.
5. Discussion
The validation results of the theoretical model were presented in
the previous section. In this section, we discuss the capability of the
theoretical model to predict the ice load.We also elaborate on the in-
teraction mechanism illustrated by the common results obtained
from both the theoretical model and physical model tests.
5.1. Spatial and temporal predictions of the ice load
Fig. 20 illustrates that in general, the current theoreticalmodel's pre-
dictions regarding the mean ice load's spatial distribution are in agree-
ment with the measurements (i.e., they agree well with each other in
terms of both the load magnitude and spatial variation). However, dif-
ferences do exist between the results from the theoretical model and
physical model tests. First, the theoretical model fails to predict any
load above the shaded area (i.e., the thickness region of the undeformed
level ice). This is due to the simpliﬁcation that the rubble sail's effectwas
not considered. Second, a further observation in the detailed differences
in each test indicates the following:
(a) For test #2210, the overall load was tested at a higher interac-
tion speed (i.e., 0.89 m/s). Because the dynamic effects were
not considered in the theoretical model, the mean ice load is
considerably underestimated below the shaded area. This un-
derestimation implies that the dynamic effects during the ice
rotating and ice accumulation process require further study;
(b) For test #4210, compared to the measurements, the theoreti-
cal prediction also underestimates the measurements. In test
#4210, the ice is relatively thick (i.e., 1.22 m). Thicker ice re-
quires more energy to propagate the tensile crack through
the ice thickness direction, and the ice block's rotating process
might be conﬁned because of this thickness. However, in the
current theoretical model, the manner in which the ice thick-
ness inﬂuences each interaction module was not considered.
This difference might be the reason for the difference between
the theoretical predictions and measurements;
(c) For tests #1210, #3210 and #5210, better predictions are shown
in Fig. 20. Although there is some underestimation of the ice load
below the shaded area, the difference is relatively small. Such a
small difference might be due to the estimated assumption of
the ice pushing load FP's spatial distribution (see Fig. 17).
With respect to the maximum ice load's spatial distribution, as
shown in Fig. 21, the theoretical model tends to overestimate the max-
imum ice load compared to the tactile sensor's measurements. Howev-
er, this overestimation is speculative because of the inaccuracy of the
tactile sensor in measuring the peak loads with the current calibration.
However, the general trend and maximum ice load's location for both
the theoretical prediction and experimental measurements are similar.
Fig. 20. Spatial variation of the mean ice load (theoretical prediction: solid line; measurements: circles with dashed line).
Table 4
Inputs for the theoretical model calculation (e.g., in test #3210).
σƒ Flexural strength of the ice in full scale [kPa] obtained by standard test procedures in HSVA (Schwarz et al., 1981)
σc Crushing strength of the ice, which is assumed to be twice the ﬂexural strength due to a lack of measured data [kPa]
h Thickness of the ice in full scale [m]
hs = 4 Height of the underwater portion of the sloping surface [m]
Pi Density of the ice [kg/m3]
Pw = 1006 Density of the water [kg/m3]
E Young's modulus of the model ice [MPa]
μs = 0.027 Ice structure friction coefﬁcient [–] obtained by standard test procedures in HSVA (Schwarz et al., 1981)
μi = 0.3 Ice–ice friction coefﬁcient [–] taken from Paavilainen et al. (2011) and Sukhorukov et al. (2012)
DT = 8.32 Width of the tactile sensor's measuring range in the horizontal direction [m]
hr,max Maximumrubbleheight during the accumulation stage [m]; this value is determinedby the structure's geometry and ice clearing efﬁciency. Based on the geometry of the
above two test set-ups, this value was chosen to be 21 m and 16.98 m for test set-ups #1 and #2, respectively
αν = 0 No ventilation is considered here because the interaction speed is low
η Rubble porosity taken from Serré et al. (2013a,b) (e.g., in Test 3210, v = 021)
θ″ Repose angle of the accumulated rubble taken from (Kulyakhtin et al., 2013) (e.g., in Test 3210, 9″ = 36) [°]
v Interaction speed [m/s]
L Ice penetration length [m]. In all of the test designs, this ﬁnal penetration length is often 200 m because hr,max was expected to have reached with such a penetration
distance
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Fig. 21. Spatial variation of the maximum ice load (theoretical prediction: solid line; measurements: circles with dashed line).
Fig. 22. Temporal variation of the ice load (theory versus measurements).
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Temporally, themean global ice load's history has been sectionalised
and compared between the theoretical predictions and measurements
in the left column in Fig. 22. The left column of Fig. 22 illustrates that
the theoretical model captures the ice load's increasing trend over
time. Such an increase is due to the presence of the volume-growing
rubble accumulation. The same underestimation in tests #2210 and
#4210 is also visible in the left column of Fig. 22. The same explanation
as above can also be applied to these discrepancies. The mean ice load's
temporal trend has been satisfactorily captured in the other tests, which
signiﬁes the applicability of the current theoretical model.
In terms of the temporal evolution of the maximum ice load, as
shown in the right column of Fig. 22, the theoretical predictions are
not in agreement with the measurements. As discussed previously,
this difference is partially due to the inaccuracy of the tactile sensor
when measuring the peak loads. Furthermore, the occurrences of the
maximum ice loads tend to be rather random. Therefore, it might be dif-
ﬁcult, if not impossible, to illustrate the temporal evolution of the max-
imum ice load. Consequently, large discrepancies are observed in the
right column of Fig. 22.
5.2. Prediction of the global ice load
It has been attempted to compensate for the inaccuracy in the
tactile sensor's measurements of the maximum ice load by using
load cells in test set-up #2. A comparison regarding the global ice
load history for test #3140 was made in Fig. 23. The results demon-
strate that, in general, the theoretical model predicts less frequent
ice loading events than do the measurements. Such a discrepancy
might be due to the two-dimensional assumption of the theoretical
model in which the incoming ice fails in the width direction simulta-
neously. In reality, imperfect contact between the level ice and slop-
ing structure occurs frequently. This imperfect contact leads to
frequent non-simultaneous bending failure of the level ice in the
width direction and thus leads to more frequently measured ice
loading events that have relatively lower magnitude.
In the entire interaction process, the load trends (see the smoothed
load history comparison in Fig. 23), load magnitude, and cyclic pattern
of the load appear to have been captured by the theoretical model.
Similar satisfactory comparisons can also be found for tests #4140
and #5130, as shown in Table 6. However, for test #4140, similar to
the validations made against the tactile sensor, the theoretical model
underestimated both the mean and maximum ice loads measured by
the load cell. The same explanation given previously for such underesti-
mation is expected to be applied here (i.e., the effect from the ice thick-
ness). For other two tests #3140 and #5130 the current theoretical
model predicts a relatively conservative maximum ice load. They also
predict rather closemean ice load, as shown in Table 6. The slight differ-
encemay be due to the limitation in the current two-dimensional theo-
ry and the oversimpliﬁcation of the rubble proﬁles. The comparisons
made here further validate the ability of the current theoretical model
to capture the ice load history (including the maximum ice load),
which is blurred by the inaccurate measurements of the tactile sensor
in the previous physical tests.
5.3. The interaction mechanism
In this section, the interaction mechanism of the level ice and the
wide sloping structure are discussed based on the common results ob-
tained from both the theoretical model and physical model tests.
As observed from both the experimental measurements and theo-
retical predictions in Fig. 20, the largest mean ice loads in all of the
tests continue to increase in the vertical downward direction until
even beyond the undeformed level ice's thickness region (i.e., the shad-
ed area). Similarmeasurements as in Izumiyama et al. (1999) and Timco
(1991) show the same ice load's spatial variation on sloping structures/
ship hull. As is known,when bending failure occurs, the tip deﬂection of
an ice beam on an elastic foundation is minimal compared to its thick-
ness (Lubbad et al., 2008). Therefore, the ice breaking load is not expect-
ed to be transferred below the undeformed ice thickness region. In
contrast, according to the theoretical model, the ice rotating load FR to-
gether with the rubble accumulation load Fsrb are able to transfer the ice
load below the undeformed level ice's thickness region (see Fig. 16).
Therefore, this largest mean ice load is considered to be a result of the
effects from the ice rotating load together with the rubble accumulation
load. This consideration is a further theoretical support of Izumiyama
et al.'s (1999) schematic illustration in explaining the observed ‘line-
like’ ice pressure travelling further below the waterline.
However, as observed from Fig. 21, although they have different
magnitudes, both the theoretical model predictions and experimental
measurements indicate that the maximum ice load locates within the
undeformed level ice's thickness region. According to the theoretical
Table 5
Additional inputs for the ice load calculation of test set-up #2.
DS = 52.2 Width of the structure at the water line in the horizontal
direction [m]
hr,max = 1698 Maximum rubble height [m]
η = 0.3 Rubble porosity [–]; this parameter is not measured during
the test; it is assumed to be 0.3
θ″ = 45 Repose angle of the accumulated rubble [°], which is assumed
to be 45° due to a lack of measurements
Fig. 23. Global load comparison between the theoretical model and load cells for test #3140.
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model, all of the load components (FB, FR, Fsrb,and FP) are active in this
region. Themaximum ice load's contributions from these different com-
ponents are discussed in the following section.
The effects of rubble accumulation are highlighted in the mean ice
load's temporal variation in the left column of Fig. 22 and the global ice
load's history in Fig. 23. As the rubble accumulation increases, the mean
ice load tends to increase gradually. According to the theoretical model,
the rubble accumulation tends to increase the ice breaking load in the
phase 1 ice breaking scenario and tends to increase the ice rotating load
and ice accumulation load. Thereafter, the measured ice load increases.
5.4. Load contribution and eventual ice breaking length
In this section, the theoretical model is further explored to obtain in-
formation that cannot be directly measured in the current test set-up.
First, the load contributions from different interaction processes
are illustrated. Different components of the ice load's time history
are constructed in Fig. 24 based on the theoretical model and using
inputs from test #3210. In the design of test set-up #1, it was as-
sumed that the maximum rubble height was hr,max = 21 m. In
other words, when the accumulated ice rubble beneath the water-
line reaches a depth of 21 m, further incoming ice rubble starts to
overﬂow and be cleared away. Therefore, this depth (i.e. maximum
rubble height) determines the stationary ice loading history. In the
current theoretical calculations, based on the assumed rubble vol-
ume calculations (i.e., Eqs. (1), and (2)), it is found that the maxi-
mum rubble height was reached when the ice penetration L = 300
mwith the assumed bilinear rubble proﬁle and measured rubble po-
rosity. In the current trial calculation, L = 400 m was chosen as the
maximum ice penetration to demonstrate the ice load contribution
from the different ice load components.
Fig. 24 shows that the ice breaking load FB is decisive initially and in-
creases with the rubble accumulation. However, when reaching the
phase 2 ice breaking stage, the ice breaking load suddenly decreases
due to the assumption (i.e., the incoming ice no longer has direct contact
with the structure) made in the theoretical model. Furthermore, the
dominant ice load shifts to the ice rotating load FR. Its peak values may
become even larger than the ice breaking loads. The load FP that is re-
quired to push the ice through the rubble becomes signiﬁcant as the
ice penetration increases. However, in test #3210, the model ice's
density is rather low and the rubble effects have been ampliﬁed.
The rubble accumulation load Fsrb also contributes an important por-
tion to the global ice load. The general trend of each load component
is: in the phase 1 ice breaking scenario, all these load components in-
crease with the amount of rubble accumulation; in the phase 2 ice
breaking scenario, except the ice breaking load, all the other load
components keep increasing until the maximum rubble height was
reached.
Due to the low ice density in test #3210, the incoming level ice starts
to fail against the accumulated rubble at a rather early stage (i.e., with
an ice penetration of approximately 50 m). Following this stage, are
the interactions in the rubbling process. It has been implicitly assumed
that Croasdale's model is valid only while the ice fails against the struc-
ture (Croasdale and Cammaert, 1994). After the ice starts to fail against
the accumulated rubble, new formulations are required to calculate the
rubbling load.
In Fig. 25, the global ice load history of the current theoretical model
prediction is compared with the maximum ice load obtained by several
other methods for test #3210. Because the current model is a two-
dimensional model, the two-dimensional formulas proposed by
Croasdale (2012) in Eq. (45) and Comfort et al. (1998) in Eq. (46)
were utilised for comparison purposes. A further comparison is also
made against the secant formula (Bažant and Cedolin, 2010), as in
Fig. 24. Load contribution from the different load components.
Table 6
Comparison of the mean and maximum loads.
Test series Measured mean value Calculated mean value Measured maximum value Calculated maximum value
# kN kN kN kN
3140 3586 3550.4 7624.0 7767.1
4140 2345.3 1413.2 7064.4 6628.5
5130 1961.6 1752.8 4872.0 5438.4
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Eq. (47), to extract the maximum rubbling load (Paavilainen and
Tuhkuri, 2013).
Fridging Croasdale ¼ 105:3h1:104 ð45Þ
Fridging Comfort ¼ 100h1:25 ð46Þ
F forcechain ¼
σ cDh
1þ eyc
r2
sec
l
2r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
F forcechain
EDh
r !" # ð47Þ
where
Fridging_Croasdale is the two-dimensional ridge building line load based
on Croasdale (2012) [kN/m]; the unit for h in the equation
is [m];
Fridging_Comfort is the two-dimensional ridge building line load based on
Comfort et al. (1998) when the ice thickness is smaller than
2 m, in [kN/m], and the unit for h in the equation is [m];
Fforcechain is the maximum rubbling load due to the buckling of the
force chain within the rubble [kN];
e is the eccentricity [m];
yc is the largest distance from the neutral axis of the force chain
to a ﬁbre that is in compression [m];
r is the radius of gyration of the considered beam proﬁle [m].
In general, Fig. 25 illustrates that the current theoretical model pre-
dicts a rather close ice load in comparison to the other methods. With
the ridge building load, the current theoretical model predicts a rela-
tively conservative maximum ice load with a maximum rubble height
of 21 m. As discussed by Palmer and Croasdale (2013), Eq. (45) is
more inﬂuenced by the ice–ice friction, gravity and buoyancy terms
rather than the bending failure terms. Judging from the ice properties'
inputs to the current theoretical model (e.g., ice–ice friction is 0.3 and
low ice density), the agreement between the current theoretical
model and Eq. (45) in reality would be better than it appears in Fig. 25.
The calculation of the secant formula (i.e., Eq. (47)) is largely
inﬂuenced by the chosen values of e and yc. As discussed by
Paavilainen and Tuhkuri (2013), the eccentricity e typically increases
with the sloping angle. In the current calculation with a 45° slope, it
is assumed that e=2.5m. This assumption is in line with the value of
2.0 m used for a 30° slope angle in the same reference. The value of yc
is conservatively assumed to be half of the ice thickness. Moreover,
the force chain length is chosen as the length of the rubble span
expressed as l in Eq. (47). A relatively smaller variation on Fforcechain
is induced by the value of l. As it can be observed in Fig. 25 that the
current theoretical model predicts closer results with the secant for-
mula while the rubble amount is not signiﬁcant. While more ice rub-
ble is present, the secant formula appears to be less conservative.
Paavilainen and Tuhkuri (2013) discussed the applicability of the
secant formula in describing the buckling of force chain. In the cur-
rent calculation, it has been assumed that an intact ‘ice beam’ is
eccentrically loaded. And the support from the ice rubble is not con-
sidered in the secant formula. The additional rubble support would
strengthen the eccentrically loaded ‘ice beam’ and hence increase
the ice load. If this effect can be added into the secant formula, the
current theoretical model's prediction could be closer with the
force chain concept's prediction.
Furthermore, it should bear in mind that the formulas used in the
current comparisons are all two dimensional. When extending the
line load in the width direction, the size effect should be cautioned.
However, this consideration is not covered in the current paper because
of the two-dimensional assumption.
The variation of the ice breaking length in the presence of secondary
ice breaking is illustrated in Fig. 26 for test #3210. This ﬁgure illustrates
that the secondary ice breakings occurred when the ice penetration
reaches approximately 110 m. The presence of secondary breaking
breaks an initially long ice block into two smaller pieces. This ﬁnding
agrees with the model tests conducted by Timco (1984), who observed
that the ice breaks into two or three smaller pieces during the rotating
process. Rubble accumulation increases the likelihood of secondary ice
breaking and leads to a shorter eventual ice breaking length.
With the inﬂuence from additional rubble pressure, secondary ice
breaking takes place in test #3210. For other tests, evenwithout the oc-
currence of secondary ice breakings, shorter ice breaking lengths were
also observed with the increasing amount of rubble accumulation, as
shown in Fig. 27. Fig. 27 is in line with the ﬁeld observation that the
eventual ice breaking length tends to be approximately three to six
times the ice thickness (Michel, 1978). However, the theoretically pre-
dicted range (i.e., three to nine times) is relatively larger than the ﬁeld
observation (i.e., three to six times). Such discrepancy may due to the
assumed perfect contact in the width direction in the current two-
dimensional setting. Nevertheless, the current secondary ice breaking
theory and rubble accumulation effects offer another explanation for
the observed shorter ice breaking length than that predicted by
elastic-foundation beam theory. This explanation is also in line with
the simulation results obtained by Paavilainen et al. (2010), who calcu-
lated a short eventual ice breaking length evenwhen thebending failure
mode is dominant.
Fig. 25. Total load history of test #3210 in comparison with other existing theoretical models.
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Moreover, this result further indicates that the ice rotating load
could be further transmitted downwards below the waterline for
more than three times of the ice thickness.
6. Conclusions
Based on previous theoretical models and observations, a quasi-
static 2D theoretical model was developed to describe the interaction
process between level ice and wide sloping structures. This theoretical
model has the following features:
• Different interactions are treated separately in a proceduralmanner in
the time domain;
• The rubble accumulation effect is coupledwith all of the important in-
teraction processes;
• The theoretical model is designed to predict the spatial and temporal
variations of the ice load.
The implemented theoretical model is compared with the measure-
ments fromboth a tactile sensor and load cells. Based on the above com-
parisons of the available test data against the theoretical prediction, it
can be concluded that:
• The current theoreticalmodel can satisfactorily predict the spatial and
temporal variation of the ice load when the interaction speed is low
(i.e., approximately 0.2 m/s) and when the ice thickness is smaller
than 1 m.
• Further study is still required to clarify the dynamic inﬂuence in the
ice rotating process and rubble-accumulation process; further study
is also needed to consider the inﬂuence of the ice thickness in different
interaction processes.
The following conclusions can be drawn from the shared results
from both the tactile sensor measurements and theoretical predictions:
• The largestmean ice load typically occurs below the undeformed level
ice's thickness region. This arrangement indicates the importance of
the ice accumulation load and ice rotating load when considering
the largest mean ice load;
• The maximum ice load's location is found to be within the unde-
formed level ice's thickness region. Based on the load distribution as-
sumption and load component analysis, the major contributor to the
maximum load can be due to either the ice breaking load, ice rotating
load, or ice pushing load. This offers an alternative explanation to the
peak ice load's location as opposed to othermethod (e.g., the buckling
of force chain method). Further research is needed to clarify the con-
nections between these explanations;
• Compared with other two-dimensional theories (i.e., the ridge build-
ing load), the current theoretical model yields relatively conservative
but similar predictions regarding the maximum ice load during the
rubbling process. However, as one of the anonymous reviewers point-
ed out that the validity of the physicalmodel tests and accordingly the
theoreticalmodel's application in the context of full scale need further
more rigorous validations;
• Secondary ice breakings occur frequently, especially in the presence of
a large pressure induced by the rubble accumulation (e.g. test #3210).
The secondary ice breaking causes the eventual ice breaking length to
be approximately three to eight times the ice thickness. Even without
Fig. 27. Calculated eventual ice breaking length with possible secondary ice breakings versus the rubble height (note here that the rubble height is calculated according to Eq. (3),
with θ″ = 45 °).
Fig. 26. Illustration of secondary ice breaking and ice breaking length evolution during the ice rotating phase (based on numerical simulations).
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the secondary ice breakings, the presence of rubble accumulation also
tends to decrease the eventual ice breaking length (i.e. around six to
nine times the ice thickness). This theory offers another explanation
for the often-observed shorter ice breaking length compared to the
elastic-foundation beam theory's prediction.
In summary, mutual support has been attained from both the test
results of the physical models and the predictions of the theoretical
model to reveal some important aspects regarding the level ice inter-
action with wide sloping structures. Special attention has been
placed on the importance of the rubble accumulation's effects.
Based on the physical model's measured results, the currently devel-
oped theoretical model can serve as a preliminary yet useful predic-
tion and investigation tool to harvest the spatial and temporal
variation of the ice load.
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Appendix A. Vertical ice breaking load with the presence of a
triangular rubble proﬁle
As is shown in Fig. A.1, in order to determine FBV with the pres-
ence of a triangular rubble proﬁle beneath, the method of superim-
position is utilised herein. At ﬁrst, the ice beam's deﬂection
Wrubble(x) and moment distribution Mrubble(x) are calculated. Then
it is possible to calculate the ﬂexural stress distribution σrubble(x) in-
duced by rubble pressure alone. It is ﬁrstly checked whether or not
the rubble pressure alone can already break the ice. If yes, then the
phase 2 ice breaking scenario is activated; if not, we need to further
superimpose the effect of FBV (to be calculated) to meet the ice bend-
ing failure criteria.
A.1. Inﬁnite beam on elastic foundation under triangular distributed load
In order to calculate the triangular distributed load's effect on a
semi-inﬁnite beam, the method of end conditioning force (Hetenyi,
1946) is utilised. The same approach has been adopted by Mayne
(2007). However, his derivation suffers from a minor error. Therefore,
the derivation is repeated here with constant references back to the re-
sults of Hetenyi (1946) and Mayne (2007).
It is important to deﬁne in the very beginning the sign of
different force terms. We adopt here the same convention that
has been utilised by both Hetenyi (1946, p. 3) and Mayne (2007,
p. 83) (see Fig. A.2). Furthermore, in order to take advantage of
the already available solutions and also in order to make less con-
fusion, the original problem has been equivalently transformed as
in Fig. A.2.
The solution for this case has been given in Hetenyi (1946, p. 17).
By changing variables in the original solution, we obtain the inﬁnite
beam's deﬂection, shear force, and moment distribution as in the
following:
For 0 ≤ x ≤ l (changing a= l− x and b= x):
W xð Þ ¼ q0
4λk′
1
l
Cλ l−xð Þ−Cλx−2λlDλx þ 4λ l−xð Þ
h i
M xð Þ ¼− q0
8λ3
1
l
Aλ l−xð Þ−Aλx−2λlBλx
 
Q xð Þ ¼− q0
4λ2
1
l
Bλ l−xð Þ þ Bλx−λlCλx
 
:
ð48Þ
For x N l (changing a= x− l and b= x):
W xð Þ ¼ q0
4λk′
1
l
Cλ x−lð Þ−Cλx−2λlDλx
h i
M xð Þ ¼− q0
8λ3
1
l
Aλ x−lð Þ−Aλx−2λlBλx
 
Q xð Þ ¼ q0
4λ2
1
l
Bλ x−lð Þ−Bλx þ λlCλx
  ð49Þ
with the deﬁnition of variables as in the following:λ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
ρwgD
4EI
4
q
, k′ =
ρwgD, q0 =− qr0 =− (ρw− ρi)ghr1(1− η), Aλx = e−λx(cos λx + sin
λx),Bλx = e−λx sin λx,Cλx = e−λx(cos λx − sin λx), and Dλx = e−λx
cos λx.
Note that in the above equations, the sign of Q(x) is opposite to
the original solution in Hetenyi (1946, p.17). This is because in the
original solution of Hetenyi (1946, p. 17), the triangular distributed
load is sloped in an opposite manner. Imagining setting x = 0 (i.e.,
setting a = l and b = 0 in the original work of Fig. 9 in Hetenyi
Fig. A.1. Illustration of different loads on the assumed semi-inﬁnite elastic-foundation ice beam.
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(1946, p. 17), a shear force component can be obtained on the right-
hand side of the truncated beam; while setting x= 0 in the current
case (Eq. (49)), we can obtain a same shear force component having
the same magnitude and pointing direction, but on the left-hand
side of the truncated beam (see Fig. A.2). This leads to an opposite
sign according to the sign convention in Fig. A.2. This is a fast
check to see that the shear force component in the current case is
supposed to have a negative sign in comparison to Hetenyi's solu-
tion. In the work of Mayne (2007, p. 92), all the terms in Eqs. (48)
and (49) are the same, except the expression for Q(x) in Eq. (48).
This is the small mistake we have mentioned.
A.2. Semi-inﬁnite beam on elastic foundation under triangular distributed
load
With the solution of inﬁnite beamon elastic foundation, the solution
for semi-inﬁnite beam under the same external loadings can be obtain-
ed by applying the end conditioning force P0 and moment M0 at the
truncation point (x=0) such that they can cancel out the existing mo-
ment and shearing force at x = 0. According to Hetenyi (1946, p. 23),
the expression for P0 andM0 can be written as:
P0 ¼ 4 λM x ¼ 0ð Þ þ Q x ¼ 0ð Þ½ 
M0 ¼−
2
λ
2λM x ¼ 0ð Þ þ Q x ¼ 0ð Þ½ : ð50Þ
Inserting Eq. (48) into Eq. (50) with x=0,we obtain the expression
for P0 andM0 respectively as:
M x ¼ 0ð Þ ¼ q0
8λ3
1
l
1−Aλlð Þ
Q x ¼ 0ð Þ ¼ q0
4λ2
1
l
λl−Bλlð Þ
P0 ¼
q0
2λ2l
1−Aλl þ 2λl−2Bλlð Þ
M0 ¼−
q0
2λ3l
1−Aλl þ λl−Bλlð Þ:
ð51Þ
Deﬁningω= (1− Aλl + 2λl− 2Bλl) and ψ= (1− Aλl + λl− Bλl),
the end conditioning forces will convert the solution for an inﬁnite
beam into a semi-inﬁnite beam. These end conditioning forces also
introduce additional beam deﬂection, shearing force and moment dis-
tribution along the beam length. According to Hetenyi (1946, p. 12 &
p. 14), the solutions for an inﬁnite beam under point load or a concen-
trated moment have been explicitly given. This leads to the expression
for different terms as in the following:
For the point load P0:
WP0 xð Þ ¼
P0λ
2k′
Aλx ¼
q0
4k′λl
ωAλx
MP0 xð Þ ¼
P0
4λ
Cλx ¼
q0
8λ3l
ωCλx:
ð52Þ
For the momentM0:
WM0 xð Þ ¼
M0λ
2
k′
Bλx ¼−
q0
2λk′l
ψBλx
MM0 xð Þ ¼
M0
2
Dλx ¼−
q0
4λ3l
ψDλx:
ð53Þ
Applying the principle of superimposition, the deﬂection and mo-
ment of a semi-inﬁnite beam under triangular distributed load can be
written as:
For 0 ≤ x ≤ l:
Wrubble xð Þ ¼ WP0 xð Þ þWM0 xð Þ þW xð Þ
¼ q0
4λk′l
ωAλx−2ψBλx þ Cλ l−xð Þ−Cλx−2λlDλx þ 4λ l−xð Þ
 
Mrubble xð Þ ¼ MP0 xð Þ þMM0 xð Þ þM xð Þ
¼− q0
8λ3l
−ωCλx þ 2ψDλx þ Aλ l−xð Þ−Aλx−2λlBλx
 
ð54Þ
For x N l:
Wrubble xð Þ ¼ WP0 xð Þ þWM0 xð Þ þW xð Þ
¼ q0
4λk′l
ωAλx−2ψBλx þ Cλ x−lð Þ−Cλx−2λlDλx
 
Mrubble xð Þ ¼ MP0 xð Þ þMM0 xð Þ þM xð Þ
¼− q0
8λ3l
−ωCλx þ 2ψDλx þ Aλ x−lð Þ−Aλx−2λlBλx
 
:
ð55Þ
Note here the expressions in Eqs. (54) and (55) are identical to the
results of Mayne (2007, p. 94) except that the deﬁnition of ω and ψ
are different. This is due to different results on the end conditioning
force. A quick way of disproving Mayne's (2007) results is to check
the expression of end deﬂection Wrubble(x = 0) according to Eq. (54)
as in the following:
Wrubble 0ð Þ ¼
q0
4λk′l
ωAλ0−2ψBλ0 þ Cλl−Cλ0 þ 2λlDλ0ð Þ
¼ q0
4λk′l
ω þ Cλl−1þ 2λlð Þ: ð56Þ
In the original work of Mayne (2007, p. 94), ω= (1− Aλl + 2Bλl +
2λl). Inserting this expression into Eq. (56), it turns out:
Wrubble 0ð Þ ¼
q0
4λk′l
1−Aλl þ 2Bλl þ 2λlð Þ þ Cλl−1þ 2λl½ 
¼ q0
4λk′l
2Bλl þ Cλl−Aλl þ 4λlð Þ ¼
q0
k′
:
This expression is to say, the end point deﬂection of a semi-inﬁnite
beam under triangular distributed load is independent of l. This is
physically untrue.
Fig. A.2. Positive directions and triangular distributed load on inﬁnite beam on elastic foundation.
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A.3. Semi-inﬁnite beam on elastic foundation under vertical point load FBV
at the free end
Applying a point load at the free end of a semi-inﬁnite beam on
elastic foundation, the corresponding solutions are given in Hetenyi
(1946, p. 24) as in the following:
WFBV xð Þ ¼
2FBVλ
k′
Dλx
MFBV xð Þ ¼−
FBV
λ
Bλx
ð57Þ
Before continuing with the superimposition to solve the problem, it
is worthwhile to explore Eq. (57)'s moment distributionMFBV xð Þ in this
loading case (i.e., without the rubble inﬂuence). Based on the assump-
tion of pure bending, it can be calculated the location of ice breaking
by setting
dM FBV xð Þ
dx ¼ 0 and solve for x. This leads to:
dMFBV xð Þ
dx
¼− FBV
λ
dBλx
dx
¼− FBV
λ
−λe−λx cosλxþ λe−λx sinλx
 
¼ 0: ð58Þ
The solution for the above Eq. (58) leads to:
λx ¼ nπ þ π
4
n ¼ 0; 1; 2…: ð59Þ
Eq. (59) indicates that the closest bending point is at x ¼ π4λ ¼ π4 =ﬃﬃﬃﬃﬃﬃﬃﬃ
ρwgD
4EI
4
q
¼
ﬃﬃ
2
p
π
4
ﬃﬃﬃﬃﬃﬃﬃﬃ
EI
ρwgD
4
q
. This static solution can be considered as the longest
ice breaking length encountered if bending failure dominates (see
Eq. (14)).
Utilising the principle of superimposition again, the ﬁnal beam
deﬂection and moment distribution can be obtained as following:
For 0 ≤ x ≤ l:
Wtotal xð Þ ¼ Wrubble xð Þ þWFBV xð Þ
¼ q0
4λk′l
ωAλx−2ψBλx þ Cλ l−xð Þ−Cλx−2λlDλx þ 4λ l−xð Þ
 
þ2FBVλ
k′
Dλx
Mtotal xð Þ ¼ Mrubble xð Þ þMFBV xð Þ
¼− q0
8λ3l
−ωCλx þ 2ψDλx þ Aλ l−xð Þ−Aλx−2λlBλx
 
− FBV
λ
Bλx:
ð60Þ
For x N l:
Wtotal xð Þ ¼ Wrubble xð Þ þWFBV xð Þ
¼ q0
4λk′l
ωAλx−2ψBλx þ Cλ x−lð Þ−Cλx−2λlDλx
 
þ 2FBVλ
k′
Dλx
Mtotal xð Þ ¼ Mrubble xð Þ þMFBV xð Þ
¼− q0
8λ3l
−ωCλx þ 2ψDλx þ Aλ x−lð Þ−Aλx−2λlBλx
 
− FBV
λ
Bλx:
ð61Þ
Eqs. (60) and (61) are used to calculate the ice breaking load FBV and
ice breaking length LB by equating the following terms:
Max Mtotal xð Þj jð Þ ¼
σ f Dh
2
6
: ð62Þ
Eq. (62) is a nonlinear equation and its closed-form solution for
FBV is difﬁcult to obtain. Simple search algorithms can be implement-
ed to calculate the ice breaking load FBV and ice breaking length LB. In
the current paper, the following steps are implemented:
1) Discretize the ice beam in the length direction (x domain);
2) Assigning a trial value to FBV= FBVtrial= FBV(qr1=0) (This is the critical
ice breaking load without the presence of ice rubble. See Eqs. (57),
(59) and (62));
FtrialBV ¼ FBV q1r ¼ 0
 
¼ σ f Dh
2
6
λ=Bλx λx ¼
π
4
 
¼ σ f Dh
2
6
λ
e−
π
4 sin
π
4
:
ð63Þ
3) Evaluate the error ratio between the calculated maximum
trial moment and the critical ice bending moment as R ¼
Max Mtotal xð Þj jð Þ− σ f Dh
2
6
 
=
σ f Dh
2
6
 
;
4) Update the anew trial ice breaking load as FBVtrial,new= FBVtrial,old−RFBVtrial,old;
5) Deﬁne the force error as Δ= |FBVtrial,new− FBVtrial,old|, if Δ N Δcr, step
(3)–(5) are repeated. If the error is within the chosen limit Δcr
(e.g., 1 N), the iteration stops and FBV = FBVtrial,new, the corre-
sponding location where the maximum moment takes place
can be easily identiﬁed and it is the location where LB can be
calculated.
6) If the FBV was found to be negative, this means that the rubble
pressure alone can already break the ice. Then phase 2 ice break-
ing scenario is activated and a different formula need to be used
to calculate the ice breaking load as in Eq. (8).
This algorithm has been implemented and studied in details in Lu
et al. (2013a,b) regarding the inﬂuence of different parameters.
A.4. The inﬂuence of the axial force
In the currentmodel, the axial forcewas not considered. This section
demonstrates the consequence of this simpliﬁcation. There are three
different cases should be identiﬁed:
Case 1. FBV (without axial compression)
This is the basic assumption of the current paper. This is to say,
setting NH = 0 in Eqs. (12) and (13) are not considered.
Case 2. FBV (with axial compression, coupling axial force with the beam
bending formulation)
In this case, NH≠ 0 in Eqs. (12) and (13) are utilised to iteratively
obtain the ice breaking load FBV.
Case 3. FBV (with axial compression, decoupling axial force from the
beam bending formulation)
In this case, NH=0 in Eqs. (12) and (13) are utilised to iteratively
obtain the ice breaking load FBV. For instance, the current ISO/FDIS/
19906 (2010) is not coupling the axial force in the beam bending
formulation.
These relationships between these 3 cases are studied with differ-
ent parameters. For the coupled bending Case 2, the formulation and
relevant solutions are well treated in Hetenyi (1946, p. 135). Based
on the same theory, we brieﬂy present how the presence of addition-
al compressive load FBHwould alter the vertical ice breaking load FBV.
Utilising the relationship between FBH and FBV, we can construct the
relationship between FBV (with axial compression) and FBV (without
axial compression) as in Fig. A.3. Based on the calculated results, the
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following conclusion can be made regarding the axial force's
inﬂuence:
• For most engineering structures, while the sloping angle is between
30 and 60 (i.e., dominated by ice bending failure), based on all the cal-
culated cases, the inclusion of the axial force (i.e., in Cases 2 and 3)will
increase the vertical direction ice breaking load not more than 10%;
• Neglecting the axial compression's contribution to the additional
bending moment (i.e., setting NH = 0 in Eq. (12) in Case 3) would
lead to more conservative estimation of the vertical direction ice
breaking load;
• Among all studied parameters (i.e., ﬂexural strength, Young's modulus,
ice thickness and ice–structure friction coefﬁcient), the ice–structure
friction coefﬁcient can signiﬁcantly magnify the horizontal load which
in turn signiﬁcantly increase the vertical direction ice breaking load;
• Caution should be made and modiﬁcation should be taken to the
current developed ice breaking module once the structure's sloping
angle (e.g., larger than 60°) and the ice–structure friction coefﬁcient
(e.g., larger than 0.2) was large.
Appendix B. Ice rotation module: derivation and
model development
B.1. Derivation of the ice rotating load FBV within the elastic foundation
range
The vertical direction ice rotating load FBV is calculated in two differ-
ent regions. The free bodydiagramand corresponding derivationwithin
the elastic foundation range are shown as in the following:
Elastic foundation range: θR ≤ θcr.
In this case, the ice block's rotation angle θR is very small and the
ﬂuid base behaves elastically. Furthermore, due to the rather small
rotation, ice rubble's pressure is neglected. Based on these idealiza-
tions, the free body diagram can be illustrated as in Fig. B.1.
The force balance in the vertical direction and the moment balance
around the rotation centre (unknown) could be written as:
FRV þ
1
2
ρwgDd
2θR ¼
1
2
ρwgD lR−dð Þ2θR
FRV lR−dð Þ ¼
1
3
ρwgDd
3θR þ
1
3
ρwgD lR−dð Þ3θR:
ð64Þ
The solutions of the above Eq. (64) are:
d ¼ 1
3
lR
FRV ¼
1
6
θRl
2
RρwgD a repetition of Eq: 15ð Þ:
ð65Þ
It turns out that d is a constant as long as lR given. This is to say that
within the assumed elastic rotation range, the rotation centre is always
2/3 of the length away from the contact point. Moreover, the maximum
moment along the beam can be identiﬁed at the location where shear
Fig. A.3. The effect of axial forcewith differentmechanical parameters. (Note that the red-coloured lines are the base case in all the comparisonswith inputs:σf=500 kPa, E=10GPa, h=
1.0 m, and μi = 0.0).
Fig. B.1. Free body diagramof ice rotation in the elastic foundation range (note here that lR
is a general expression for the length of the rotating ice block).
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force becomes 0. i.e., x^ ¼ 13 l and the corresponding maximum moment
can be obtained as:
MRotation max ¼ max M x^ð Þj jð Þ
¼ 2
81
θRρwgl
3
RD a repetition of Eq: 16ð Þ: ð66Þ
B.2. Model development of the ice rotation module in the plastic range
During the rotation of the ice block, it is interesting to identify the
driving force to construct the free body diagram. A complete illustration
of different force components is illustrated as in Fig. B.2. In comparison
to the assumed free body diagram in Fig. 11, there are two additional
force components, Ff and Fc, in green coloured arrows. Ff stands for
the friction between the rotating ice block and the rolling ice rubble
beneath; Fc is the possible contact force between the intact ice sheet
and the rotating ice block. Both of these force components are unde-
termined and further information is needed to back calculate them.
For Ff, the relative motion between the rotating ice block and the
rolling rubble beneath is needed. Without such information, it can be
any value between 0 and a critical value Ff,cr = μiqr1 cos(θR) (i.e., the dy-
namic friction induced by the rubble pressure). Regarding Fc, depending
on if therewill be contact or not, it can vary between 0 and a critical value
Fc,cr limited by the bending failure of the incoming ice sheet. Based on
Eq. (63), it can be expressed as in Eq. (67) as a conservative estimation.
Fc;cr ¼
FBV q
1
r ¼ 0
 
cos θRð Þ
: ð67Þ
It is easy to include these two undetermined force components in
Eq. (19) to evaluate their respective inﬂuences. In this section, a
conservative trial simulation is made to justify the assumed free
body diagram in Fig. 11. A conservative trial simulation here means
that a relatively long ice block is rotating upon a large amount of
rubbles without secondary breakings (i.e., lR = 10 m; hr1 = 20 m;
μi = 0.3). The results are presented in Fig. B.3.
Fig. B.3 shows that neglecting these two undetermined terms yield
relatively conservative results on the ice rotating load. Notably, the
inﬂuence from the rubble friction force Ff has higher inﬂuence on
the ice rotating load. Even though, the overestimation (less than 30
kN) takes place at relatively large ice rotation angle. Knowing that
most of the peak ice rotating load occurs at small ice rotation angle
(e.g., see the ice rotating load trend in Fig. 15), the inﬂuence from
the neglect of Ff is thus minimal.
Therefore, it can be concluded that neglecting these two undeter-
mined force components in Eq. (19) leads to reasonably conservative
estimation of the ice rotation load and the utilisation of Fig. 11 is thus
justiﬁed.
Appendix C. Numerical scheme for constructing the ice rotating load
history with secondary ice breakings
The process of ice rotation with secondary ice breakings can be il-
lustrated in Fig. C.1. The ﬁrst peak ➊ is due to rotating a relatively
large ice block. The load peak drops due to the presence of secondary
breakings. After a sudden load decrease (but not dropping until
zero), the ice rotating load starts to increase again in ➋ by rotating a
newly formed ice block. Then the second newly formed ice block starts
to rotate in ➌ and➍. However, this process is rather complex to be
casted into simple formulations, especially the transition from ➊ to ➋.
To simplify this process andmake it theoretically easy to implement,
the process between ➊ to➋ is ‘decoupled’ as in Fig. C.2. The continuous
process from ➊ to ➍ in Fig. C.1 has been replaced by two independent
processes from ① to ② in Fig. C.2. In process ① the initial ice block
was rotated until its failure (i.e., secondary ice breakings), the corre-
sponding ice rotating load FRV0 keeps calculating values with Eqs. (15)
and (19) before the secondary ice breakings, after which, its value was
set to be zero. In process②, two independent new ice blocks are rotated
from θ1 = 0 until θm = α. The ice rotating load is recorded as FRV1 . The
ﬁnal ice rotating load is assumed to be max(FRV0 , FRV1 ). The eventual ice
rotating load curve would appear similar to that in Fig. C.1. The detailed
algorithm of the current conceptual description is further explored in
the following.
In Section 2.3.2, the length information of a series of broken ice
blocks that failed by bending failure is stored in a vector LB. Each el-
ement (i.e., the initial broken ice blocks) within LB is corresponding
to a reference time point τi and is about to be rotated. The following
described procedure should be applied to each element within LB to
obtain the ice rotating load history with the presence of secondary
ice breakings. This section supposes that an element LB,i within LB
is under consideration.
Fig. B.2. Ice rotation module with undetermined contact forces.
Fig. B.3. Inﬂuences of the undetermined force on the ice rotation module.
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Without secondary ice breakings, we simply have lR= LR,i= LB,i. The
ice rotation load's temporal distribution has been described in
Section 2.4.2. However, if secondary ice breaking takes place, in most
cases lR≠ LR,i≠ LB,i. Here we introduce the notation LR,ik k = 0, 1, 2, 3,
…, Nsecondary (Nsecondary is the number of secondary breakings for each
ice block with an initial length of LR,i0 = LB,i. Since it has a ﬂavour of spa-
tial distribution, an upper index is assigned to it herein). The algorithms
for the calculations are as in the following:
1) For a particular time reference point τi, assigning the ice breaking
length to the initial ice rotation length LR,i0 = LB,i and denoting lR =
LR,i
0 ;
2) Inserting lR into Eqs. (15) and (19) to calculate FRV,i,j0 , and in themean-
time monitoring the ﬂexural stress inside the rotating ice block with
Eqs. (16), (20) and (21) to calculate the moment distribution;
3) Once the maximum ﬂexural stress exceeds the ice ﬂexural strength,
secondary ice breaking occurs. Numerically, we replace LR,i0 with two
new ice blocks LR,i1 = [LR,i,10 LR,i,20 ]; correspondingly, the initial ice ro-
tating load is considered as following:
F0RV;i; j ¼ F
0
RV ;i; j before secondary ice breaking
0 after secondary ice breaking
For L0R;i : 0≤θ j≤α :

ð68Þ
4) Iterating within the new elements of LR,i1 : i.e., assigning ﬁrstly lR=
LR,i,1
0 and running through the above 2) to 3) to construct the new ice
rotating load for the ﬁrst new ice block FRV,i,j1 (for LR,i,10 : 0 ≤ θj ≤ α);
assigning secondly lR= LR,i,20 to obtain the second new ice block's ro-
tating load FRV,i,j1 (for LR,i,20 : 0≤ θj≤ α); These two sequential load to-
gether composed of the new ice rotating load FRV,i,j1 = [FRV,i,j1 (for LR,i,10 )
FRV,i,j
1 (for LR,i,20 )] (e.g., see the two dashed triangle curves in Fig. C.2);
5) If Further secondary ice breakings took place for any of the above
new ice block LR,i,10 or LR,i,20 , step 4) is repeated until no further sec-
ondary ice breakings take place. This leads to the ﬁnal ice block
length vector for the reference time τi as L
Nsecondary
R;i , and also the ice ro-
tating load history FNsecondaryRV;i ;
6) Moving to the next reference time station τi + 1 and repeat 1) to 6).
Eventually, the following ice breaking length vectors LNsecondaryR and ice
rotating load vectors FNsecondaryRV are constructed;
7) As an example, LR0 and LR1 are shown in Fig. 26 (i.e., in this ﬁgure,
Nsecondary = 1); The ﬁnal ice rotating load is constructed as in
Eq. (69);
FRV ¼ max F0RV ; F1RV ; F2RV ;…; F
Nsecondary
RV
 
: ð69Þ
8) Converting FRV into FR according to Eq. (5) leads to Eq. (38);
Fig. C.1. Schematic illustration of ice rotation process and ice rotating load with the presence of secondary ice breakings (please refer to Section 2.4.2 for the explanations of different
symbols).
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9) The same procedure as described in Section 2.4.2 can be utilised to
construct the temporal evolution of the ice rotation load FR_temporal.
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ABSTRACT 
When level ice interacts with downward wide sloping structures, the incoming level ice 
usually fails in bending failure mode. As the failed rubble accumulates, the bending process is 
influenced by the rubble beneath. An experimental investigation of the effect from the 
volume-growing rubble field in front of a sloping structure is described in the present paper. It 
is completed by 3 associated papers: “Rubble Ice Transport on Arctic Offshore Structures 
(RITAS), part I: Model scale investigation of level ice action mechanisms”, “Part II: 2D 
model scale study of the level ice action”, and “part III: Analysis of model scale rubble ice 
stability”. The present paper describes an experiment where we have mounted a tactile sensor 
on the sloping surface of a structure measuring the ice pressure’s spatial and temporal 
variation. As oppose to the ice load measured at the waterline, it is found out that equally 
large ice load was also detected below waterline region. This is postulated due to the 
contribution from the ice rotating process. Especially, as the accumulated rubble’s volume 
grows, the load induced by the ice rotating process and static rubble pressure increase 
significantly and eventually changes the ice bending process.  
POAC’13
Espoo, Finland
Proceedings of the 22nd International Conference on
Port and Ocean Engineering under Arctic Conditions 
June 9-13, 2013 
Espoo, Finland
Introduction 
Wide sloping structures have many applications in the ice infested waters. Due to the 
relatively limited ice clearing capability of a wide sloping structure, the presence of rubble 
greatly influences the whole interaction mechanism (Serré et al., 2013a). The significance of 
the rubble accumulation has been investigated in the current test set-up as a preparation for a 
new theoretical model. The current paper focuses on the test set-up and results. Its layouts are 
as in the following: First, the test set-up and test matrix are briefly introduced. Additional 
information is given in (Serré et al., 2013a).  Following this, the installation and calibration of 
the tactile sensor are presented into detail. Then the ice load’s spatial and temporal variations 
during ice structure interaction and rubble accumulation are presented. Lastly, based on the 
discussion made on the measured data, the interaction mechanisms are discussed and 
important findings are concluded. 
Test set-up 
The physical tests are conducted in the ice tank at the Hamburg Ship Model Basin (HSVA). 
The geometry of the test set-up and the location where the tactile sensor is mounted are shown 
in Figure 1. During the tests, the Tekscan sensor #5513 was utilized. It has an operating 
temperature ranging from -9 oC to 60 oC; the pressure measuring range was claimed to be 
within 0 to 175 MPa. All these specifications are compatible with the current application.
Most importantly, this sensor has a rather long tail. This ensures that the handle which 
connects the tail to the computer can be positioned far away from the water.  
The tactile sensor is mounted in the center of the sloping plate. Due to limited size of the 
sensor, the plate is only partially covered, as shown in Figure 1 (c). The sensor was positioned 
in the upper middle part of the sloping plate. It is positioned in such a way that 1/3 of the 
measuring area is above the waterline while the remaining 2/3 of the measuring area is below 
the waterline. The tactile sensor is composed of 44×55 sensels which are used to measure the 
local load and averaged into each small sensel as pressure. The ice load’s spatial resolution is 
determined by the size of each sensel as shown in Figure 1 (c). Temporally, the sensor is 
scanning at a frequency of 10 Hz during each experiment. There are two reasons for using this 
scanning frequency. For one reason, the interaction speed is usually very low. The main focus 
of this research is the bending failure of ice and also the rubble accumulation load. Both of 
them are of rather low frequency in comparison to the continuous crushing process. Therefore 
a 10 Hz scanning frequency is considered enough to capture the concerned load information; 
for another reason, utilization of such a lowered frequency is mainly to ensure that the storage 
capacity during each measurements campaign. 
Test matrix 
There are in total 5 ice sheets prepared and the box is pushed within each ice sheet with 
different speeds. The test matrix is shown in Table 1 together with the ice properties in model 
scale. 
Tactile sensor installation 
As recommended in the manual (Tekscan, 2011), during the installation, great attention has 
been paid to make sure the tactile sensor is waterproof and protected from ice abrasion during 
the test.  
With respect to the waterproof issue, similar as previous experimental practices (Määttänen et 
al., 2012), the tactile sensor is protected by two waterproof layers (plastic film) adhered by 
silicone gel. However, during the experiment, a small amount of water eventually entered into 
the plastic film bag and had contact with the sensor. After each test, the sloping plate is 
dismantled, cleaned with fresh water and dried under room temperature.  
Figure 1 (a) The buoyancy box (b) The schematic drawing of the test set-up with geometry 
(N.B, drawing not in scale) (c) The tactile sensor. 
Table 1 The test matrix 
Test series flexural strength  Ice thickness Young's Modulus Speed Travelling distance 
1210 53 kPa 0.043 m 61 MPa 0.045 m/s 10 m 
2210 58.2 kPa 0.043 m 53 MPa 0.2 m/s 20 m 
3210 54.6 kPa 0.047 m 88 MPa 0.045 m/s 10 m 
3211 54.6 kPa 0.047 m 88 MPa 0.2 m/s 10 m 
3212 54.6 kPa 0.047 m 88 MPa 0.045 m/s 10 m 
4210 45.7 kPa 0.061 m 103 MPa 0.02 m/s 10 m 
4211 45.7 kPa 0.061 m 103 MPa 0.2 m/s 10 m 
4212 45.7 kPa 0.061 m 103 MPa 0.045 m/s 10 m 
5210 47.1 kPa 0.041 m 31 MPa 0.045 m/s 10 m 
Table 2 Validation of the tactile sensor with known weights before each test 
 Validation weight [kg] Measured weight [N] Error 
Test 2210 
25 260 4% 
25 280 12% 
25 272 8% 
Test 321x (x=0,1,2) 
20 198-200 1% 
25 265 4% 
10 105 5% 
Test 421x (x=0,1,2) and 5210 
5 54 8% 
10 100 0% 
15 142 5% 
20 222 11% 
Before each test, the tactile sensor is again validated against several known weights so as to 
confirm its functionality (the detailed procedures and methods are introduced in the next 
section). In all the validations, the errors between the measured results and the known weights 
were all within 15% as shown in Table 2. In terms of the ice abrasion protection, a thin 
adhesive metallic foil was selected. This metallic foil is 0.15 mm thick and its strength was 
tested by crushing several cold fresh water ice blocks onto it without causing visual damage. 
In conclusion, the installation of the tactile sensor on the sloping plate includes the following 
important steps corresponding to Figure 2: 
(1) The sensor was first put in between two plastic films adhered by silicone gel so as to 
make it waterproof.  
(2) The metallic adhesive layer was applied above the sensor serving as the abrasion 
protection.
Figure 2 Installation of the tactile sensor on the sloping plate. 
Tactile sensor calibration 
After the installation of the tactile sensor, a 2 point method was utilized to calibrate the tactile 
sensor with different sensitivities (Tekscan, 2003). The calibrations and also the above 
mentioned validations were all conducted in the cold room with temperature around 0 oC
which is rather close to the ice temperature (e.g. -0.6 ~ -0.8 oC). During the 
calibration/validation1, a rubber pad (150 mm × 100 mm × 5 mm, with negligible weight) was 
utilized to transfer the deadweight to the tactile sensor. This rubber pad usually is randomly 
placed within the tactile sensor to make a location-blind calibration/validation. Due to the 
surface roughness both on the rubber pad, on the deadweight, and also on the wooden plate 
onto which the tactile sensor was attached, the contact area varies slightly in each 
calibration/validation. It is worth noting here that since the equilibrator with which to 
eliminate the tactile sensor measurement’s spatial errors was unavailable, no further effort 
was made to confirm the tactile sensor’s accuracies in spatial measurement in all the 
calibrations/validations. It was simply assumed here that the measured load’s spatial variation 
is trustworthy. 
The outputs of the ice pressure contour are illustrated by different color bands. A proper 
saturation pressure is such that the ice pressure contour covers as much color band as possible 
(see Figure 3 (c)) without exceeding the measuring range (e.g. Figure 3 (a) and Figure 3 (b)). 
However, in the current test, the interest lies in the local ice pressure for the bending failure 
mode of ice sheets. Previous applications of tactile sensor in ice load measurements were 
mainly conducted in ice crushing scenarios (Määttänen et al., 2012; Sodhi, 2001; Sodhi et al., 
1 This section is dedicated to the calibration method of the tactile sensor used in this test. However, its procedure 
and methods share several commons with the previously mentioned validation of the tactile sensor (see Table 2). 
They are introduced here together with the expression ‘calibration/validation’ if they share a common feature.
1998). The potential local ice pressure in the current test setting is therefore not known a 
priori. Accordingly, several rounds of trial and errors were made to make sure the chosen 
sensitivity and saturation pressure can properly yield a ‘colorful’ output of the ice load 
pressures as shown in a sample ice pressure outputs in Figure 3 (d)). Eventually, a much 
lower saturation pressure is adopted in the current test comparing to previous applications as 
shown in Table 3.
However, it is worth noting that the tactile sensor does not have the same accuracy in all the 
pressure range (Tekscan, 2003). This can also be seen from the validation measurements 
shown in Table 2. This nonlinear nature has been discussed in  (Izumiyama et al., 1999). Due 
to the complexity of ice and structure interactions, the ice pressure covers a very wide range 
of possible values. In the current tests, based on the chosen sensitivity and saturation pressure, 
the tactile sensor tends to capture the ice pressure that repeats most often, saying the pressure 
that would be around the mean ice pressure. However, for extreme values, the sensor is prone 
to underestimate the extreme values. It is not possible now to quantify how much the extreme 
values have been underestimated. Even though, the merits of using tactile sensor in the 
current test should not be degraded. The tactile sensor will anyhow output the contact area 
(i.e. the load’s spatial variation) and comparative pressure irrespective of possible errors 
within its measured maximum values.  
Figure 3 Measurements with different saturations (a),(b)and (c); and a sample of current ice 
pressure measurements(d). (figures (a),(b) and (c) are from user’s manual of Tekscan 
(2003)).
Table 3 Sensitivity and saturation pressure of the tactile sensor 
 Saturation pressure Sensitivity Application 
(Sodhi et al., 1998) 6.86 MPa unknown sea ice crushing failure (full scale) 
(Määttänen et al., 2012) 1.6 Mpa 30 Salty ice crushing failure (not scaled) 4.5 Mpa 23 
(Kim, 2012) 
20 Mpa 13 Fresh water ice crushing 
failure (model scale) 6 Mpa 13 8-10 Mpa 13 
Current test 125 kPa 40 Salty ice bending failure (model scale) 
Experimental observation 
The visual observations are introduced here as a preparation for future discussion. The general 
interaction procedure can be illustrated as in Figure 4 (a), (b) and (c). Initially the incoming 
ice fails in bending against the downward sloping plate (see Figure 4 (a)). Afterwards, this 
broken ice piece is further rotated downwards (Figure 4 (b)). This ice rotating process is 
further illustrated in Figure 4 (d) from a side view. It can be seen that there leaves a gap 
between the sloping plate and the incoming ice. This rotating ice is supposed to transfer the 
ice load downwards lower than the waterline. As the interaction proceeds, more ice rubbles 
accumulate beneath the incoming ice (see Figure 4 (e)). The rubble accumulation’s track is 
illustrated by the arrows in Figure 4 (e). This volume-growing ice rubble tends to shift the 
failing mechanism of the incoming ice sheet from ‘bending downwards by the structure’ to 
‘bending upwards by the accumulated rubbles’ as shown in Figure 4 (c). 
Figure 4 (a), (b) and (c) the interaction procedures; (d) the ice rotating side view; (e) the 
rubble accumulation. 
Experimental results 
An example of the measured local normal pressure is shown in Figure 5 (different colors 
represent different pressure magnitude). This measurement illustrates one circle of the ice 
load development (i.e. ice breaks at the waterline and slides downwards afterwards). It takes 
approximately 3 seconds for such cycle to develop in Test 1210. It can be seen that the 
pressures are not uniform in the lateral Y direction, meaning that non-uniform contact is 
taking place2. Furthermore, after the initial breaking of the incoming ice, the local pressure 
2 Since this is just a random case illustrating the visualization of the ice load development, dissimilar trend in 
comparison to Figure 6 is possible. 
did not diminish instantly. Instead, the pressure keeps travelling down at a relatively smaller 
yet comparable magnitude.  
All these recorded normal pressures are later multiplied with the sensel’s area and projected in 
the horizontal direction (opposite of X direction). They were stored as a third order tensor M
with components Mijk. Here i and j represent the row and column numbers of the tactile 
sensor’s sensel. And k is the number of scans, representing the recording time. 
Figure 5 A real time display of the pressure evolution. 
Measurements of ice load’s spatial variation 
It is firstly decided to show how the load varies in the lateral direction (Y or j direction). 
Therefore, Mijk is processed as in the following: 
 ܪഥ௝ ൌ
ͳ
݊௞෍ ሾ
ͳ
݊௜ ሺ෍ ܯ௜௝௞
௡೔
௜ୀଵ
ሻ
௡ೖ
௞ୀଵ
ሿ [1]
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ͳ
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In the previous two equations [ 1 ] and [ 2 ], the recorded value Mijk is first averaged in the 
vertical i direction, and then the corresponding time domain (i.e. k direction) averaged lateral 
load distribution ܪഥ௝ and maximum value ܪ௝ǡ௠௔௫ are obtained as shown in Figure 6. 
Figure 6 (a) Mean ice load (in time history) and (b) Max ice load (in time history) in the 
lateral directions of the sensor. 
Then the load variation in the vertical direction is investigated with the following equation
 തܸ௝ ൌ
ͳ
݊௞෍ ሺ෍ ܯ௜௝௞
௡ೕ
௝ୀଵ
ሻ
௡ೖ
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The comparison of തܸ௝ and ௝ܸǡ௠௔௫ in different location Z (the distance from the upper side of 
the tactile sensor) for test 1210 are shown in Figure 7’s left column and right column 
respectively. Together shown in the figure is also the location of the un-deformed level ice. 
The results in other tests show similar variation trend in the vertical direction (Lu et al., 
2013a).
Figure 7 (a) The mean ice load (in time history) and (b) the maximum ice load (in time 
history) variation in the vertical direction of the sensor (the shaded area is the location of the 
un-deformed level ice). 
Discussions about ice load’s spatial variation 
It can be seen from the Figure 6 that in the lateral direction, comparing to the maximum load, 
the mean load varies significantly in different lateral locations. The recorded mean loads are 
always larger in both lateral sides of the sloping plate (i.e. lateral location around -15.0 cm 
and 15.0 cm) than in the middle (i.e. lateral location around 0.0 cm). There might be two 
explanations to such uneven lateral mean load distribution. First, this is due to the non-
uniform contact between the incoming level ice and the sloping plate (also can be seen in 
Figure 5); Secondly, this is due to the tactile sensor’s measuring error under the possibilities 
that the tactile sensor does not have the same sensitivity in all its sensels. The equilibration 
procedure (Tekscan, 2003) to ensure all the sensels having the same sensitivity was not 
conducted in the current test due to the lack of equipment. However, the user’s manual  
claims that there exists only slight variations within individual sensels (Tekscan, 2011).
Between the above mentioned two explanations, the authors are prone to adopt the first non-
uniform contact explanation for the following three reasons. Firstly, non-uniform contact is 
taking place throughout the whole experiment as shown by the measurements in Figure 4 (a), 
(b), and Figure 5. Secondly, in the lateral direction, during the bending process, the incoming 
ice suffers more boundary confinement on both lateral sides. This can lead to more frequent 
larger bending force on both lateral sides than in the middle. Though it might be argued that 
the sensor covers only a small portion of the inclined plate situating in the centre; therefore 
the boundary effects are negligibly influencing the shoulders of the sensor. However, as can 
be seen from Figure 4 (a) and (b), the boundary effects really leads to additional ‘radial’ 
cracks which locate rather close to the centre. This illustrates how much the boundary effects 
can propagate inward and eventually influence the ice bending load. Thirdly, if there are large 
differences in the sensitivity of sensels in the lateral direction, both the maximum and mean 
load should be amplified at the same sensitive locations. On the contrary here, the maximum 
recorded load shows less lateral location variation as shown in the lower figure of Figure 6. 
This helps to exclude the existence of large difference in the sensels’ sensitivity.  
Based on the above discussion, in order to quantify the influence of the non-uniform contact, 
a variation factor is defined here as: 
 ݇௩ ൌ
ߪ
ߤ [5]
ߪ is the standard deviation of the measurements of ܪഥ௝ or ܪ௝ǡ௠௔௫
ߤ is the mean value of ܪഥ௝ or ܪ௝ǡ௠௔௫
Perfectly even contact and uniform breaking of homogeneous ice would yield ݇௩ ൌ Ͳ.
However, the presence of non-uniform contact in all the experiments leads to the value of ݇௩
as shown in Table 4. 
Table 4 Variation factor of different test series 
Test series ݇௩ of ܪഥ௝ ݇௩ of ܪ௝ǡ௠௔௫
1210 0.54 0.42 
2210 0.45 0.31 
3210 0.65 0.39 
3211 0.35 0.25 
3212 0.37 0.30 
4210 0.60 0.29 
4211 0.40 0.31 
4212 0.39 0.25 
5210 0.53 0.34 
It can be seen from Table 4 that non-uniform contact takes place for all experiments. And as 
discussed before, the maximum values are not as much influenced by non-uniform breaking 
as those of mean values. 
With respect to the ice load’s vertical direction variations, both elastic foundation beam and 
plate theory suggest that the tip deflection at flexural failure (see Figure 4 (a)) is minimal 
comparing to the thickness of the ice. Therefore, it would be reasonable to assume the ice 
breaking load (i.e. the load required to bend the incoming intact ice) is within the un-
deformed level ice’s thickness region (i.e. the shaded area in Figure 7). Note that inside this 
region, other interaction mechanisms such as the initial ice rotating and rubble effect also exit 
(Lu et al., 2013a). 
It is observed in Figure 7 (b) that the maximum load of ௝ܸǡ௠௔௫ are mainly found within such 
shaded area. This agrees with our common sense and previous research assumptions that the 
ice breaking load is one of the decisive components of the ice load. However, as it is shown in 
the theoretical model (Lu et al., 2013a; Lu et al., 2013b), the ice rotating load would also 
become decisive when there is sufficient rubble accumulated in front of the structure. For the 
time being, it can be simply concluded that based on the tactile sensor’s measurement, the 
maximum load often takes place around the un-deformed level ice’s thickness region. This is 
in agreement with the measurements conducted by Timco (1991) with a similar test set-up 
within broken ice field. The numerical simulation conducted by Paavilainen and Tuhkuri 
(2013) also detected the maximum ice load slightly below the waterline for gentle sloping 
angles.
On the other hand, it is shown in Figure 7 (a) that, the mean load  തܸ௝ usually keeps increasing, 
or at least stays in a same level, even after passing the shaded area. This is to say, some other 
equally profound interaction mechanisms other than ice breaking process are taking place 
below the shaded area. If categorizing the ice sloping structure interaction process as those in 
ice ship interactions (Kotras, 1983; Lindqvist, 1989; Valanto, 2001),  it is speculated that the 
ice rotating load (i.e. the load required to rotate the already broken ice rubble paralleling to 
the sloping surface) is the reason for such undiminishing mean load on the sensor below the 
shaded area. This ice rotating load is introduced by the ice rotating process as shown in Figure 
4 (b) and (d). Additional ice load is needed to rotate the already broken ice downwards. This 
rotating process further transferred the ice load beneath the shaded area (i.e. the un-deformed 
level ice thickness region) in Figure 7.
Results of ice load’s temporal variation 
The measured local ice load is summed in both i and j directions as in equation [ 6 ] and 
displayed in Figure 8. The whole loading histories of all tests presents a cyclic pattern. In 
order to identify the ice load’s temporal variation, the loading history (i.e. ice penetration) is 
sectionalized by the ice breaking length ܮ஻ (see equation [ 7 ]). This ice breaking length can 
be determined by the static solutions of an elastic-foundation beam. Afterwards the mean load 
and maximum load measured inside each of such section is calculated so as to identify the ice 
load’s temporal evolution (e.g. as illustrated in Figure 8 (a)). 
 ܨ௞ǡ௧௢௧௔௟ ൌ σ σ ܯ௜௝௞௡ೕ௝ୀଵ௡೔௜ୀଵ  [6]
 ܮ஻ ൌ ξଶగସ ට
ாூ
ఘೢ௚஽
ర  [7]
ܮ஻ Ice breaking length that is predicted by the static solution of beam on elastic 
foundations
ܧ Young’s modulus of the ice 
ܫ Area moment of the beam’s cross sectional area 
ߩ௪ Water density 
݃ Gravitational acceleration 
ܦ is the width of the beam, taken as 1 here 
The mean value and maximum value of each section in the ice penetration domain is 
separated and illustrated in Figure 9.  
The temporal evolution trend of the mean ice load is shown in Figure 9 (a). The general trend 
of the mean load is increasing from an initially very small load to remaining at a certain 
higher load level. The mean load may decrease during the interaction, but it can travel back to 
its previously maintained level immediately. However, for the maximum load in each section, 
as shown in Figure 9 (b), apart from an initially increasing trend, some decrease of maximum 
load are also frequently observed. Especially for test 2210 where the ‘box’ has been pushed 
through an exceptionally longer distance (20 metres) comparing to all the other experiments 
(10 metres), the maximum load increases before the first 20 times the ice breaking length, and 
then starts to decrease gradually.
Discussions about ice load’s temporal variation 
As the ice penetration length increases, greater amount of rubble is accumulated in front of 
the structure (Serré et al., 2013b). Therefore higher ice rotating load and rubble buoyancy 
would be applied onto the sloping surface. This might be the reason that the mean load is 
increasing gradually from an initially smaller load value. On the other hand, quite often the 
maximum load is related to the ice breaking load, which also increases with the rubble 
accumulation (Lu et al., 2013b). However, when there is sufficient amount of rubble 
accumulated in front of the structure, the incoming level ice will fail against the piled rubble 
instead of onto the structure (see Figure 4 (c)). This will bring a decrease on the ice breaking 
load and hence the recorded maximum load might start to decrease when the ice penetration 
reaches certain values as shown in Figure 9 (b).  
Figure 8 Total measured loading history on the tactile sensor in (a) test1210 and (b) test 
5210.
Figure 9 (a) Mean load (left column) and (b) maximum load (right column) of each section in 
the ice penetration domain. 
The above discussion is based on the mean and maximum values within each section of the 
total ice load history. And the size of each section is chosen as the ice breaking length ܮ஻. The 
reason that this calculated ice breaking length is chosen as the basis value for separating the 
ice penetration domain is due to the assumption that a complete interaction procedure can be 
capsulated in the structure’s travelling distance of an ice breaking length. This is to say, as the 
structure penetrated into the ice for the distance of one ice breaking length, the process of 
breaking the ice and rotating the broken ice would be complete. In reality the ice breaking 
length is much smaller than the static prediction of an elastic-foundation beam. A theoretical 
study in (Lu et al., 2013a) shows that the actual ice breaking length is approximately 1/3 of 
the static prediction made in Equation [ 7 ]. The selected bin length as ܮ஻  therefore ensures 
more than one loading events taking place in each separated section. Choosing a smaller 
section length would lead to more load history variation in the ice penetration domain and 
hence the comparisons become less illustrative. Although the above observation and 
explanation are rather qualitative, it can help to understand the interaction mechanisms.  
Ice load’s spatial and temporal variation 
In the previous two sections, the measured ice load’s spatial and temporal variations were 
presented and discussed separately. In this section, both the spatial and temporal variation will 
be presented in a similar fashion. Spatially, the vertical (Z or i) direction variation of the load 
will be accounted for. In the vertical direction, a total of 44 measured values are available in 
each scan. However, for illustrating purpose, these 44 values are averaged into 11 bins 
representing the load variation in the vertical direction. Temporally, similarly as in the 
previous section, the ice penetration history is separated into sections with the length of an ice 
breaking length ܮ஻. The mean ice loads in different vertical locations were calculated within 
each section. Thereafter, the spatial and temporal variations of ice load are condensed in the 
following Figure 10 for test 1210 and test 5210 as an example.  
Figure 10 Vertically spatial and temporal distribution of ice load (bins 3 and 4 in the red 
square is appoximately where the  undeformed level ice is). 
It can be seen from Figure 10 that generally most of the recorded loads in the vertical i
direction increase with the ice penetration in k direction. This signifies the importance of 
rubble accumulation. Moreover, below the un-deformed level ice’s thickness region (i.e. 
below bin number 3 and 4 in the i direction), the recorded ice load also increases with time 
and may become even more significant than the process that occur at the un-deformed level 
ice’s thickness region. This further strengthens the point made in the previous section that the 
accumulated rubble together with the ice rotating process intensifies the ice load under the un-
deformed level ice’s thickness region. 
Conclusion
In this paper, experiments are described to explore the mechanism of level ice interacting with 
wide sloping structures. In the tests, the tactile sensor has been utilized to measure the spatial 
and temporal variation of ice load.  
Based on the measured load’s spatial and temporal analysis, the following conclusion can be 
made. 
 During the interaction, after the breaking of an initially intact ice, the recorded ice load 
does not diminish instantly. Instead, the ice moves down continuously with a 
relatively lower load magnitude. This is considered due to the effect of ice rotating 
load in combination of the accumulated rubble effects; 
 Non-uniform contact during ice and wide sloping structure interactions are a rule 
rather than an exception. This is speculated mainly due to the boundary effects from 
the confining vertical wall. In reality, the boundary condition may be more 
complicated and non-stationary (i.e. different boundary conditions in different time). 
Therefore, different from the current tests where the large loads were deterministically 
determined at the same place (i.e. both sides in the lateral direction), in reality, the 
non-uniform lateral load might be randomly non-uniform; 
 Based on the mean ice load’s (i.e. averaged in time) vertical variation, it is found out 
that equally large ice load can be detected beneath the un-deformed level ice’s 
thickness region. As discussed above, the contribution of this large ice load is mainly 
due to the combined effects of ice rotating load and the rubble accumulation; 
 Generally the recorded maximum load acts at the un-deformed level ice’s thickness 
region. The ice breaking occurs mainly at the waterline region. This is in line with 
previous experiments and assumptions that the ice breaking load is one of the decisive 
loads during design. However, it should bear in mind that that such maximum load 
detected at the un-deformed may not 100% due to the ice breaking load. 
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